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II peiJuc.!loeue 

9Ta KHHra HBJISieTCH 3aKJIIO'IHTeJibHOH B cepHH MOHX KHHr ITO 3Jie

MeHTapHOH remreTpHH. Ee Harrucattne 3apattee 5I ue rmaHupoBaJI. 0,11,naKo 

ITOCJie BhIX0,11,a B CBeT rrepBbIX ,11,BYX TO!\IOB [4] II [5] B03HHKJIO H IIOCTeneuuo 

ycHJIHBaJIOCh 'IYBCTBO Hey,11,0BJieTBopeHHOCTH He3asepIIIeuuocThIO, uecl\IOT

p5I ua O,L1,06pIITeJibHhie OT3h1Bhl KOJIJier H 'IHTaTeJieii: 06 HX C0,11,ep:a<amrn 

H CTIIJie II3JIO)f(eHmI. B HIIX IIl\'IeeTCfl MHOro l\IaTepnaJia no KJiaCCH'leCKOH 

reOMeTpHH ,11,JIH IlO'IHTaTeJiefi 3TOH ,11,peBueii KpaCHBOfi uayKII. 0,11,Haiw npn 

CJIO)f(HBIIIeMCH ueraTHBHOM OTHOIIIeHIIH K reot-reTpHH ecTb orracuocTh IIOCTe

rreHHO pacTepHTh IIMeIOIII,HHC5I 6oraThifi apceHaJI, ecJIH ue o6ecrre'IHTh ero 

coxpattHOCTh n pa3BHTHe. Heo6xo,L1,HMO ttafiTu eMy ,11,0CToii:ttoe rrpm1euettue. 

I.l,eJih uarrucaHHH 3Toro TOMa COCTOHJia He npoCTO B H3JIO)f(eHJill HMe

IOIII,erocH 3,IJ;eCh co,n;ep)f(aHHH, XOTH H 3TO Ba)f(HO. CBepx3a,11,a'Ia COCTOHJia 

B TOM, 'IT06bI ,11,aTb IlHIII,y 3aHHTepecoBaHHOMY MOJI0,11,0MY 'IHTaTeJIIO ,IJ;JIH 

pemeHHH npe,11,JiaraeMbIX 3a,11,a'I H Tex, 'ITO B03HHKHYT ua OCHOBe npo

'IHTauuoro o ,11,0CTH)f(eHHHX reoMeTpOB-KJiaccHKOB XVIII-XIX BeKoB, ue 

ruyIIIaBIIIHXC.H 6paThC.5I 3a peIIIeHHe Ka3aJIOCh 6bI «IlpH3eMJieHHhIX» 3a,11,a'I 

3JieMeHTapuoro xapaKTepa. Co,11,ep:»<aHue KHHrH CBH3aHo c HMeHaMII l\morHx 

BhI,11,aIOilIHXCH reoMeTpoB npOIIIJioro: AnoJIJIOHH.H, IlToJieMeH, MeueJia.H, lfo_ 

BhI, ,1J,e3apra, faycca, Me6nyca, IlJiroKKepa, illaJIH, IlITeituepa, JieMyaua, 

Mou:>Ka, 9iiJiepa u ,11,p. 

B OTJIH'Ille OT 3apy6e:>KHOii: (B OCHOBHOM, ueMeIIKOH, ¢paHIIY3CKOii, HTa

Jih.HHCKO:ii) JIHTepaTyphl OT€'IeCTB€HHhIX KHHr no reOl\IeTpHH TpeyrOJibHHKa 

u TeTpa.3,11,pa Kpafiue MaJIO. EcJIH ue C'IHTaTh co,L1,ep:>KaTeJihHhIX KHHr ua

'IaJia npoIIIJIOro BeKa, cpaBHHTeJihHO ,11,aBHO l!3,11,aua KHnra 13] C.H. 3eTeJIH 

o TpeyroJihHHKe u KHura 18] 3. A. CKone1Ia n 5I. II. IloHapuua o TeTpa3,L1,pe, 

XOTH MHOrO <PaKTOB 06 HX CBOHCTBaX paCChIIIaHO B pa3JIH'IHhIX yqe6HhIX 

rroco6uHx n 3a,11,a'IHHKax. 

Pemeune Muornx 3a,11,a'I 3JieMeuTapuoii reoMeTpnu CBO,IJ;HTC.H K BhIHCHe

HHlO CBOHCTB 3THX ,11,BYX rrpocTeiimHX OCHOBHhIX reOMeTpH'IeCKHX <Pnryp. 

Btt,11,HMO, ue cJiy'Iaiiuo nocJie Bb1xo,L1,a B cBeT Kunrn [8] oua HeO:>KH,11,aHHO 

,n;mr aBTopa BbI3BaJia cnpoc HH:>KeuepoB MaIIIHHOCTPOHTeJibHhIX CIIeI1HaJlh

HOCTefi, CTpOHTeJiefi, cPH3HKOB-MexaHHKOB. 

B OCHOBY 3TOro TOMa IIOJIO:>KeHa KHnra !SJ, KOTOpaH IIO,IJ;BeprJiaCb cyIIIe

CTBeHHOH nepepa6oTKe H KOppeKTHpOBKe C0,11,ep:>KaHHH H H3JIO)f(eHHH rrpn

MeHHTeJibHO K HOBhIM I1€JiflM H ycJIOBH.HM. Ilepepa60TKa COCTOJIJia B CJie,11,y

lOIII,eM. 

1) ,lJ,o6aBJieHa BB0,11,Ha5I rJiaBa Io 6apHI1CHTPH'IeCKHX Koop,L1,nnaTax, TaK 

KaK B HMeIDIII,eficH JIHTepaType 3TOT MeT0,11, ¢aKTH'IeCKH OTCYTCTByeT. 
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2) lVIHorne ,ll;OKa3aTeJibCTBa 3aJ',JeHeHbl ,ll;OKa3aTeJihCTBa/\JH /\JeTO,ll;O/\l 6a

pn11eHTpH'IeCKHX KOOP,ll;HHaT, KOTOphllr BO MHOrO/\l H o6ecrrn'IIIJI e,LJ;HHCTBO 

CTHJI5! H3JlO:tKemrn. 

3) lfa1v1etteHa CTpyKTypa pacnpe,LJ;eJieHH5! MaTepnaJra no rnaBaM n na

parpa¢aM B CB5!3H c OTKa30M OT pacnpe,LJ;eJieHirn no rpynnaM npeo6pa-

30Bamrii:. B ocHoBy noJio:tKeH ecTeCTBeHnhrli nop5!,ll;OK, ,ll;IIKTyeMhrli caJ\rnM 

CO,LJ;ep:arnHIIeM II3JiaraeMhIX ¢aKTOB. 

4) IlOBblllieH ypoBeHh ,ll;OCTynHOCTH 3a C'!eT 3aJ\IeHbl pa3JIH'IHhIX KBa,LJ;

pHK c¢epaMII II runep6oJIOII,ll;OJ\!. 

5) YcTpaHeH J\IaTepliaJI, co,LJ;ep:tKall1Hir J\IaJI03Ha'IuTeJibHbie n ycTapeBnme 

cPaKTbI. 

6) BKJIIO'IeH :MaTepnaJI, He co,LJ;ep.:tKall1Hti:c.H B KHHre [8]: § 8, 9, 11, 13, 
23, 24, 27, 31, 35, 47 H p5!,!l, nyHKTOB B ,!J,pyrnx rraparpa¢ax. Ilo rrpocb6e 

pe,LJ;aKu,nu ,LJ;o6aBJieHa HOBa.H rnaBa 7 o ua'!aJiax J\moroMepuorr reOJ\IeTpnu. 

7) ,Li.aHbl HCTOpHK0-6uorpa¢H'leCKHe CBe,LJ;eHU5! (B CHOCKax) 06 aBTOpax 

H3JiaraeMblX pe3yJibTaTOB. 

B Kom1e Ka.:tK,n:o:li rnaBbI, KaK u B npe,LJ;hI.IJ:Yll1HX ABYX TOJ\rax, npe,n;na

raIOTC5l 3a,D,a'!H ,ll;JI5l caJ\IOCT05!TeJibHOro perneHH5!. 0HH HMeIOT HHOe Ha3Ha

'leHIIe, '!eM pauee. 5.I peKOMeH,n:yIO HX 'lHTaTeJIIO B Ka'leCTBe npo6bI ,lI,Jl5l 

caMOCTO.HTeJibHOrO IICCJie,D,OBaHII5l IIJIII CaJ',fOIIpOBepKII. Ilo::noMy ,ll,JI5! HIIX He 

.n;aeTC5! Tpa,D:IIl\IIOHHbIX «OTBeTOB». ,LI.a MHOrlIX OTBeTOB HeT II y aBTOpa. 

C'i1ITa10, 'ITO ecnn 'llITaTeJib ,D,OCTnr B cBoeti: no)],rOTOBKe ypoBH.H 3Toro 

TOIVra, TO eMy II ue uy.:tKHbr aBTOpCKHe «OTBeTbI». K 3a,n;a'le, KOTopa.H «He 

pernaeTC5l», Ha,ll;O npHCTynaTb MHOrOKpaTHO, He BhI6paCbIBa5! ee II3 rOJIOBbI. 

Ilop.H,ll;OK perneHH5! 3a,LJ;a'l B006ll1e cyIIIeCTBeH, 0,LJ;HaKo B ,LJ;aHHOH KH.Hre OH He 

H.MeeT oco6oro 3Ha'leHII5l. Ha'iHHaiITe c noHpaBHBllreil:c.H 3a,LJ;a'iH. Ilpn y,n:a'le 

nepexo)],IITe K cne,n:y10rn;efi noHpaBIIBrne:liC.H. 8To conyTCTByeT ycnexy. 

KHura npe,D;Ha3Ha'laeTc.H B ocHOBHOM MH caMOCTOHTeJihHhIX 3aH5!TIIil: 

JIHiraM, OCBOIIBIIIIIM npe,n;bI.IJ:Yll11IX ,ll;Ba TOMa II :tKeJiaIOll11IJ\l yrny61ITb cne11u

aJibHbie 3WlHH5l B ,n;aHHOM o6JiaCTII 3JieJ\IeHTapHoil: reOJ\IeTpHII Ii COBeprneH

CTBOBaTb IICCJie,ll;OBaTeJibCKIIe HaBbIKII. 8To OTHOCIITC5l npe.:tK,n:e Bcero K y'la

In;HJ\IC5l 10-11 KJiaCCOB cneu,1IaJI1I31IpOBaHHbIX IIIKOJI Ii KJiaCCOB Ii K CTy,n;eH

TaM Mna,n;IIIux KypcoB MaTeMaTH'leCKMX ¢aKyJibTeTOB BY30B. Otta MO:tKeT 

cny.:tKHTb y11e6HhIM noco6HeM no reoMeTpM11ecKMM cne11KypcaM II cneu,ceMM

HapaM, ,ll;Jl5l CaMOCTO.HTeJibHOH pa60TbI no KypCOBbIM H ,ll;HnJIOMHbIM TeMaM. 

C'InTaIO CBOHM HeonnaTHhIM ,n:onroM no'!TliTh cneTJIYIO IIaM.HTb MOero 

y111ITeJIH, 6hIBIIIero coaBTopa H ,LJ;pyra, npo¢eccopa 3aJIMaHa AnTepOBH

qa CKorreu,a, BOCIIMTaBIIIero BO MHe mo6oBb K KJiaccu11ecKoti: reoIVreTpHH. 

Bbrpa:tKaIO HCKpeHHIOIO 6naro,LJ;apHOCTb H3,D;aTeJJhCTBY MocKOBCKoro I(eH

Tpa HerrpepblBHOrO MaTeMaTH'leCKoro o6pa3oBaHH5! 3a II3,D;aHIIe .MOIIX KHIIr 

H ,n;o6poe OTHOIIIeHIIe. 
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I'.11,aea 1 

Bapu'll;e'Hmpu'l{ecx;ue x;oopdu'J-lam'bt 

11pu H3JIO)f<eHHH BOIIpOCOB reoMerpmr TpeyrOJibHHKa H TeTpa.3,n;pa a¢

cPHHHaB: H ,n;eKapTOBa CHCTeMbl KOop.n;1maT OKa3bIBaIOTCB: Hey.n;o6Hblll!H, TaK 

KaK BepIIIHHhl H CTOpOHbl TpeyroJibHHKa, BepIIIllHbl 1I rpaHH TeTpaa.n;pa IlpH 

BCB:KOl\I BhI6ope 3TOfi CHCTel\lhl 3aHHll!aIOT no OTHOIJJeHHIO K uefi HepaBHO

rrpaBHOe IIOJIO)KeHHe. 9THM He,n;ocTaTKOM He CTpa,n;aeT 6apuu,eHTpH"IeCKaa 

CHCTeMa KOOp.D;HHaT (ECK), IIOCKOJlbKY OHa 3a,n;aeTC5I TpeyrOJibHHKOl\I Ha 

IIJIOCKOCTH H TeTpa3,n;pOM B npocTpaHCTBe. 

BrrepBbie 6apnu,eHTpwrncKne Koop.n;nnaThI 6hIJIH BBe,n;eHbI HeMeIIKllM 

reoll!eTpOM A. <I>. Me6nycoM (1790-1868) Bero pa6oTe «Eap11u,eHTpnqecKoe 

ncq11cJieH11e» (1827). Ott11 oco6eHHO 3¢¢eKTllBHO 11crrOJih3YIOTC5I rrp11 peIIIe

mrn a¢¢11nHbIX 3a,n;a'l. O.n;ttaKo nx npmrettemre B MeTpnqecKnx 3a,n;a'Iax 

CBB:3aHo c onpe,n;eJieHHhIMll Tpy.n;ttocTaMH 113-3a ycJIO)KHeH115I HY)KHhIX ¢op

lllyJI. 

MHor11e H3 3TllX ¢opMyJI cyID,eCTBeHHO ynpoIIIaIOTCB:, ecJin B Ka'leCTBe 

6a3HCHOro TpeyrOJibHHKa ll 6a3HCHOro TeTpa3,n;pa IIpHHB:Th rrpaBHJlhHbiii 

TpeyrOJibHllK H npaBHJibHbiii TeTpa3.n;p c e,n;HHH'IHbIMH CTOpoHaMH H e.n;n

HH'!HbIMH pe6paMll. 

B 3Tllx cJiyqaax TaKyIO c11cTeMy Koop,n;11HaT 6y,n;eM Ha3hIBaTh KaHOHH'le

cKofi 6apn11eHTp11qecKofi CllCTeMofi KOOp,D;HHaT (KECK). 

§ 1. Bapu'UieHmpu"-lecx;ue x;oopauHam'bt mo"-lx;u 

u ee'X:mopa Ha n.!locx;ocmu 

1.1. OnpeAeJieH:ne 6ap:n~enTp:nqecKHX KOOPAHHaT TO'IKH OTHo

c:nTeJibHO AaHnoro TpeyroJibHHKa. 11ycTh ,n;att TpeyroJihHllK ABC 06-

IIIero Bll,ll;a H TO'!Ka p B ero IIJIOCKOCTll. l1p11 JII060M BbI6ope TO'!Kll 0 B 3TOH 

IlJIOCKOCTH llJIH BHe ee 6y,n;eM HMeTh (pnc. l): 

GP= OP- OC = xCA + yCB = x(OA- OC) + y(OB - OC), 

OTKy,n;a OP = xOA + yOB + (1 - x - y)OC. 11oJimKllM Ar = x, Az = y, 
A3 = 1 - x - y. Tor.n;a Ar + Az + A3 = 1. 
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Pnc. 1 

TaKUM o6p8301>.1, ,n:mr mo6oit ToqKH 0 npocTpaHCTBa H ;uo6ou TO-'IKII P 
nJioCKOCTH ABC nMeroT l\IeCTO paBeHcTsa: 

{
OP= A10A + >..20B + >..30C, 

>..1 + >..2 + ,\3 = I. 
(1.1) 

Cym;ecTBeHHO, qTo x:o:J<jxfiuv,ue'l-lm'bt >..; ne aaBUCJtm om 6'bt6opa mo"t?CU 0 
npu aaaatt'l-lOU mO"t'K:e p. B caMOM ,n:eJie, npII TeX )Ke 'IHCJiaX ,\;' 3aMemrn 

TO'IKY 0 ,n:pyroil: TOqKQH 01, noJiyqaeM: 

>..101A + >..201B + ,\301C = 

= >..1(0A - 001) + .A2(0B - 001) + .A3(0C - 001) = 
= >..1 OA + >..20B + ,\30C - 001 (.A1 + >..2 + ,\3) = OP - 001 = 01P, 

TO eCTh 

01P = >..101A + .A201B + ,\301C, 

r,I\e >..1 + >..2 + ,\3 = 1. 
Onpe,n;eJieHHe. EcJin nMeroT MecTo paseHCTsa (1.1), To 'IHCJia >..; 

H83hlBaIOTCH 6apuv,enmpu"teC'ICU.MU 'K:Oopi>unama.MU (B-KOOp,IJ;HHaTal\UI) TO'I

KH P OTHocnTeJihHo Tpeyro.JlhHIIKa ABC. 
YcJiom1e >..1 +.A2+.A3 = 1 H83hIBaeTcH nop.MupoB?Coil B-Koop,n:nHaT TO'IKH. 

Ilpn pemeHHH acpcpIIHHhIX 3a)\a'I HOpMHpOBKa KOOp,11.IIHaT Heo6H3aTCJlhHa: 

,11.0CTaTO'IHO HCIIOJib30BaTh 'IHCJia /J,1, µ,2, µ3, COOTBeTCTBeHHO nponop11no

Ha.JlhHbie B-Koop,n:nHaTaM .A;: µ1 = k.A1, µ2 = k>..2, µ,3 = k,\3, OTKy,I\a 
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YcJIOBIIMCH rrpIIMeHHTh 3aIIIICh P(µ 1 : µ2 : µ3) B cJiyqae HeHopl\rnposaH

HhIX Koop.n;1rnaT µ; Bl\JeCTO P(A1 , A2 , A3 ) B cJiyqae HOpl\IIIposaHHhIX Koop

.n;1maT A;. Ifmo6'bt nepeilmu om 'IWHOp.Mupoeatt'HUX 1wopiJu'Ham µ; mo"l'X:U 
'X: ee 'Hop.Mupoea'H'H'bt.M 6apuv,e'Hmpu"tecKU.M 'X:oopiJu'Hama.M A;, iJocmamo"l'HO 
Ka;>fCiJyw KoopiJu'Hamy µ; paaiJe.aum'b tta ux cy.M.My µ1 + µ2 + µ3. 

Henocpe.n;cTBeHHo II3 paBeHCTB (1.1) BII,D;HO, qTo sepnmHbI 6a3IIcHoro 

TpeyroJihHIIKa ABC m.reroT HOPl\IIIpOBaHHbie B-Koop.n;IIHaThI: 

A(l, 0, 0), B(O, 1, 0), C(O, 0, 1). 

Cpa3y OTMeTIIM, qTo ,Il;JIH B-Koop.n;IIHaT coxpamreT CIIJIY a¢¢ttHHaH 

¢opMyJia .n;eJieHirn 0Tpe3Ka B .n;aHHOl\I OTHOIIIemm. ,UeilCTBIITeJibHO, eCJilI 

~~=A II A(a1,a2,a3), B(b1,b2,b3), C(c1,c2,c3), 

TO B CIIJIY COBna.n;eHIIH nepBbIX .D:BYX B-KOOp,Il;IIHaT c COOTBeTCTBYIOII!Hl\llI 

acl>cPIIHHbIMII 

II 

Tor.n;a u 

1.2. A<t><t>u:HHbIH u: MeTpH'·IeCKHii cMbICJI 6apu:u;eHTpu:qecKHX Ko

op)J,HHaT TO'IKH. YcJIOBIIMCH npII o6o3HaqeHIIH BeKTopoB onycKaTb IIX 06-

m.ee Haqano 0: OP= P, OA =A, ... II rroJiaraTb, qTo OHO Haxo.n;uTca BHe 

rrnocKocTII TpeyroJibHIIKa ABC. Ilepsoe H3 paBeHCTB (1.1) YMHO)KIIM cKa

JIHpHo rrooqepe.n;Ho Ha BeKTOpbI Bx C, C x A, Ax B, rrocJie qero Haxo,D;IIM: 

A PEG VoPBC SPBc A SAPC A
3 

= SABP. (l 2) 
1 = ABC = VoABC = SABC' 2 = SAac' SAac · 

llTaK, 'HOp.Mupoeatt'H'bte 6apuv,e'Hmpu"tec1'0ue ?CoopiJu'Hamu mO"t?Cu n.1wc'X:o
cmu pae'H'bt om'HoWe'HUJt.M nJ1,ow,aiJeu iJeyx opue'Hmupoea'H'H'btX mpey20J1,'b'liu
?Coe: nJl,ow,aiJu mpey20J1,'b'Hu'X:a, noJ1,y"te'H'Ho20 aa.Me'Hoil coomeemcmeyww,eu 
eepwu'H'bt 6aauc'Ho20 mpey20J1,'b'Hu?Ca iJatt1wu mo"l?Coil, 'X; n.1tow,aau 6a3uc'lto20 
mpey20.1t'b'HU?Ca. 

IlyCTh d; - opneHTIIpOBaHHbie pacCTOHHHH OT TOqKH p .n;o CTOPOH 6a-

3IICHOro TpeyroJihHIIKa, rrpnqeM 3a IIOJIO)KHTeJibHOe HarrpaBJieHIIe rrpIIHHTO 

HanpaBJieHHe COOTBeTCTByrom.eii BhICOTbI h; TpeyrOJihHIIKa OT BepIIIHHbI 

K rrpoTnBonoJIO)KHOit cTopotte. Tor.n;a OTHOIIIeHIIH nJiom.a.n;efi yKa3aHHbIX 
d· 

TpeyroJihHIIKOB paBHhI h'. TaKIIM o6pa3oM, 

' d· 
A;= -2., i = 1,2,3, (1.3) 

h; 
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P11c. 2 

N 1.3. BapMu;ettTpl.PieCKMe KOOp,LJ;MHaTbI 

BeKTopa. IIycTb ,n;attbI TO'{KH l\!I(x1, x2, x3) 
n N(y1 , y2 , y3 ) CBOHl\IH B-Koop,L1HHaTa1rn B 3a,LlaH

Hoil: BCK. Bapuu,e'Hmpu"{eC'K'-U.MU 'K'-oopdu'Hama.Mu 
eenmopa AI N 6y,n;eM Ha3hIBaTb qncna 

U1 = Y1 - X1, U2 = Y2 - X2, 'U3 = Y3 - X3. 

cho onpe,n;eneHHe KOppeKTHO, IIOCKOJ1bKY cornac-

HO er.iy paBHbie BeKTOpbI nony'laIOT COOTBeTCTBeHHO paBHbie KOOp,n;1rnaTbI. 

,Il,eficTBHTeJJbHO, l\!I N = PQ Tor.n;a n TOJJbKO Tor.n;a, Kor.n;a oTpe3KH lviQ 
n PN inreIOT o6IIIYIO cepe.n;ntty (pnc.2). Ecnn P(p1,p2,p3) n Q(q1,q2,q3), 
TO 9TOT KpHTepnil: 3anmueTC5I paBeHCTBaMH: 

1 1 
2(xi +qi) = 2(Yi +pi), i = 1, 2, 3, 

KOTOpbre 9KBHBaJJeHTHbl paBeHCTBalll Yi - Xi = qi - Pi, T. e. COOTBeTCTBeHHbie 

Koop,n;nHaTbI BeKTopoB l\!I N n PQ paBIIbL 06paTHOe oqeB1J,L\HO. 

IlocKOJ1hKY cyMMa B-Koop.n;nttaT Ka:tK,n;oil: TO'{KII paBRa e.n;nmn1e, TO 

cyMMa B-Koop,n;nttaT n106oro BeKTopa paBHa ttynro: 

U1 + U2 + U3 = 0. (1.4) 

Ha octtoBaHHH onpe,n;enettnil: B-Koop.n;1rnaT TO'{KH 11BeKTopa111ree.M VO: 

MN= ON - OM= (Y1 - xi)OA + (y2 - x2)0B + (y3 - x3)0C, 

{
MN= u10A + u20B + u30C, 

u1 +u2 +u3 = 0. 

B qacTHOCTH, Kor.n;a ToqKa 0 coBna.n;aeT c TO'IKOii C, TO 

MN= u1CA+u2CB. 

(1.5) 

9To 3HaqnT, 'ITO nepe'bte dee U3 B-noopdu'Ham eenmopa coenarJawm coom
eemcmee'H'HO c aifxfiu'H'H'bl.MU noopdu'HamaJvtu :Jmo20 eenmopa om'HocumM'b'HO 
6a3uca (CA, CB). 0Tcro.n;a n H3 cooTHoIIIemrn (1.4) cne,zzyeT KpHTepH11: dea 
eenmopa 'IWMU'Heap'H'bt moada u mO/l'bti:O moaiJa, nozda ux coomeemcmee'H
'H'bte B-'K'-oopdu'Hamu nponopv,uo'Ha/l'b'H'bt. 

§ 2. Bapu'/.1ie'HmpU'l/,eC'J{;Ue rjjop.MyJl'bl aJlU'H'bl Be'J{;mOpa 

u C'J{;a!l.flp'Ho20 npou3eeae'HU.fl ee'J{;mopoe 

2.1. ,L(JIHHa BeKTOpa. I1cnOJ1b3Y5I cpopMyny (1.5), HaXO,ll;RM: 

MN
2 

= uiOA
2 

+ u~OB2 
+ u~OC2 

+ u1u2 · 20A ·OB+ 

+ 'U1U3 · 20A · OC + UzU3 · 20B · OC. 
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06o3Ha'-IJIM AJIHHhI CTopoH BC, CA, AB 6a3HCHoro TpeyrOJlhHHKa ABC 
COOTBeTCTBeHHO a, b, c. Ilo TeopeMe KOCJIHYCOB TIOJ1y'!ael\l: 

M N
2 

= ui OA
2 + u~ OB

2 + u~ OC
2 

+ u 1u2(0A
2 + OB

2 
- c2) + 

+ u1u3(0A
2 

+ ·OC
2 

- b2) + u2u3(0B
2 

+ OC
2 

- a 2) = 
-2 -2 -2 = (OA u1 +OB u2 + OC u3)(u1 + U2 + u3) -

- a2u2u3 - b2u 1u3 - c2u1u2, TaK KaK u1 + u2 + U3 = 0. 

--2 2 2 2 
NIN =-a u2u3 - b u1u3 - c u1uz. (1.6) 

B KaHOHJI'!ecKoli BCK a = b = c = 1, no3TOMY. 

M N 2 = -(u2u3 + u1u3 + u1u2). (1.7) 

PaBeHCTBO u 1 + u2 + U3 = 0 3KBHBaJJeHTHO -(u2u3 + u3u1 + u1u2) = 
1 = 2 ( ui + u~ + u~). CJ1e,n;oBaTeJ1hHo, ¢opMyJ1a (1. 7) npHRHMaeT BH,n;: 

M N 2 = ~(ui + u~ + uD. (1.8) 

EcJ1H B Ka'leCTBe 6a.3ncHoro TpeyroJ1hRHKa B3.sITh npa:MoyrOJlhHhIM Tpe

yroJlhHHK c KaTeTaMn a =" b = 1 (Tor,n;a c = \!'2) JI BhITIOJIHHTb 3aMeny 

-U3 = U1 + Uz, TO ll3 o6liieM ¢opMyJlhI (1.6) TIOJIY'-IJIM 06IIJeH3BeCTHYIO 

cPOPMYJIY paCCTO.sIHHR Me:lK,n;y )J,BJM.sI TO'lKaMH B IIp.sIMOJrDJlbHbIX ,n;eKapTO

BbIX KOop,n;HHaTax: M N 2 = ur + u~. 
2.2. CKaJISipHoe npoH3Be,IJ.emrn BeKTopoa. )l,J1R J1I06h1x BeKTopoB 

u H v O'leBH)J,HO paBeHCTBO: 

2uv= u2 +v-2 -(u-v) 2
. 

Ecm1 (u1, u2, u3) H (v1, v2, v3) -Tpo:fiKH Hx B-KOOp,JJ,HHaT, TO corJiacHo ¢op

MyJ1e (1.6) HMeeM: 

2uv = -a2u2U3 - b2u3U1 - c2u1 u2 - a 2v2v3 - b2v3V1 - c2v1 V2 + 
+ a 2(u2 - v2)(u3 - v3) + b2(u3 - v3)(u1 - v1) + c2(u1 - v1)(u2 - vz). 

IlocJle ynpoIIIeHHM IIOJIJ'laeM OKOH'laTeJibHO: 

2uv = -a2(u2v3 + u3v2) - b2(u3v1 + u1 v3) - c2(u1 v2 + u2v1). (1.9) 

)l,J1.sr KanoHH'leCKo:fi BCK H npu ucnOJih30BaRHH paBeHCTBa (1.4) 

2uv = U1V1 + U2V2 + U3V3. (1.10) 

cl>opMyJia (1.9) ,n;aeT CBOHM cJie)J,CTBHeM 1'pumepuu opmo2ona.n,'bnocmu 
6e1'mopo6 u H v: 

a 2(u2V3 + u3v2) + b2(u3v1 + u1v3) + c2(u1v2 + u2v1) = 0. (1.ll) 
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~a KaHOHH'1ecKoii BCK :3TOT KpnTepnii yrrporu,aeTca: 

u1(v2 + V3) + u2(v3 +vi)+ u3(v1 + v2) = 0 

H c y'1eTOJ\I ycJIOBIIB (1.4) 6y,n;eT TaKnM: 

U1 V1 + u2v2 + U3V3 = o. (1.12) 

<l>opMyJia ,ll;JIB Kocnttyca yrJia Me:tK,n;y BeKTopaMH B KaHoHII'1eCKoii BCK 

HMeeT o6bI'1Hblll BII,n;: 

(
::::-:::) U1 V1 + U2V2 + U3V3 

cos u, v = -r=;;=:::::;;;=:::::;;;~:::;;:::=:;;:==~ 
J(ui + u~ + u5)(vr + v~ + v~) 

§ 3. Bapu'll;e'Hmpu'llecx;oe ypaa'He'Hue np.RMOU 

'Ha n.1wcx;ocmu 

(1.13) 

3.1. CB.SI3b acl>cl>HHHoro :u 6apwn;eHTp:uqecKoro ypaatteHHH np.s
MOH. IlycTb ,n;atto a¢q:mHHoe ypaBHeHne Ax + By + C = 0 rrpaMoii. 

Ha:ll,n;eM ypaBHenne 3TOH np.aMo:fi B 6apmi,eHTpll'1ecKnx Koop,n;nnaTax, ecnn 

o6e CllCTeJ\Ihl KOOp,ll;HHaT CBB3aHhl ecTeCTBeHHbIJ\I o6pa30J\I (rr.1.1): x = X1, 

y = x2, 1 - x - y = X3. Tor,n;a ,n;aHHOe ypaBHeHne MO)l(HO npe,n;cTaBIITh 

B BH.n,e: 

HJIH 

(A+ C)x1 + (B + C)x2 + Cx3 = 0. (1.14) 

9To n ecTh 6apm1,eHTpH'1eCKoe ypaBHeHHe ,n;am1oii npaMoii. 0Ho aBnaeTca 

o,n;Hopo,n;HhIM JIHHeHHbIJ\I. 

06paTHO, nycTb ,n;aHO 0,Ll,HOpO,n;Hoe JIHHeHHOe ypaBHeHne 

U1X1 + U2X2 + U3X3 = 0 

B 6apnll,eHTpH"lecKHX Koop,n;nttaTfil'.. Otto BBJIBeTCB ypaBHeHneM HeKoTopo:fi 

npBMOH, TaK KaK npn nepexo,n;e K a¢¢nHHblM KOOp,LJ,HHaTa:M X1 = x, X2 = y, 
X3 = 1 - x - y OHO rrpIIHIIMaeT Bn,n;: U1X + U2Y + U3(l - x - y) = 0, HJIH 

(u1 - U3)X + (u2 - U3)y + U3 = 0. (1.15) 

Cyru,ecTBeHHO, "ITO B 6apnll,eHTpH'1ecKoM ypaBHeHHII 

U1X1 + U2X2 + U3X3 = 0 
UCKJII0'1aeTCB cJiyqaii paBeHCTBa U1 = U2 = U3 BCex Tpex K03cPcPHI.1,HeHTOB, 

IlOCKOJibKY OHO rrpHBeJIOCb 6bl K Bll,ll;Y X1 + X2 + X3 = 0, 'ITO npoTIIBOpe'1IIT 

o6B3aTeJihHOMY ycJIOBIIIO X1 + X2 + X3 = 1. 
TaKHM o6pa30M, oih-topoai-we .11,uHeilHoe ypaeHeHue e 6apuv,eHmpu"lecicux 

mopauttamax aaaaem npJLMyio mo2aa u mo.11,'bico mo2aa, ico2aa tte ece ezo 

ico3<fxfiuv,uettm'bt paett'bt .Me{)!Cay co6ou. 
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3.2. YpaBHemu1 rrpsMo:U rrpH acpq>HHHhIX crroco6ax ee 33A3HHS. 
IlycTh B 3a,n;aHHofi BCK ,n;aHhI ToqKII A(a1,a2,a3) II B(b1,b2,b3) CBOIIMII 

Koop,n;:irnaTal\rn. Tpe6yeTCH HafiTH ypaBHemre co,n;ep:>Kani;efi nx npHMofi, T. e. 

HafiTII K03cpcpmi;neHThI U; HCKOl\IOro ypaBHeHII51 U1X1 + U2X2 + U3X3 = 0 
npHMOfi AB. IIo ycJIOBIIIO u 1a1 + u2a2 + u3a3 = 0 II u1b1 + u2b2 + u3b3 = 0. 
PaccMOTpHM CHCTeMy ypaBHeHIIll OTHOCHTeJihHO HCKOl\lhIX K03cpcpn:o;neH

TOB U;: 

{ 

U1X1 + U2X2 + U3X3 = 0, 

u1a1 + u2a2 + u3a3 = 0, 

u1b1 + u2b2 + u3b3 = 0. 

0Ha IIMeeT HeHyJieBoe perneHIIe (u1, u2, u3) Tor,n;a II TOJihKO Tor,n;a, Kor,n;a ee 

onpe,n;eJinTeJih paBeH HyJiro: 

XI X2 X3 

ai a2 a3 = 0, 

b1 b2 b3 

(1.16) 

r,n;e Xi - B-Koop,n;nHaThI npon3BOJihHOfi TOqKn npHMOfi AB. Ilo3ToMy 3TO 

H eCTh IICKOMOe ee ypaBHeHne. Ero MO:>KHO HaIIHCaTb B BH,n;e: 

[:: ::[x1+[:: ::[x2+[:: ::[x3=0. (1.17) 

9Tn onpe,n;eJIHTeJIH He MoryT 6hITh BCe paBHhil\IH, IIOCKOJihKY ,n;aHHbie TOqKH 

A H B pa3JIHqHbI. 

BeKTop AB = f5 c Koop,n;nHaTaMII 

P1 =bi - ai, P2 = b2 - a2, p3 = b3 - a3, 

oqeBn,n;Ho, HBJIHeTCH HanpaBJIHIOllJ;HM BeKTopoM npHMOfi AB. Bh1qnTaHneM 

,ll;BYX IICXO,ll;HhIX paBeHCTB IIOJiyqaeM: 

(1.18) 

06paTHO, ecJIH ,n;aH BeKTOp p = (P1 'P2' p3)' )l;JI51 KOTOporo BhIIIOJIH5IeTC51 

ycJIOBHe (1.18), TO 3TOT BeKTOP 5IBJI5IeTC51 HanpaBJI5IIOllJ;HM BeKTOpOM IIp51-

MOll u1x1 + U2X2 + U3X3 = 0. ,[(efiCTBHTeJibHO, H3 CHCTeMbI 

{ 
U1P1 + U2p2 + U3p3 = 0, 

P1 + P2 + p3 = 0 

Haxo,n;:uM: P1 : P2 : p3 = (u2 - u3) : (u3 - u1) : (u1 - u2). Ho corJiacHo 

acpcpHHHOMy ypaBHeHHIO (1.15) qIICJia U2 - U3 H U3 - U1 cyTh acpcpIIHHhie 

KOop,n;:uHaTbI HeKOToporo HanpaBJIHIOllJ;ero BeKTOpa npHMOfi. 
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TaKn!V1 o6pa3oM, paBeHCTBO (1.18) 5!BJUieTC5! 'K:pumepue.M napaA.!!MMW
cmu Be'K:mopa u np.R.Moil. 

IloBTOp5!5! paccy)K,ll;eHH5! IlplI BbIBO,ll;e ypaBHeHH5! (1.16) IIp5!MO:i1: IIO ,ll;BYM 

· ee TO'!KaM 3anmiieM cpa3y aHa.rrnrH'lHoe ypaBHeHne np£Mo:l1:, npoxo,11;5!rn;e:l1: 

'Iepe3 ,ll;aHHYIO TO'IKY !vl(m1' m2, m3) napa.rmeJihHO 3a,ll;aHHOMY BeKTopy 

J5(P1, P2, p3): 
X1 X2 X3 

m1 m2 m3 = O. 

PI Pz p3 

KpuTepne1v1 napannenhHOCTH npRMhIX 

U1X1 + U2X2 + U3X3 = 0 Il V1X1 + V2X2 + V3X3 = 0 

CJIY)KlIT KOJIJIHHeapHOCTb IIX HanpaBJI5!lOIIIIlX BeKTOpOB: 

U2 - U3 U3 - U1 

V2 - V3 = V3 - V1 ' 

'ITO 3KBilBaJieHTHO 

U1 u2 U3 

V1 V2 V3 = 0. 

1 1 1 

(1.19) 

(1.20) 

3.3. KpHTepHii IIpHHa,n;Jie:>KHOCTH Tpex np51MbIX o.z:i;ttoMy nyq

Ky. Jiy'l.l,'K:O.M np.R.M'btX Ha3bIBaeTC5! MHO)KeCTBO BCex np5!MbIX IIJIOCKOCTil, 

HMerorn;ux o6nzyro TO<rKy ( co6cm6e1t1t'btu ny'11,o'IC) HJIH napaJIJieJibHblX o~Hoi1 
np5!MO:i1: ( tteco6cmeetttt'btil ny'l.l,O'/C). Bo BTOpOM cny'lae cyrn;ecTByeT o6rn;n:l1: 

HanpaBmrrorn;n:lt BeKTOp np5!MhIX ny<J:Ka. 

IlycTb TPH npHMhie 3a,ll;aHhI B-ypaBHeHII5!MH: 

aix1 + a2x2 + a3X3 = 0, 

b1X1 + b2X2 + b3X3 = 0, 

C1X1 + C2X2 + C3X3 = 0. 

8n1 npSIMbie npnHa,ll;Jie)KaT O,ll;HOMY IIY<J:KY TOr,ll;a H TOJibKO TOr,ll;a, Kor,n;a 

cyIIIeCTByeT TO<J:Ka (m1,m2,m3) IlJIIl BeKTOp (m1,m2,m3) TaKIIe, 'ITO BhI

IlOJIH5!IOTC5! paBeHCTBa: 

{ 

aim1 + azm2 + a3m3 = 0, 

b1m1 + bzm2 + b3m3 = 0, 

c1 m1 + c2m2 + c3m3 = 0. 
8Ta ClICTeMa IIMeeT HeHyJieBoe peuieHIIe npII ycJIOBillI 

ai a2 a3 

bi b2 b3 = 0. 

18 

(1.21) 



IlpH 3TOM ,D;JUI BbI,D;eJieHH.H CJiy-'Ia.H IIpI1Ha,D;Jie:>KHOCTI1 Tpex ,n;aHHbIX IIp.H

MbIX IlY'IKY napa.nJieJibHbIX np.HMbIX MO:>KHO HCilOJib30BaTb KpHTepnii: (1.20) 
,ll;JIH mo6bIX ,D;BYX H3 3THX npHMbIX. 

3.4. "YpaBHeHHe np.SIMOH no TO'IKe H HOpMaJibHOMY BeKTOpy 

B KaHOHH'IeCKOH BCK. IlycTb np.HMa.H 3a,n;aHa TO'!Koli J\l/(m1 , m 2 , m 3) 

I1 HOpMa.JibHbIM BeKTOpOM n(n1,n2,n3). ,Ll;JI.H mo6oli TO'!Kll X(x1,X2,X3) 

3TOli np.HMoli BeKTOpbI M X I1 ii opToroHa.JihHbI. CornaCHo KpnTepmo (1.12) 

ni (x1 - m1) + nz(x2 - m2) + n3(x3 - m3) = 0. (1.22) 

TaK KaK BeKTop j5 = (n2 - n3, n3 - n 1, n 1 - n 2) .HBJI.HeTC.H HanpaBJI.HI011JHM 

BeKTOpOM 3TOll np.HMOH (np = 0), TO Ha OCHOBaHI1I1 (1.19) ypaBHeHne 

=0 (1.23) 

n2 - n3 n3 - ni ni - n2 

eCTb ypaBHemi:e TOlt :>Ke npSl.MOlt. B OTJili'lHe OT npe,D;bl.llY11Jero OHO HMeeT 

O,ll;HOpO,ll;HhIH BH,ll;. ,Ll;m.1 npnBe,n;eHH.H K 3TOMY BH.n,y ypaBHeHH.H (1.23) ,ll;OCTa

TO'IHO YMHO:>KHTh ero CB06o,n;Hhlll '!JieH Ha X1 + X2 + X3 = 1. 
CocTaBHM ypaBHeHHe np.HMOli, npoxO,ll;Sl.11Jeli 'Iepe3 ,n;aHHYIO TO'IKY 

M(m1, m2, m3) nepneH,D;HKJJI.HpHO np.HMoli ax1 + bx2 + cx3 = 0. BeKTOp 

( b - c, c - a, a - b) 6y,n;eT HOpMa.JihHhIM BeKTOpOM HCKOMOll IIp.HMOH H Ha 

OCHOBaHHH (1.22) IIOJiy'!aeM ypaBHeHHe HCKOMOI!: np.HMOii:: 

(1.24) 

§ 4. Bapu4e'Hmpu'l(,eC'K:ue 'K:oopau'Ham'bl 'He'K:omop'btX 

3a.Me'l(,ameJ1,'b'H'btX mo'l(,e'K: mpey20J1,'b'HU'K:a 

4.1. ,LJ;ae acnoMoraTeJibHbie cpopMyJibI. IIpe,n;Bap1ueJihHO noJiy'IHM 

,n;Be cpopMyJihl ,D;JI.H Bhr<IHCJieHHSl. HeHOpl\rnpoBaHHhIX B-Koop,n;HHaT TO'!eK no 

3a,n;aHHhIM OTHOIIIemrnM 0Tpe3KOB. IlycTh 

TO"!Ka M npHHa,n;Jie:>KHT "IeBHaHe CD 6a3HC

Horo TpeyroJihHHKa ABC H H3BeCTHhI OTHO

IIIeHH.H 

AD CM 
==ll' H 
DB 

=="f· MD 
Haii,n;eM Koop,n;HHaThI TO"IKH M (pHc. 3). Ilo 

Koop,n;HHaTHhIM cpopMyJiaM ,n;eJieHH.H OTpe3Ka A 
B 3a,n;aHHOM OTHOIIIemrn HaXO,ll;HM HeHOpMH

poBaHHhie B-Koop,n;HHaTbI TO'IKH D(l : a : 0) 
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H 3aTeM TO'l!KH ]VJ: 

M('y: a"Y: (1 +a)). (1.25) 

HopMHpy10rn;Hii ,n;eJIHTeJih paBeH 

"I + a"( + 1 + a = ( 1 + a) ( 1 + "I). 

,ll;JI.H u;ettTpoH,n;a G TpeyroJihHUKa ABC OTHOIUeHn.H a = 1 H I = 2, 

(
1 1 1) no3TOMY G(2: 2: 2), OTKy,n,a G 3' 3' 3 · 

A 

IlycTh AA1 H BB1 -,n,Be qeBHaHhI 6a3Hc-

C Horo TpeyroJihHUKa (pnc. 4) H ,n,anhI OTHorne-

B 

B A1 AB1 
mm = = a II = = /]. Tor,n,a TO'IKII 

A1C B1C 
Ai u B1 IIMeIOT HeHopMnpoBaHHhie B-Koop-

,D;IIHaThI (0 : 1 : a) ll (1 : 0 : /3) COOTBeT

CTBeHHO, a npRt-Ihie AA1 u BB1 -ypaBHeHIIR: 

x3-ax2 = 0 II x3-f3x1 = 0. IIo::noMy ToqKa N 
IIX nepece'IeHII5I IlOJiyqaeT HeHOpMIIpoBaHHhie 

KOop,n;IIHaTbI: 

N(a: f3: a/]). (1.26) 

P11c. 4 IlpII a = /3 = 1 noBTOpHo noJiy'IaeM Koop,n,II-

( 
1 1 1) HaThI 3, 3, 3 u;ettTpoII,n;a G. 

4.2. Koop.n.HHaTbI opTon;eHTpa TpeyrOJibHHKa. IfaBecn10, 'ITO op

Tou;ettTp H TpeyrOJihHIIKa ABC ,n,eJIIIT ero BhICOTy CD B OTHomeHHII 
~ ~c b~A 

I = HD = A B, a cTopotty AB B OTHOTIIeHIIII a = --B- (CM. 
cos cos acos 

bcosA+acosB c bcosC 
[4], c.41). TaK KaK 1 +a= B = --B, a"(= 2 B' TO a cos a cos a cos 

cosC bcosC c a b c 
COI'JlaCHO (1.25) "I: Q/: (l+a) =-A : --B : - =-A : -B : -c· 

cos a cos a cos cos cos 
Ilo TeopeMe CHHJCOB a : b : c = sin A : sin B : sin C. CJie,a;oBaTeJihHo, 

H(tgA: tgB: tgC). (1.27) 

4.3. Koop)J.HHaThI u;eHTpoa anHCaHHOii H onHCaHHOii oI<py)Ktto
cTeii. no CBOHCTBY 6ncceKTPIIC TpeyrOJihHIIKa 

c c c2 

a = b' f3 = ~' a/3 = ab· 

Tor,n,a Ha OCHOBaHHH cpopMyJihl (1.26) u;eHTp J BTIHCaHHOii B 6a3HCHhIH 

TpeyroJihHHK ABC OKPY)KHOCTH IIMeeT Hettopr-rnpoBaIIHhie B-Koop,n,IIHaThI 

ccc2 11 c 
b : ~ : ab = b : ~ : ab = a : b : c. 

IIocJie ttopMIIpoBKU noJiy'IaeM: 

J(;p' :p' ;p)' 2p =a+ b + c. (1.28) 
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)J;Jrn naxo)K,n;enHR B-Koop,n;nnaT QeHTpa 0 onncaHHo.ti oKpJ:>KHOCTH BOc
noJih3ye:r.rcR HX Bblpa:>KeHH5IMH (1.2): 

). _ R 2 sin2B 
2 - 2S ' 

). _ R 2 sin2C 
3 - 2S 

IloaTo:r.1y 

>.1 : >-2 : A3 =sin 2A: sin 2B : sin 2C, O(sin 2A : sin 2B : sin 2C). (1.29) 

H3 HopMHpOBKH >.1 + >-2 + A3 = 1 cJie,nyeT, 'ITO ,n,.rrn mo6oro TpeyroJihHHKa 
HCTHHHO TO)K,n;ecTBO: 

. 2A . 2B . 2C 2S abc sm + sm + sm = R2 = 2R3 • (1.30) 

4.4. To'!Ka )KeproHa TpeyroJihHHKa. B TpeyroJihHHK ABC 
BnHIIIeM oKpy)KHOCTh, KOTopa5I KacaeTc5l cTopoH B TO'!Kax A1 , B1 , C1 . 

,il.JIHHhl 0Tpe3KOB KacaTeJibHhIX o603Ha'IHM 

corJiacno pnc. 5. Ha ocnoBaHHH TeopeMhI C 
°t.leBhI np5IMhie AA1, BB1, CC1 nepeceKa
IOTC5l B O,IJ;HOH TO'IKe F. 9Ta TO'!Ka Ha-

3hIBaeTC5l mo"l'K:ou )/( ep201w TpeyroJihHHKa 
ABC. 

Bb1pa3HM ee B-Koop,n;nHaThl oTnoc:n
TeJihHO 3TOrO TpeyroJihHHKa qepe3 )J;Jlll

Hhl a, b, c ero cTopon, nOJih3Y5ICh ¢op:r-ry
JIOH (1.26). )J;JI51 ,n;aHHoro cJiy'Ia5l 

BAi bi a- -- - -- AiC - C1' 
/3 = ABi = ai 

EiC ci. 

CJie,n;oBaTeJihHO, 

A ai Ci 

PHc. 5 

bi 

bi ai a1 bi 1 1 1 
a: f3: a/3 = - : - : - 2- = b1c1 : c1a1: a1b1 = - : -b : -. 

Ci C1 Ci a 1 1 Ci 

B 

IlocKOJibKY ai +bi + C1 = p ll bi + C1 = a, TO a1 

b1 = p - b, c1 = p - c. TaKHM o6pa3oM, 

= p - a H aHanorHqHo 

F( 1 . 1 . 1 ) 
p-a·p-b"p-c · 

§ 5. BapU'l.1ie1impu'tlecr;,ue r;,oopau'H.amu mo'ltr;,u 

u eer;,mopa npocmpa'H.cmea omuocume.11/b'HO 

mempa3apa 

(1.31) 

5.1. 063op paHee H3JIO)KeHaoro. Bo BTopoM ToMe «9JiervieHTapHOM 

reoMeTpHH» (cM. [5], c.102-104) §4 rn.6 nocBRIQeH 3TOH TeMe. B neM 
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llMelOTC5! Ha'Ia.rihHbie CBe,n,eHll5! 0 6apm1eHTpll'ICCKllX KOOp,ll,HHaTax B rrpo

CTpaHCTBe. HacT05!TeJihHO peKm1ett,rzye1v1 'IHTaTemo ocBe)i<HTh B rral\15!Tll 

3TOT MaTepml.JI. 3,n,ecb ,D;Jrn CBH3H c ,D;aJibHeHIIIHM H3JIO)KCH1Iel\l rrpHBO,ll,HTCH 

o63op II3BeCTHhIX orrpe,n,eJieHHit H cpopMyJI. 

IlycTh ,n,atthI TeTpa3,n,p A1A2A3A4 H ToqKa P npocTpaHcTBa. Tor,D;a ,D,JIH 

mo6oi1 TQqKH 0 HMeIOT l\JeCTO paBeHCTBa: 

{
OP= A10A1 + A20A2 + A30A3 + A40A4, 

A1 + A2 + A3 + A4 = 1, 
(1.32) 

rrpH'IeM rrpH 3a,n,aHHoii TO'IKe P 'IHCJia A; He 3aBHC.HT OT Bh16opa TO'IKH 0. 
9TH 'iHCJia Ai Ha3hIBaIOTc.H 6apuv,eHmpu"iec?CuMu ?CoopomtamaMu TO'iKH P 
OTHOCHTeJihHO ,n;aHHoro ( 683HCHOro) TeTpa3,n;pa. 

K8.)K,n;a£ KOop,n,HHaTa Ai paBHa OTHOIIleumo 06'beMOB ,n,Byx opHeHTH

posaHHhIX TeTpa3,n,poB: o6'beMa TeTpaa)J,pa, IIOJiy'ieHHOI'O 3al\leHoii COOT

BeTCT.Byro:m;eii .sepIIIIIHhI A; 68.311cttoro TeTpaa.n;pa A1A2A3A4 TO'IKOii P, 
K o6'heMy TeTpaa,n,pa A1A2A3A4. 0THOIIIeHH5! 3THX o6'hel\loB paBHhI TaK)Ke 

x· 
Ai = h: , r,n,e x; - opaeunrpoBaHHhie paccro£Hli.H TO'iKH P .n;o nJiocKocTefi 

rpaueii 6a3HCHOro TeTpaa.n;pa. 3a rroJIO)KHTe.TihHOe ttanpasJieHHe npHHHMa

eTc£ HanpaBJieime COOTBeTCTBYIOIIleH BbICOTbl hi TeTpaa,n,pa OT ero sepnrn:

Hbl K npoTHBOIIoJimKtto.11 rpaHH. CJie,n;osaTeJibHO, 
. X1 X2 xa X4 - 1 

hi + h2 + h3 + h, - . 

9TO TO)K,ll,eCTBO 3KBllBa.rieHTHO TaKoMy: 

x1S1 + x2S2 + x3S3 + x4S4 = 3V. 

(1.33) 

(1.34) 

qHCJia Xi Ha3hJBalOTC.H 'liOpMa.ti'b'/i'btMU 'ICOOpOu'HamaMU TO'IKli p OTHOCll

TeJibHO TeTpaa,n,pa. 

)J;oK83aHa cpopMyJia paccTO.HHll.H MeJK,rzy TO'IKaM:u: !VI :u: P: 
4 4 

M P 2 = L AiPf - L A.;A.jai, i < j, (1.35) 
i=l i.j=l 

r.n;e ,\i - 6apm1eHTPH'iecKHe Koop,n,HHaThI TO'iKH P, p; = M Ai, aij = AiAj. 
Ha OCHOBaIUrn: 3TOii cpopMyJihl IIOJiy'ieHhl COOTHOII1eHm1: 

4 
2 2 1 ~ 2 OG = R - 16 ~ a;i, i < j, 

i,j=l 

4 4 

LGAf = ~ °Lafj, i < j, 
i=l 1 

4 4 
~ 2 4~ 2 
~G;A; = 9 ~ai)' i < j, 
i=l 1 
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rAe 0 - u;eHTp omrcaHHOil: OKOJIO TeTpa3Apa c¢epbI (paAttyca R), G - ero 
u;eHTpOIIA, Gi - u;eHTpOHAhI ero rpaHeil:. 

5.2. ,Ll;JIMHa 0Tpe3Ka H CKaJISipHoe npOH3Be,n;ea11e BeKTOpOB npo

CTpaHCTBa B B-Koop.n;1rnaTax. IlycTh TO'IKII A(xi) II B(yi) 3aAaHhI 
CBOIIMII B-KoopAlIHaTaMII OTHOCIITeJihHO 6a3IICHoro TeTpa3Apa A1A2AaA4. 
IlepBbie TpII KOOPAIIHaThl Ka)K,ll;oii TO'lKII COBIIaAaIOT c ee a¢¢IIHHbIMH KO
OPAIIHaTaMH B a¢¢IIHHOii cncTeMe c Ha'laJIOM A4 H 6a3HCHhil\JH BeKTopaMH 

------ - 3 --
A4A1, A4A2, A4Aa. IlonoMy AB= L:(Yi - xi)A4Ai. HaxoAHl\I 

l 

AB
2 

= (Y1 - x1) 2a~1 + (Y2 - x2)2a~2 + (y3 - X3) 2a~3 + 
3 

+ L 2(yi - Xi)(yj - Xj)A4Ai. A4Aj, i < j. 
i,j=l 

Ilo TeopeMe KOCHHycoB 2A4Ai · A4Aj = a~i + a~j - a~j· KpoMe Toro, 
(YI -xi)+ (y2-X2)+(y3-X3) = X4-y4. IlocJie no,n;cTaHOBOK H ynpow,eHHii 
noJiy'laeM 

4 

AB2 = - L (Yi - Xi)(yj - Xj)atj, i < j. (1.39) 
i,j=l 

LJncJia ui = Yi - xi ecTb no onpeAeJiemno 6apuv,eHmpu""ec?rue 1\:oopau'Ham'bt 
BeKTopa AB, npn'leM 

U1 + U2 + U3 + U4 = 0. 

TorAa ¢opMyJia (1.39) rrpnHIIMaeT BRA: 

4 

AB2 = - L UiUjatj, i < j. 
i,j=l 

(1.40) 

(1.41) 

06ru;aH 6apnn;eHTpH'leCKaSJ ClICTeMa KOOPAIIHaT (BCK) 'laCTO OKa3bIBa
eTCH o6peMeHHTeJihHOH (B MeTpH'IeCKHX 3alJ.a'IaX) AJIH Bbl'lllCJieHiiii, II03TO

MY u;eJiecoo6pa3Hee IIOJih30BaTbCH KaHOHHqecKoil: 6apnu;eHTpnqecKOH CHCTe

MOii Koop.n.1maT (KBCK), B KOTOpoil:. 6a3HCHbiil:. TeTp83AP HMeeT e.IJ,HHH'lHbie 
pe6pa. 

lfa paBeHCTBa (1.40) CJie.n.yeT, 'ITO 

( ) 1 ( 2 2 2 2) 
- Ut U2 + U1 U3 + Ut U4 + U2U3 + U2U4 + U3U4 = 2 Ul + U2 + U3 + U4 . 

Ilo3TOMY .IJ,JIH KBCK ¢opMyJia (1.41) 3HaqHTeJibHO yrrpow,aeTCH: 

AB2 1 ( 2 2 2 2) = 2 U1 + U2 + U3 + U4 . (1.42) 

.LJ;anee, IIYCTb BeKTOpbl u(u1, U2, U3, U4) H v(V1, V2, V3, V4) 3a,ll;aHbl CBOHMH 
B-KoopAIIHaTaMH. Ha ocHoBauun TO)l(AecTBa 2uv = u 2 + v2 - ( u - v )2, 
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Il0Jlh3Y51Ch ¢opMyJiaMH (l.41) H (1.42), IIOJiy<Iael\f KOOp,Il,HHaTHbie ¢opMyJihI 
CKaJISipHoro rrpoH3Be,n;emrn BeKTOpoB ,11,;rn BCK H KBCK cooTBeTCTBeHtto: 

4 

2Uv = - L (uivJ + viuJ )aTJ, i < j, (l.43) 
i,j=l 

(l.44) 

KaK c;re,n;cTBHe m.1eeM npHBhPmyro ¢op1v1yJiy ,l\JISI KaHOHir<IeCKoii BCK: 

(1.45) 

§ 6. Bapu~e'l-lmpu'l(,ecr;;oe ypaB'J-le'J-lue nJwcr;;ocmu 

6.1. Cast3b a<l><l>HHttoro H 6ap1u1,eHTpHqecKoro ypaatteHHH nnoc

KOCTH. IlycTh ,11,aHo ypaBHem1e Ax + By + Cz + D = 0 IIJIOCKOCTH 

B a¢¢HHHhIX KOOP,llHHaTax. Bc;re,n;cTBHe Toro, qTo rrepBbre TpH a¢¢HHHhre 

KOOp,llHHaTbI ToqKH coBrra,n,aroT c ee B-Koop,n,HHaTaivrn, ,11,aHnoe ypaBHeirne 

UJIOCKOCTH MO)f(HO 3anncaTh B TaKOM BII,I\e: 

HJIH 

(A+ D)>'I + (B + D)>.2 + (C + D)>.3 + D>.4 = 0. (1.46) 

06paTHO, ecJIH ,n;aHo JIHHeiiHoe o,n;Hopo,n,Hoe ypaBHem1e B 6apm1eHTpwie

CKHX KOOp,ll;HHaTax U1X1 + U2X2 + U3X3 + U4X4 = 0, TO OHO 3KBHBaJieHTHO 

ypaBHeHHIO U1X1 + U2X2 + U3X3 + (1 - X1 - X2 - X3)U4 = 0, HJIH 

(1.47) 

'.:ho ypaBHeHIIe orrpe,n;eJISieT HeKoTopyro IlJIOCKOCTb, IlOCKOJibKY X1' x2, X3 -
a¢¢HHHhle KOOp,l\HHaThl TOqKH. 

HTaK, .rtukeunoe oihtopoihtoe ypa6ttettue 6 B-'X',oopduttamax .R6.l!.Remc.R 
ypa6ttekue.M n.1WC'X',ocmu, ec.1iu mo.f!'b'X',O 6 tte.M u.Me10mc.R xom.R 6'bt iJea kepae-

1t'btX .Me:>1eiJy co6ou 'X',o3<fxj)uv,ueuma (H6o ypaBHeHHe x 1 + x2 + X3 + x 4 = 0 
He n1v1eeT reoMeTpn:qecKoro CMhICJia). 06pamno, .l!'IOOO.R n.l!OC'X',OCm'b Mo'1/Cem 
6'btm'b npeiJcmae.rtetta .11,utteilk'bt.M oihtopoiht'bt.M 6apuv,ettmpu"tec-x:u.M ypaene

nue.M. 
6.2. BapHI.J,eHTpH•·IeCKoe ypaaueHHe nnocKoCTH npH a<l><l>HHHbIX 

cnoco6ax ee 3a):J,aHo:st. IlycTb n;rocKOCTh 3a,n,aHa TpeMSI HeKOJIJIHHeap

HhIMH TOqKaMH A(ai), B(bi), C(C;), r,n;e ai, b;, Ci (i = 1, 2, 3, 4)-Hx 
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B-Koop,n,1maTbI. Tor,n,a cncTeJYm: 

{ 

U1X1 + UzXz + U3X3 + U4X4 =0, 

u1a1 + u2a2 + u3a3 + u4a4 =0, 

U1b1 + Uzbz + U3b3 + U4b4 =0, 

U1C1 + UzCz + U3C3 + U4C4 =0, 

r,n,e Ui - llCKOMbie Koa¢qrnu.neHTbl ypaBHemrn IlJIOCKOCTll, ll:MeeT HeHyJieBoe 

perneHHe npll Heo6xo,n,HMOM ll ,lJ,OCTaTOqHQM ycJIOBllll: 

X1 Xz X3 

a1 a2 a3 

bi bz b3 

C1 Cz C3 

X4 

a4 

b4 

C4 

=0. (1.48) 

9To II eCTb llCKOMOe ypaBHeHHe IlJIOCKOCTll, co,n,ep)Ka1"ll,eH TpH ,n,aHHhie TQq

Kll. Cpe,n,H onpe,n,emITeJiefl. TpeTbero nopR,n,Ka, cocTaBJieHHhIX H3 Koop,n,1rnaT 

,n,aHHblX TOqeK, cy1"ll,eCTByeT XOTR 6bI O,lJ,llH, He paBHblH ttymo. 

IlpHMep. IlycTb ABCD - 6a3HCHhIH TeTpa3,n;p CIICTeMhI Koop,n,nuaT: 

A(l,0,0,0), B(O, 1,0,0), C(O,O, 1,0). Tor,n,a comaetto (1.48) nJIOCKOCTh 

rpattu ABC IIMeeT ypaBHeHIIe x4 = 0. AttaJiorwrno Tpn ,n,pyrne rpattn 

6a3HCHOro TeTpaa,n,pa HMeIOT ypaBHeHHR: X1 = 0, x2 = 0, X3 = 0. 
TiycTh ,n,aHO ypaBHeHHe IlJIOCKOCTll 

U1X1 + UzX2 + U3X3 + U4X4 = 0. 

AttaJioruqtto (1.18) seKTop p(p1,p2,p3,p4) napaJIJieJieH 3TOH nJIOCKOCTH 

Tor,n,a H TOJibKO TOr,n,a, KOr,n,a BhlilOJIHReTCR YCJIOBHe: 

lfa CHCTeMbI ypaBHeHHii 

{ 

U1P1 + u2p2 + u3p3 + U4p4 = 0, 

P1 + P2 + p3 + p4 = 0 

(1.49) 

BaXO,lJ,IIM KOOp,D,HHaThl qeTbipex ttanpaBJIRIOIIJllX BeKTOpOB ,n,aHHOH IlJIOCKO

CTll (c TQqHQCTbIO ,Il,O ueHyJieBOI'O MHO}KHTeJIR): 

(0, U3 - U4, U4 - Uz, U2 - U3), 

(u3 - U4, 0, U4 - U1, U1 - u3), 

(u4 - u2, u1 - u4, 0, u2 - ui), 

(u2 - U3, U3 - Ui, U1 - Uz, 0). 
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B noJIHofi aHaJionm c Bhrno,n;or-1 ypaBttemrn: (1.48) rroJiy'laeM ypam1emie 

IlJIOCKOCTM, 3a,n;a1rnoil TO'IKOH AI(m.i) a ,n;BJM.H HeKOJimmeaptthI!IIH ttarrpaB

JI.HJOI.lJ;lIMM BeKTOpar-m p(pi) H q(qi) (i = 1, 2, 3, 4): 

X1 X2 X3 X4 

m1 m2 m3 m4 
=0. (1.51) 

Pi P2 p3 p4 

q1 q2 q3 q4 

6.3. KpuTepuii npHHa,D.Jie)KHOCTH 'ieTbipex nnocKocTeii O,ll,HOH 
CBS13Ke. CeR3'/COU n.n,oc'/Cocmeu Ha3hrnaeTC.H 11mo:>KeCTBO Bcex rrJiocKOCTefi, 

HMeIOUJ.MX o6UJ.YIO TO'IKY HJIM rrapaJIJieJihHhIX o,n;Hofi np5!Mof1. ITocKOJibKY 

IIpHHa,n;Jie)KHOCTb TO'IKM ,n;aHHOfi IIJIOCKOCTH H napaJIJieJibHOCTb BeKTOpa 

3TOfi IIJIOCKOCTH npe,n;cTaBJI.HeTC5l paBeHCTBaMH o,n;Horo H Toro )Ke BH,n;a, TO 

ITO aHaJIOrHH C II. 3.3 3aKJIJO'!ae:M: a.n,.R, mozo, "i.m06'bt "i.em'btpe nJtOC'/COCmu 

aix1 + a2x2 + a3X3 + a4x4 = 0, 

b1X1 + b2X2 + b3X3 + b4X4 = 0, 

C1X1 + C2X2 + C3X3 + C4X4 = 0, 

d1X1 + dzx2 + d3X3 + d4X4 = 0 

nputtaa.1te:>1ea.1tU oattoil C6R3'1Ce, tteo6xoau.MO U aocmamO"l'H,01 "lm06'bt 

a1 a2 a3 a4 

bi b2 b3 b4 
=0. 

C1 Cz C3 C4 

d1 dz d3 d4 

§ 7. Hop.Ma.fl'b'H,'btu Be'K',mop n.llOC'K',Ocmu 

(1.52) 

7 .1. Koop,ll,HHaTbI aopMa.TibHoro BeKTopa nnocKocTH B KaHOHH
qecKoii BCK. EcJin cpe,n;u Koa¢qmu,ueHTOB ui ypaBHBHH5l nJiocKOCTH HeT 

paBHbIX, TO JII06b1e ,n;Ba H3 ee HanpaBJI5IIOUJ.HX BBKTOpOB (1.50) HBKOJIJIH

Heapllbl. 0,n;HaKo, uanpnMep, IIpH U1 = u2 TpeTHfi H '!eTBepTefi H3 3THX 

BeKTOpoB KOJIJIHHeapHbI. Ee.JIM BeKTOp n( ni) OpToroHaJieH ,n;By!ll HeKOJIJIH

HeapHbIM BeKTOpaM H3 (1.50), TO OH OpTOrOHaJieH IIJIOCKOCTH 

U1X1 + U2X2 + U3X3 + U4X4 = 0. 
lfa CHCTBMbI 

{ 

ni · 0 + n2(u3 - u4) + n3(U4 - u2) + n4(u2 - u3) = 0, 

n1(u3 - u4) + nz · 0 + n3(u4 - u1) + n4(u1 - u3) = 0, 

n1 + n2 + n3 + n4 = 0 
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n1 : n2 : n3 : n4 = (3u1 - u2 - u3 - u4) : (3u2 - u1 - U3 - u4) : 

(3u3 -- U1 - u2 - u4) : (3u4 - u1 - u2 - u3). (1.53) 

B '-IaCTHOCTn, uopMaJihHhie BeKTOpbI IIJIOCKOcTeli rpaueti 6a3Hcuoro (npa

BHJibHoro) TeTpa::>,n;pa H1Ie10T KOOp,ll,HHaTbI (-3, 1, 1, 1), (1, -3, 1, 1), 
(1, 1, -3, 1), (1, l, l, -3). 

ilJIOCKOCTh, 3a,ll,aHHaR TffqKoil: Jvf (mi) II HOpMaJihHhI11 BeKTOpOM n( n;), 

HMeeT B KaHouwiecKoil: BCK TaKoe ypaBuemie: 

n1(x1 - m1) + n2(x2 - m2) + n3(x3 - m3) + n4(x4 - m4) = 0, (1.54) 

KOTOpoe MOJKHO IIpHBeCTII K 0,ll,HOpO,ll,HOl\IY Bll,ll,Y, YMHO)KRB ero CB060,ll,Hblil: 

'-IJleH Ha X1 + X2 + X3 + X4 = 1. 
7.2. PaccTOHHHe OT TO"IKH ,n;o nnocKOCTH. Bhrne,ll,eM ¢opMyJiy pac

CTORHIIR d OT TOqKR Af(m;) ,ll,O IIJIOCKOCTH U1X1 + U2X2 + U3X3 + U4X4 = Q 

B Kanou11qecKo:H BCK, IIOJih3YRCh Koop,n;IIHaTarvrn (1.53) uopMaJihHoro BeK

Topa n. 
CorJiacuo (1.44) nMeeM: 

2d\n\ = \(x1 - m1)n1 + (x2 - m2)n2 + (x3 - m3)n3 + (x4 - m4)n4), 

r,ll,e x; ~ Koop,ll,IIHaTbI opToroHaJibHOH npoeKIIIIH TOqK11 M·ua ,n;auuyro IIJioc

KOCTb. BbmOJIHHB no,ll,cTaHoBKll (1.53), noJiyq11M: 

2d\n\ = 4\(u1X1 + U2X2 + U3X3 + U4X4) -

- (u1m1 + u2m2 + U3m3 + u4m4)\ = 4\u1m1 + u2m2 + u3m3 + U4m4\. 

Ha OCHOBaHHll (1.42) 2ln\ = y'2(n~ + n~ + n~ + n~) II II03TOMY IIOJiyqaeM: 

r,ll,e 

d = 4Ju1m1 + u2m2 + u3m3 + U4m4J 

J2(ni +n~ +n~ +nD 

n1 = 3u1 - U2 - U3 - U4, n2 = 3u2 - U1 - U3 - U4, 

n3 = 3u3 - U1 - U2 - U4, n4 = 3u4 - U1 - U2 - U3. 

MoJKHO OCB060,ll,llThCR OT KOOp,ll;HHaT n; BeKTOpa n, Hail:,ll,}l 

4 

ni + n~ + n~ + n~ = L(4ui - (u1 + u2 + u3 + u4))2. 
i=l 

Tor,ll,a IIMeeM oKonqaTeJihHO: 

d= 4lu1m1 + u2m2 + u3m3 + u4m4I 
4 

2 2::(4u; -(u1 +u2 +u3 +u4))2 
i=l 
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3 a ,n; a 'I a. )J,oKaJKIITe, '-ITO cyMMa KBa,n;paTOB paCCT05IHIIil: OT Bepnurn 
npaBIIJihHOro TeTpa3,n;pa ,n;o IlJIOCKOCTH, co,n;ep:a<aliieil: ero u;eHTpou,n;, He 
3aBIICHT OT Bhr6opa IlJIOCKOCTH. 

p e III e H lI e. Ilpm.Iel\I ,n;aHHbiil: TeTpa3,n;p 3a 6a3HCHbIH TeTpa3,n;p 

KBCK. TaK KaK rrJIOCKOCTh u1x1 + u2x2 + u3x3 + u 4x4 = 0 co,n;ep:a<nT 

(
1 1 1 1) ero IJ,eHTpou,n; G 4, 4, 4, 4 , To u 1 + u2 + u3 + u 4 = 0. Ilo ¢opMyJie (1.56) 

paccT05IHH51 di OT BepIIIIIH Ai TeTpa3,n;pa ,n;o 3Toil nJiocKocTII paBHhI '-IHCJia:M 

d, = 4\u,\ 
J2 · 16(ui + u~ + u~ + u~) 

Ilo3TOMY HCKOMa51 cy11r.r-.ra IIX KBa,n;paTOB paBHa 

d2 d2 d2 d2_1 
i+ 2+ s+ 4-2 

He3aBIIClIMO OT BbI6opa IlJIOCKOCTlI. 3a e,n;IIHIID;y npHH51Ta )J;JIHHa pe6pa 
TeTpa3,n;pa. 

§ 8. BapuV;e1-1,mpu'l£ecr;;ue ypaBHeHu.fl onuca1-1,1-1,oi1 

ox;py;}(-CJ-Wcmu mpeyio.11/b'l-lux;a u onucmmoii cifJep'bt 

mempa3apa 

8.1. "YpasHemrn onucaHHoii oKpy>KHOCTH. Ha oc:noBaHHH ¢opMy

JihI paccT05IHH51 OKpy:a<HOCTh c u;e1ITpoM J( m 1, m2, m3) pa,n;Hyca R 1I111eeT 
6ap11IJ,eHTpH'-IeCKOe ypaBHeHIIe 

a2(x2-m2)(x3-m3)+b2(x1 -m1)(xs-ms)+c2(x1 -m1)(x2-m2) = -R2
, 

r,n;e a, b, c - ,IJ;JIHHhI cTopoH 6a3HCHoro TpeyroJihHHKa ABC. TaK KaK 

oKpy:a<HOCTb npoxo,n;IIT '-Iepe3 TO'-IKII A(l, 0, 0), B(O, 1, 0), C(O, 0, 1), TO 

IlOCJie IIO)J;CTaHOBKll HX KOOp,n;HHaT B ypaBHeHne OKppKHOCTH noJiy'!aeM 

IlOCJie,IJ;OBaTeJihHO 

b2
m3 + c2

m2 = Q, a2m3 + c
2
m1 = Q, a2m2 + b

2
m1 = Q, 

r.n;e Q = a2 m2ms + b2 msm1 + c2m1 m2 + R2
. IlocJie pacKphITH51 cKo6oK 

ypaBHeHIIe OKpy:a<HOCTH npHHlIMaeT BH,n;: 

a2x2X3 + b2
x1X3 + c

2
x1X2 + Q - Q(x1 + X2 + X3) = o. 

TaK KaK X1 + X2 + X3 = 1, TO OHO ynpOliiaeTC51 H HMeeT BH)J;: 

a
2

X2X3 + b2
X1X3 + c2

X1X2 = 0. 
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8.2. "YpaBHem1e orru:caHHOH ccpepb1. C¢epa c IJ.eHTpoM O(m1, m2, 

m3, m4) pa,n;ttyca R Ha ocHOBaHIIII ¢opMyJibI (1.39) IIMeeT ypaBHeHIIe 

4 

L at(x; - m;)(x1 - mJ) = -R2
, i < j, 

i,j=l 

IIJIII B rro,n;po6Hofi 3aIIIICII: 

ai2x1X2 + ai3X1X3 + ai4X1X4 + a~3X2X3 + a~4X2X4 + a~4X3X4 -

- (ai2m2 + ai3m3 + ai4m4)x1 - (a~3m3 + a~4m4)x2 -

(1.58) 

- a~4m4x3 - a~ 1 m1X4 + D = 0, 
4 

r,n;e D = I: mimj + R2. IlocKOJibKY ToqKII A1(1,0,0,0), Az(O,l,0,0), 
i,j=l 

A3(0,0,1,0), A4(0,0,0,l) Jie)KaT Ha c¢epe, crrpase,n;JIIIBbI paseHCTBa 

ai2m2+at3m3+ai4m4 = D, a~3m3+a~4m4 = D, a~4m4 = D, a11m1 = D. 
IlpII IIO,ll;CTaHOBKe 3TIIX Bbipa)KeHIIit B ypaBHeHIIe c¢epbl OHO IIpIIHIIMaeT 
BII)J;: 

4 

L a;1xixj - D(x1 + xz + X3 + x4) + D = 0. 
i,j=l 

TaK KaK X1 + Xz + X3 + X4 = 1, IIMeeM OKOHqaTeJibHO 6apIIIJ.eHTpIIqecKoe 
ypaBHeHIIe c¢epbl, onncaHHO:it OKOJIO 6a3HCHOro TeTpa3,n;pa: 

4 

L a;JxiXj = 0, i < j. (1.59) 
i,j=l 

QqeHb KpaTKHH BbIBO,ll; 3Toro ypaBHeHHH IlOJiyqaeTCSI npn HCllOJih30Ba

HIIH ¢opMyJibI (1.35) paccTOHHHSI Me)K,n;y ToqKaMn. EcJIII ToqKa M cosna

,n;aeT c IJ.eHTpOM OilIICaHHOii c¢epbI, a TQqKa p - npOII3BOJlbHaSI TOqKa 3TOii 

c¢epbl, TO ITO ¢opMyJie (1.35) cpa3y IIOJiyqaeM: 

OTKy,n;a 

4 

R2 = R2(>.1 + >.2 + ;\3 + ;\4) - L AiAJa;i, 
i,j=l 

4 

L >.i>.Ja;J = 0, i < j. 
i,j=l 

8.3. B-Koopp,u:HaTbl u;eHTpa onu:caHHOH ccpepbl. Ha octtoBaHnn 

o6m,nx a¢¢ttHHbIX ¢opMyJI B-Koop,n;nHaT ToqKII (cM. [5] c. 103), ,ll;JIH IJ.eH
Tpa 0 orrttcaHHO:it OKOJIO TeTpa3,n;pa A1 A2 A3 A4 c¢epbI IIMeeM 

>.i = VoA2A3A4 . 
VA1A2A3A4 
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Ilo nepsoil H BTopoit cpopMyJiaM llhay,n;Ta ,n;mr o6'heMa TeTpa3,n;pa 
6VoA 2 A3 A4 = R3 · Li1(0A2A3A4) tt 6VR = Q, r,n;e Q-nno111a,n;h 
TpeyrOJibHHKa, ,ll;JllIHbl CTOpOH KOTOporo paBHbl '-!HCJieHI-IO npOH3Be,n;eHH.IIl\l 
,ll;JllIH IIpOTIIBOIIOJIQ)KHblX pe6ep TeTpa3,n;pa (Clll. [5], c. 97, c.100), 61 -
CIIHyc llhay,n;Ta TpexrpaHHoro yrna c BepIIIIIHOH 0 TeTpa3,n;pa OA2A3A4. 
Cne,n;osaTeJibHO, 

). - R3.6.i ·R - R46 
1 - Q - Q l· 

R4 
BenII'lIIHa Q He 3aBIICIIT OT Bb16opa BepIIIIIHhI TeTpa3,n;pa, no3TOMY 

(1.60) 

1lTaK, ttei-wp.Mupo6att'H/bte 6apuv,ettmpu"-!ec?Cue ?Coopouttam11i v,ettmpa 0 onu
cattttoil o?Co.11.0 6aaucttow mempa3opa cifiep11i nponopv,uotta.11.'btt?Ji cuttyca.M 
Ilimayoma mpu30p06 c 6epw.uttoil 0 npomuBon0.11.0i>/Ctt?Jix 6epw.uttaM 6a
auctto20 mempa3i)pa. 

§ 9. Ilpu.Mep'bt pewe'HU.fl 3ada'Ll Memodo.M 

6apU'l-'ie'Hmpu'Llecr1:ux r1:oopdu'Ham 

,ILJI.H IIJIJllOCTpa11IIII npmvieHeHII.H 6apII1JeHTpII'leCKIIX KOOp,ll;IIHaT pac
CMOTpIIM peIIIeHH.H cne,n;ylOllJIIX 'leTbipex 3a,ll;a'l. 

Pri:c. 6 

3 a ,n; a q a l. qepe3 npOH3BOJlbHYIO TO'IKY p 
IIJIOCKOCTII ,a;aHttoro TpeyroJihHHKa ABC rrpoBe,a;e
HhI np.HMhie, napanneJihHhie cTopoHa.M AB, BC, 
CA - II nepeceKa10111IIe np.HMhie BC, CA, AB 
B TO<IKax A 1, B1 II C1 cooTBeTCTBeHHO (pIIc. 6). 
,ILoKa)KIITe, 'ITO 

P Ai + P Bi + DCi = l. 
AB PC CA 

Pe III e H II e. IlpttMeM TpeyroJihHIIK ABC 3a 
6a3IICHhIH TpeyroJihHIIK BCK. IIycTh TO'lKa P 
IIMeeT KOOp,a;IIHaThI (P1, p2, p3). EcJIII nJI0111a,n;h 
TpeyroJihHIIKa ABC IIOJIO)KIITh pasHoit 1, To 

TO'IKII A 1, Bi, C1 cornacHo cpopMyJiaM (1.2) noJiy<IalOT Koop,n;IIHa
TbI: A1(0, 1 - p3,p3), Bi(p1,0, 1 - P1), C1(l - P2,p2,0). TaK KaK 
AB = (-1,1,0), BC = (0,-1,1), CA = (1,0,-1) II PA1 = 
=(-pi, l-p3-p2, 0), PB1 = (0, -p2, l-p1 -p3), PC1 = (I-p2-P1, 0, -p3), 
noJiy<IaeM: 

P Ai P Bi PCi -pi -p2 -p3 
-= + -= + -= = - 1 + - 1 + - 1 =Pi + P2 + P3 = l. 
AB BC CA - - -
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MmKHO 6bIJIO 6bI HCIIOJib30BaTb lI OTHOIUeHHfl ,n;pyrHx COOTBeTCTBeHHbIX 

KOOp)J;HHaT KOJIJIHHeapHbIX BeKTOpOB, HCKJIIO'Iafl HyJieBbie KOOP,lJ;HHaTbI. 

3 a ,n; a q a 2. Ha pe6pax DA, DB, DC TeTpa3,n;pa ABCD ,n;aHbI cooT

BeTCTBeHHO TO'IKH A1, B1, C1. Haii,n;HTe Koop,n;HHaTbI TO'IKH NJ rrepece'Ie

HHfl IIJIOCKOCTeil: BCA1, ACB1, ABC1 OTHOCHTeJibHO ,n;aHHoro TeTpa3,n;pa, 

ecJIH 

DB1 _ (3 
B1B - ' 

p e III e H He. Ilo 3a,n;aHHbll\l OTHOIIIeHHRM HaXO)J;Hl\l HeHOpMHpOBaHHbie 

B-KOOP,lJ;HHaTbI To'IeK Ai(o:: 0: 0: 1), B 1(0: (3: 0: 1), C1(0: 0: 'Y: 1) 
H 3aTeM ypaBHeHnfl IIJIOCKOCTeil: BCA1, ACB1 , ABC1 no TpeM TO'!KaM: 

XI - l¥X4 = 0, X2 - (3x4 = 0, X3 - "(X4 = 0, 

OTKy,n;a IIOJiy'IaeM HCKOMbIH OTBeT B HeHOPMlipOBaHHbIX KOOp)J;HHaTax: 

X1 : X2 : X3 : X4 = Q : (3 : "( : 1. 

CJie,n;oBaTeJibHO, TO'!Ka M HMeeT Koop,n;HHaTbI 

M (~ (!_ J'. .!.) r,n;e a = a+ (3 + "( + 1. 
cr'cr'cr'cr' 

3 a ,n; a q a 3. IlpOTHBOIIOJIO:lKHbie CTOpOHbl IIIeCTlIYI'OJibHHKa rrorrapHO 

rrapaJIJieJibHbI. )J,oKa:lKHTe, 'ITO rrpflMbie, coe,n;HHfllOliIHe cepe,n;HHbI rrpOTHBO

TIOJIO)KHbIX CTOpOH, nepeceKaIOTCfl B O)J;HOH TO'!Ke (pHC. 7). 
p e III e H H e. IlycTb IIIeCTH-

yrOJibHHK AB1 C A1BC1 y,n;oBJie

TBOpReT ycJIOBlIRM 3a,n;aqn, IlpH-

1\'IeM TpeyroJibHIIK ABC B Ka'IeCTBe 

6a3nCHoro: A(l, 0, 0), B(O, 1, 0), 
C(O, 0, 1). 06o3Ha'IHM Koop,n;H- A 
HaTbI BepIIIHH: A1(a1,a2,a3), 
B1(b1,b2,b3), C1(c1,c2,c3). BcJie,n;

CTBHe KOJIJIHHeapHOCTH BeKTOpOB 

AC1 = (c1 - 1, c2, c3) H CA1 = 
= (a1,a2,a3 -1) HMee111: 

C1 - 1 C2 C3 

a1 az = a3 - 1' 

c 

Pnc. 7 

OTKy,Ll,a a2C3 = c2 ( a3 - 1) H a1 C2 = a2 ( C1 - 1) ( *). Ilo HeHOpMHpOBaHHbIM 

Koop,n;1rnaTaM TO'IeK M((l + c1) : c2 : c3) H N(a 1 : a2 : (1 + a3)) Haxo,n;IIM 

ypaBHeHrre npflMOH MN, coe,n;HHflIOliiefi cepe,n;HHbI CTopoH AC i n CA 1 : 

=0. 

31 



IlocJie pacKpbITirn onpe,rr,eJiuTemr u c J'-IeTOM ycJIOBHfi ( *) OHO npuBo,rr,HTCH 

K Bn.n;y: c2x1 - (c1 + a3)x2 + a2X3 = 0. KpyroBofi nepecTaHOBKoli 6yKB 
TIOJiy'!aeM ypaBHeHHH ,rr,Byx ,rr,pyrnx cpe,rr,1rnx JIHHHll llieCTHyroJibHHKa: 

b3Xl + a3X2 - (a2 + b1)X3 = 0, -(b3 + c2)x1 + C1X2 + b1X3 = 0. 

IlpoBepHel\I BbITIOJIHeHue ycJIOBHH (1.21) npuHa,rr,Jie)KHOCTH Tpex npHMbIX 

o,rr,HoMy ny'!Ky: 

c2 -c1 - a3 a2 

b3 a3 -a2 - b1 = 0, 

-b3 - C2 C1 b1 

TIOCKOJibKY cyl\!Ma BCex CTpOK ,rr,aeT CTpOKY H3 HyJieii. 

3 a ,rr, a '! a 4. ,ll.oKa)KHTe, 'ITO CYMMa KBa.n;paTOB paCCTOHHHii OT TO'!

KH ccpepbI, OIIHCaHHOii OKOJIO npaBHJlbHOro TeTpa3,rr,pa, ,ll;O ero BepllIHH He 

3aBHCHT OT TO'!KH Ha ccpepe. 

P e m e H u e. CorJiaCHo (1.59) ypaBHeHue orrncaHHoli ccpepbI TaKoBo: 

4 

a2 L XiXj = 0, i < j. 
i,j=l 

,ll.JIH mo6ofi TO'!KH M(xi, x2, X3, x4) 3TOii ccpepbI 

M Ai= -a2((x2 - l)x1 + (x3 - l)x1 + (x4 - l)x1 + x2x3 + x2x4 + x3x4). 

CorJiaCHO ypaBHeHHIO ccpepbI 

X2X3 + X2X4 + X3X4 = -(X1X2 + X1X3 + X1X4). 

Ilo3TOMY M Ay = 3a2x 1. AHaJIOrH'IHO 

MA~= 3a2x2, MA~= 3a2x3, MA~= 3a2x4. 

CJie.n;oBaTeJibHo, 

4 

LMA; = 3a2
(x1 +x2 +x3 +x4) = 3a2

, 
i=l 

r,rr,e a - ,!J;JIHHa pe6pa rrpaBHJibHoro TeTpa3,rr,pa, npn 3TOM 3a2 = 8R2 . 

3aiJa'l(,U x; 2JiaBe 1 
1.1. ,lJ.oKa)KnTe, 'ITO HeHopMupoBaHHbie B-Koop.n;uHaTbI 1IeHTpa orrucaH

HOii OKPY*HOCTH TpeyrOJibHHKa OTHOCHTeJibHO 3TOro TpeyrOJibHHKa MOryT 
6bITb rrpe.n;cTaBJieHbl Bbipa)KeHHHMH: 

a) a cos A: bcosB: c cosC, 
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6) a2(b2 + c2 _ a2) : b2(c2 + a2 _ b2) : c2(a2 + b2 _ c2). 

Hafi,JJ,HTe nop1v1upy10rn;ue ,JJ,eJIHTeJIH. 

1.2. ,Il;oKa)KHTe, "ITO B-Koop,JJ,HHaTbI IJeHTpa mrncannoit B TeTpaa,JJ,p c¢e

pbI nponopIJHOHaJihHhI nJiorn;a,JJ,5IM ero rpanefi. 

1.3. IloJih3Y5ICb 6apHIJeHTpH"IeCKHMH KOOp,JJ,IIHaTal\rn, ,JJ,OKa)KHTe ¢op1v1y

JIY 3ii:Jiepa OJ2 = R 2 - 2Rr ,JJ,JI5I TpeyroJihHHKa ABC, r,JJ,e 0 HJ - IJeHTpbI 

onucannoit H Bnucannofi OKPY)KHOCTeii:, a R H r - ux pa,JJ,HYChI. 

1.4. BepIIIHHhI TpeyroJihHHKa A1B 1 C1 3a,JJ,aHhI B-Koop,JJ,HHaTal\rn 

A1(a1, a2, a3), B 1(b1, b2, b3), C1(c1, c2, c3) OTHOCHTeJibHO ,JJ,annoro Tpe

yroJibHHKa ABC. IlpoH3BOJihHa5I TO"IKa M nJiocKocTH u1v1eeT KOOp,JJ,HHaTbI 

(x1, x2, x3) OTHOCHTeJihHO TpeyroJibHHKa ABC H KOOp,JJ,HHaTbI (y1, Y2, y3) 
OTHOCHTeJibHO TpeyroJibHHKa A1 B1 C1. ,n:oKa)KHTe, "ITO 

Xi = aiy1 + biY2 + CiY3, i = 1, 2, 3. 

1.5. ,Il;OKa)KHTe, "ITO ,[(JI5I JII06oro TeTpa3,JJ,pa HMeeT MeCTO COOTHOIIIeHHe: 

4 2 

OJ2 = R2 - r2 '°' aij ' i < j, 
_L., hihj 
i,J=l 

r,JJ,e 0 H J - IJeHTpbl OTIHCaHHOfi H BTIHCaHHOfi c¢ep, R H r -- HX pa,JJ,HYCbl. 

1.6. ,Il;oKa)KHTe, "ITO ,JJ,JI5I TeTpa3,JJ,pa A 1 A 2 A3A4 H JII06oii: TO"IKH P BhI

noJimieTC.51 cooTHOIIIenue ( meope.Ma JI eu6'1iuv,a): ' 

4 4 

L p A; = L GA; + 4PG2
' 

i=l i=l 

r,JJ,e G - IJeHTpOH,JJ, TeTpaa,JJ,pa. 

1.7. ,Il;oKa)KHTe, "ITO paccT05IHHe d OT TO"IKH M(m1 ,m2 ,m3) ,JJ,O np5IMOii: 

ax1 + bx2 + cx3 = 0 MO)KHO BhI"lHCJIHTb no ¢op1v1yJie B KaHOHH"leCKofi BCK: 

d _ 3lam1 + bm2 + cm3I 
- y'2(ni + n~ + nD ' 

r,JJ,e n1 = b + c - 2a, n2 = c + a - 2b, n3 = a + b - 2c. 
1.8. ,Il;oKa)KHTe, "ITO BTIHCaHHa5I OKpy)KHOCTb 6a3HCHOro TpeyroJihHHKa 

ABC u1v1eeT 6apHIJeHTpuqecKoe ypaBnenue: 

((p - a)x1 + (p - b)x2 + (p - c)x3)2 = 

= 4((p - b)(p - c)x2x3 + (p - c)(p - a)x3x1 + (p - a)(p - b)x1x2). 

1.9. ,Il;oKa)KHTe, "ITO ypaBHeHHe 

xibccosA + x~accosB + x~abcosC - a2x2x3 - b2x1x3 - c2x1x2 = 0 

ecTh ypaBnenue OKpy)KHOCTH ,JJ,eB5ITH TO"leK 6a3ucnoro TpeyroJibHHKa ABC. 
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1.10. ,Il;Jrn Toro, '-IT06hr ypaBH8HIIe B 6apIII18HTpII'-I8CKIIX KOOp,IJ,IIHaTax Xi 

auxi + a22x§ + a33X~ + 2a12X1X2 + 2a13X1X3 + 2a23X2X3 = 0 

6hIJIO ypaBHeHIIeM HeKoTopoti oKpy)KHOCTII, Heo6xo.n,m.ro H .n,ocTaTO'-IHO, 

'-IT06hr BhIIIOJIHRJIIICh ycJIOBIIR: 

2a13 - au - a33 
b2 

2a12 - au - a22 
c2 

r.n,e a, b, c - ,IJ,JIIIHbl CTOpOH 6a3IICHOro TpeyrOJibHIIKa CIICT8MbI KOOp,IJ,IIHaT . 

.Il,oKa)l{JITe. 

1.11. IlpRMbie, C08,Il,IIHR10IIIII8 cepe.n,IIHbI CTOpOH TpeyrOJibHIIKa c cepe

.n,nHaMll COOTBeTCTBYlOIIIIIX '-I8BIIaH .n,aHHOH TO'-IKII, llM810T o6IIIY10 TO'-IKY 

( o6o6w,eH'l-WR meopeMa lli.fleMU.fl'bXa). ,[(oKa)KIITe. 

1.12. IlpRMhre AA1, BB1, CC1, coe.n,llHRlOIIllle COOTBeTCTBeHHhre Bepnrn

HhI .n,Byx TpeyroJihHHKOB ABC n A1B1C1, napanJieJihHhr. .Il,oKa.>KnTe, '-ITO 

IIpRMaR, co.n,ep)KaIIlaR lIX I18HTpOH,Il,hI, napaJIJI8JihHa 3T:U:M npRMbIM. 

1.13. EcJin .n,Ba TpeyroJihHnKa nMelOT o6IIIHH I18HTpon.n,, TO cyM:rvra KBa,IJ,

paTOB pacCTORHlIH Bcex BepIIIHH 0,IJ,HOro TpeyrOJibHHKa .n,o BCex BeprnnH 

.n,pyroro He 3aBHClIT OT B3aHMHOro pacnoJIO)K8HIIR TpeyrOJihHlIKOB B npo

CTpaHCTBe . .Il,oKa)KHTe. 

1.14 (meope.Ma I'aycca). EcJin HeKOTopaR rrpRMaR nepeceKaeT rrpRubie 

AB, BC, CA, co.n,ep.>KaIIIne cTopoHhr TpeyroJihHHKa ABC, cooTBeTCTBeHno 

B TO'-IKax C1, A1, Br, TO cepe.n,nHhI OTpe3KOB AA1 , BB1, CC1 KOJIJIHHeap

HhI. L(oKa.>KnTe. 

1.15. To'-IKH E n F-cepe.n,nHhI ocHoBaHnti DC n AB Tpanel1HH 

ABCD, P-npOH3BOJibHaR TO'!Ka rrpRMoti AC. IlpRMhre PE n PF nepe

ceKalOT npRMhie AD n BC B TO'-IKax M n N cooTBeTCTBeHHO . .Il,oKa)KnTe, 

'-ITO npRMaR MN napanJieJibHa ocHoBaHnRM Tparrel1HH. 

1.16. IlpRMaR nepeceKaeT cTopoHhI AB n AD rrapanJieJiorpaMMa ABCD 
B TO'-IKax Mn N, a .n,naroHaJib AC-B TO'!Ke P. ,[(oKa.>KnTe, '-ITO 

AB+ AD_ AC 
AM AN - AP. 
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I'.11,aea 2 

Tpey20J1,'b1iU'K:U 

Cpe,n;H 6oJihIIIOro "IHCJia 3aMetfaTeJihHhIX TotfeK TpeyroJihHHKa rrocJie 

06II1eH3B8CTHbIX oco6oe M8CTO 3aHMMaeT TO"IKa JleMyaHa, o6Jia,n;aIOIIJasI 

MHOI'HMH CBOil:CTBaMH. 

10.1. C11Me,z:i;1mHhI TpeyroJihHHKa. Cu.Meoua1toi1 mpey20A'b1lU1'a Ha-

3hrnaeTc5I IIp5IMa5I, IIpOXO,ZJ;5IIIla5I "Iepe3 ero BepIIIMHY H ,n;eJI5III1a5I rrpOTHBO

IIOJIO:>KHYIO CTOPOHY B OTHOIII8HHH KBa,n;paTOB ,ll;JIHH rrpnJie:>KaIIIHX CTOpOH. 

TeopeMa. Cu.MeOuaHa mpey20A'b1lU1'a cu.M.Mempu"l1ta e20 .Meoua'l-te om
ttocumM'b'ltO 6ucce1'mpuc'bi, npoxooa,w,eu "lepe3 my [)!Ce eepwu'lty. 

,II, o Ka 3 a Te JI h c TB o. IlycTh ,n;aH TpeyroJihHMK ABC n CA = A, 
CB = B. Tor,n;a HarrpaBJI5IIOII1Me BeKTOphI Me,n;naHhI, 6ncceKTpMchI rr cnMe

,n;naHhI, IIPOXO,ZJ;5IIIIHX "Iepe3 BepIIIHHY c, lll\I8IOT COOTB8TCTB8HHO Bbipa:>Ke

mrn: A+ B, a.A+ bB n a2 A+ b2 B. Heo6xo,n;111\10 rrpoBepMTh MCTHHHOCTh 

paBeHCTBa: 

(A+ B)(aA + bB) _ (aA + bB)(a2 A+ b2 .8) 
IA+ Bl - la2A + b2BI 

KOTOpoe IIpHBO,.!IHTC5I K BH,n;y: 

(a+ b)(ab +A- B) ab( a+ b)(ab +A· B) 
-'--~--'-,,,___-=~~~ = 

IA+ Bl la2 A + b2BI 
0cTaeTC5I noKa3aTh, "ITO abJA + Bl = Ja2 A+ b2 BJ. By,n;y"fn B03Be,n;eHhI 

B KBa,n;paT, o6e "faCTH ,Il;OKa3hIBaeMoro paBeHCTBa OKa3hIBaIOTC5I paBHbIMH 

Bhipa:>KeHHID a2b2(a 2 + b2 + 2A · B), TaK KaK A.2 = b2, B2 = a2 . D 
10.2. To'-IKa JieMyaHa. CU.Meoua'lt'bt mpey20A'b'HU1'a nepece?Ca'/Omca, 

e oo'HOU mo"l?Ce, KOTOpa5I Ha3hIBaeTc5I mo"l?COU Jle.Mya'Ha 1 TpeyroJihHHKa. 

9To yTBep1K,n;ettne cpa3y cJie,n;yeT H3 TeopeMhI LJeBhI. CorJiacHo onpe,n;e

JieHHIO CHMe,n;natthI AA1 , BB1 , CC1 ,n;eJIHT cooTBeTcTBeHHO cTopoHhI BC, 
c2 a2 b2 

CA, ABB OTHOIIIeHM5IX b2 , 2 , 2 , npon3Be,n;eHHe KOTOphIX paBHO 1. 
c a 

Bapuv,eHmpu"lec?Cue ?Coopou'Ham'bt mo"l?CU K Jle.Mya'Ha mpey20A'b'HU?Ca 
nponopv,uo'HaA'b'lt'bt ?CBaopama.M oAU'H e20 cmopo'H. 

1JI e My a H 9MHJlb (1840-1912)-cppaHJ:zy3CKHil: MaTeMaTHK, MROI'O 38RHM8BU1HH

C£ H3y'leHHeM caol!cra rpeyroJihHHKa. OH nono>KHJJ Ha'laJJO cnel.\lfaJJbl!OMY pa3p;eny 
reoMerpHH - reoMerporpa¢1flf. 
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c2 c2 
B caMOM ,n;eJie, corJiactto (1.26) npII a= b2 II fJ = a2 ttaxo,n;IIM: 

. r~ . a _ c
2 

. c
2 

. c
4 

_ 1 . 1 . c
2 

_ 2 . 2 . 2 
a . /J . a/J - b2 . a2 . a2b2 - b2 . a2 . a2b2 - a . b . c . 

IlocJie HOpr.mpOBKII IIMeeM: 

( ~ ~ ~ ) 
K a2+b2+c2'a2+b2+cz'aZ+b2+cz. (2.1) 

B ri. 4 .4 paccMaTpIIBaJiach TOqKa )Keprotta rpeyroJihHHKa - roqKa nepece

qeHIISI IIpSIMhIX, coe,ll,IIHSIIOru;Hx BepllIHHhl TpeyrOJihHIIKa c roqKaMII KaCaHIISI 

npOTHBOIIOJIO:lKHhIX CTOpOH c BIIHCaH-

A 

PHc. 8 

A1 HOii oKpy:iKHOCThIO. 9ror rpeyroJib

HIIK o6o3ttaqIIM A1 B1 C1 H paccMOT

pIIM BIIHCaHHhrfi TpeyroJihHHK ABC 
c Bepumttar.rn B roqKax KacaHH5I 

(pHc. 8). TpeyroJihHHK A1B1C1 Ha3hI

Baerc5I ma7-t2e·H:4ua.11,'b'li'bt.M mpey20.11,'b

'liU'/W.M TpeyroJihHHKa ABC. IIo OTHO

ll!eHIIlO K rpeyroJihHHKY ABC reope
Ma n. 4.4 o roqKe )KeproHa cpopMy-

JIHpyerca raK: npJl,.M'bte, '!Ca;J1CaM ua 

'/COmOp'btX coeau'li.H,em 6CpULU'liY mpe-

y20.11,'b'liU'/Ca c mO"l'X:,OU nepece"le'l-tUJI, '!CacamM'b'li'btX "" onuca'l-t'liOU 01CPY;J1C'liocmu 

6 aeyx apy2ux e20 eepUtU'l-taX, nepece'/Ca'/OmCJI, 6 O~OU mO"l'X:,C. 

113Jillll!HC ,LJ;OKa3hIBaTh ee BTOpIIquo. ,Ll;oKa:lKeM ,ll;OIIOJIHHTCJihHO, qro 

06w,aJ1, mo"l'/Ca y""aaa'li'l-t'btX npJl,.M'btX ecm'b mo"l'!Ca Jle.MyaHa mpey20.11,'b'liU'!Ca 

ABC. ,Ll;Jia ::iroro ,n;ocTaroqHo y6e,n;HThca, qro roqKH C1, C, K KOJIJIH

HeaptthI. ,Ll;Jia ::iroro npHMeM TpeyroJihHHK ABC 3a 6a3HCHhiii H Hafi,n;eM 

B-Koop,n;IIttaThI ToqKII C1. ,Ll;Jia ::iToro tty:arno noJiyqHTh CHaqaJia ypaBHCHH5I 

KacareJihHhIX K onHcaHHOii OKPY)KHOCTH (1.57) B TOqKax A H B. EcJIH 

npsrMaa m 1x1 + m2x2 + m3x3 = 0 npoxo,n;nT qepe3 roqKy A(l, 0, 0), TO 

m 1 = 0. Pell!aeM cHcTeMy 

{ 

a
2

x2X3 + b2
x1X3 + c 2

x1X2 = 0, 

m2x2 + m3x3 = 0. 
m2 

Ilo,n;cTaHOBKa X3 = - -X2 B nepBoe ypaBHemi:e npHBO,Ll;HT ero K BH,Izy 
m3 

x2(-a2m2x2 - (b2m2 - c2m3)x1) = 0. 

QqeBH,Ll;HO X2 = 0 ecTh Kopeub 3TOro ypaBuemrn. ,Ll;Jia KacaHHSI IIpSIMOH 

II OKpy:lKHOCTH 3TOT KopeHb ,Ll;OJI:lKeH 6hITh ,n;ByKpaTHhIM. Ilo3TOMY 

-a2m2x2 - (b2m2 - c2m3)x1 = 0, 
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OTKy,JJ;a 

Cne,n;oBaTeJihHO, KacaTeJibtta£ K orrncammii oKpJ.lKHOCTII B TO'IKe A(l, 0, 0) 
rrMeeT ypaBttettrre c2 x2 + b2 x 3 = 0. AnanorH'IHO c2x 1 + a2 x 3 = 0 ecTh 

ypaBHeHHe KacaTeJihHOii B TO'!Ke B(O, 1, 0). 0Tcro,n;a HaXO,JJ;HJ\I KOOp,Ll;lIHaTbI 

TO'IKH C 1 ( a
2 : b2 

: ( -c2)) rrepece'leHH51 KacaTeJihHhIX B TO'IKax A II B. 
0'leBII,JJ;HO, 'ITO 

0 0 1 
a2 b2 c2 = 0. 
a2 b2 -c2 

A 3TO paBeHCTBO roBopnT o TOM, 'ITO TO'IKH C, K, C 1 KOJIJIHtteapttbI. 

10.3. TeopeMa IllJieMHJibXa 1: np.R,M'bte, 'K:a:J1Cda.R, u3 'K:omop'btX codep

J1Cum cepeduHy cmopoH'bt mpeyw.11/b'H.U'IW u cepeduHy e20 coomeemcmeeHuoil 
6'btcom'bl, nepece'K:a10mc.R, e mO"i'K:e JleMyaH.a 3mo20 mpey20.11,'bHU'K:a. 

Cepe,n;nna P CTOpOHhI BC 6a3HCH.oro TpeyroJibHHKa ABC HMeeT KOOp

,JJ;HHaThI P(O: 1: 1), ocnoBaHH~coThI AD- Koop,n;uaaThr: (0: bcosC: 

ccosB), a cepe,n;ntta 3TOii BbICOThr-Koop,n;nHaTbr: E(l : bcosC: ccosB). 

To'IKII P, K n E KOJIJinaeapHhr, rrocKOJihKY 

0 1 
a2 b2 

1 bcosC 

1 
c2 

ccosB 

1 
= 2(2abcosC - 2accosB) + c2 - b2 = 

= !(a2 + b2 - c2 - a2 - c2 + b2) + c2 - b2 = 0. 
2 

9THM caMbIM ,JJ;OKa3aTeJibCTBO 3aKOH'leHO, T. K. IIp51Mhie paBHOIIpaBHbI. 

CBoficTBa TO'IKII JleMyaHa mrepBhre n3yqan Cn11oa Jlronnhe (1750-
1840) - nrnen:u:apcKIJH MaTeMaTnK n rre,n;aror. B 1809 ro,n;y OH o6aapy.lKHJI, 

'ITO CJMMa KBa,n;paTOB paCCT051HHH OT 3TOH TO'IKII ,n;o CTOpOH TpeyrOJib

HHKa 51BJI51eTC51 HaIIMeHbIIIeH. 9TO CBOHCTBO 6bIJIO IlOBTOpHO o6napy.lKeHo 

fayccoM. PaccMoTpettttoe BbIIIIe cBoficTBO IllneMIIJibX ,n;oKa3an B 1860 ro,n;y. 

To'!Ka JleMyaHa o6Jia,n;aeT eliie MttorHMH HHTepecttbIMH cBOHCTBaMH, 3a11e-

'!eHHbIMII ,n;pyrIIMH MaTeMaTIIKaMII. 

§ 11. I'o.MoA02u'tlH'ble mpey20A'bHUKU 

11.1. TeopeMa ,Il;e3apra .n;Jisr TpeyroJibHHKOB rrpocTpaHcTsa. ~rr

TaTeJiro H3BeCTHa TeopeMa )J,e3apra ,JJ;JI51 TpeyrOJibHHKOB IIJIOCKOCTH (CM. [4], 
1Ill J1 e M ll J1 bx OcKap (1823-1901)- HeMeIJ;KllH MaTeMaTHK, "OKTOp cPHJlOCocjmn, 

npo¢eccop. Pa60Tan B HeHCKOM yHnaepcnTeTe n ,ILpe3"eHCKOM noJlnTexHnKyMe. 
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lvI 
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P11c. 9 

c. 74, H [6], c. 30). ,lJ,oKa:>KeM, qTo 3TO CBOHCTBO mvreeT MeCTO H ~JUI ~BYX 

TpeyrOJibHHKOB IIpOCTpaHCTBa. 

TeopeMa. Ec.fl,U mpeyeM'b'Hu-x;u ABC u A1B1C1 pacno.fl,OJ-/Ce'H'bt e npo
cmpa'Hcmee ma-x;, "imo np,R,.M!bte AA1, BB1, CC1 nepece-x;awmc,R, e oiJ'Hou 
mo"i'X:e U.fl,U napaMM'b'Ht>t, mo mo"i-x;u nepece"le'HUJ/, np.R.Mt>tx AB u A1B1, BC 
u B1 C1, CA u C1 A1 'X:OMU'Heap'Ht>t U.fl,U :7mu np.R.M'bte napaMM'b'Ht>t e oiJ'Hoil 
U.fl,U eo ecex mpex napax. 

,lJ, 0 K a 3 a T e JI b c T B o. IlycTb IIJIOCKOCTH w H W1 ~aHHbIX Tpe

yrOJibHHKOB nepeceKaIDTca no npaMoii m H npaMbie AA1 , BB1 , CC1 

m.reroT o6rn;yro ToqKy S (pnc. 9). Tor~a ToqKH M = (AB) n (A1B 1), 

N = (BC) n (B1 Ci), P = (AC) n (A1 C1) Jie:>KaT Ha npaMo:i1 m. ,lJ,e:i1cTBH

TeJibHo, Ka.>K~aa H3 3THX Tpex ToqeK IIpHHa~Jie:>KHT o6eHM IIJIOCKOCT51M w 

H w1 H IIOTOMY npmrn~Jie:>KHT npa11ro:i1 nx nepeceqeHna. EcJIH npaMhie o~Ho:i1 

H3 Tpex yKa3aHHbIX nap napaJIJieJibHbI, TO OHH napaJIJieJibHbI H IIp51MO:i1 

m (cM. [5] c. 16, TeopeMa 3), ecmI IIJIOCKOCTH w 11 W1 napaJIJieJibHbI, TO 

COOTBeTCTBeHHbie IIp51Mbie napaJIJieJibHbI B Ka)K~O:i1 113 Tpex nap. 
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Pnc. 10 

IlycTb (AAi)ll(BBi)ll(CCi), rrpll 3TOM IIJIOCKOCTH w ll Wi MoryT 6hITb 

HJIH He 6hITh rrapaJIJieJibHhIMH. EcJIH w I lwi TO m.1eel\l TpeyroJihHYID rrpn3r.1y 

ABC Ai Bi Ci. B rrpoTHBHOM cJiyqae 3TOT MHororpaHHHK 5IBJI.~IeTC5I x:.;iu

'HO.M (cM. [5] c. 100), H TO'IKH l\II, N, P rrpnHa,n;Jie)I<aT rrp5IMOfi m. 0 
,4ox:aaatttta.R meope.Ma ,4eaap2a u.Meem 06pamtty10, KOTopa5I cJie,n;yeT H3 

rrp5Il\lofi TeopeMbI ,ll;JI5I TpeyroJibHHKOB AAiP H BBiN . .D;eficTBIITeJihHO, TaK 

KaK rrp5IMbie AB, Ai Bi, P N rrepeceKaIOTC5I B TO'!Ke l\II, TO TO'IKH 

KOJIJIHHeapHhI, T.e. rrp5Il\lbre AAi, BBi, CCi rrepeceKaIOTC5I B TO'!Ke S. 
TpeyroJibHIIKII, y,n;oBJieTBOp5IIO~He TeopeMe ,D;e3apra (Ha IIJIOCKOCTII 

IIJIH B rrpocTpaHCTBe), Ha3bIBaIOTC5I 20.M0.1!02U"i'H'bl.MU, TO'IKa s ·- '4e'H

mpo.M 20.M0.1!02UU, a Ilp5IMM m - OC'b10 20.M0.1!02UU 3TIIX TpeyrOJibHllKOB. 

HarrpnMep, BC5IKH!i TpeyroJihHHK roMoJiorn'IeH co CBOHM TaHreHI1naJib

HhIM TpeyrOJibHllKOM c IJeHTPOM rOMOJIOrllll B TO'!Ke JleMyaHa ,n;aHHOro 

TpeyrOJibHHKa. 

11.2. rapMOHHqecKrul IlOJUipa TOqKJll OTHOCHTeJibHO TpeyrOJib

HHKa. IlycTb TO'IKa M Jie)I<HT B IIJIOCKOCTH TpeyroJibHHKa ABC, Ho 

He rrpnHa,n;Jie:iKHT rrp5IMhIM, co,n;ep)i(a~HM ero CTOpOHbI. EcJIH rrp5IMhie 

AM, BM, CM rrepeceKaroT coOTBeTCTBenHo rrp5I?.Ihie BC, CA, AB a TO'l

Kax Ai, Bi, Ci, TO TpeyroJihHHKH ABC H Ai Bi Ci roMOJiorH'IHhI c IJeHTpOM 

rOMOJIOrHH B TO'!Ke M. Och roMoJiornn 3THX TpeyrOJihHHKOB Ha3bIBaeTC5I 

2ap.MO'HU"iecx:oi1 (a TaK)Ke mpu.!!U'Heilttoil) nO.!!.Rpoil TO'!Kll M OTHOCHTeJibHO 

TpeyroJihHHKa ABC (pnc. 10). 
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HaH:,D,el\1 6ap1rn;eHTPH'l.ecKoe ypaBHemie rapMOHH'l.eCKOH: nom1pb1 TO'IKH 
l'vf ( m 1 , m 2 , m 3 ), npnmrn ,D,aHHhIH TpeyroJihHllK ABC 3a 6a3HCHhiil. To~rKH 

B1 H C1 :mreIOT B-KOOp,D,mraTbI (m1 : 0: m 3 ) H (m1 : m2 : 0) cooTBeTCTBeH

no, a ypaBnemre np7IMOH: B1 C1 l!l\IeeT Bn,D,: 

lIJIH 

To<J.Ka Q nepece<ienm.1 npRMhIX BC 1I B1 C1 rroJiy'l.aeT KOOp,1.1,tIHaTbI 

(0 (-x2 ) x 3 ). AnaJiorn'l.HO TO'l.Ka R nepece'!e1urn np5.!MhIX AC 
1I A1 C1 nMeeT Koop,D,HHaThI (-x2 : 0 : x3 ). CJie,D,oBaTeJibHO, ypam1ettne 

rapl\IOHH<iecKoil noJI7iphr QR TO'IKH Jlvf 6y,D,eT TaKnl\i: 

(2.2) 

11.3. TeopeMa IlmoKKepa 1. EcAu eepwU'l-t'bt oo'lio20 mpey20A'b'liU'IW 

.R6A.R'/Omc;i noAwcaMu coomeemcmee'/i'li'btX cmopo'li iJpy2020 om'liocumeA'b'liO 

'lie'K:omopou o'K:py:>1C'liOcmu, mo ::Jmu mpey20A'b'liU'K:U 20.MOA02u"!.'li'bt. 

IlycTb ,D,aH TpeyroJibHHK ABC n CTOpOHhI B 1 C1 , C1A1 , A 1B1 TpeyroJih

HHKa A1B1 C1 cJiy)KaT noJIRpaMn TO'IeK A, B, C oTnocnTeJihHO oKpy)KHO

CTH w (pnc.11). Ilo cBoilcTBY B3amrnocTn nom.1p np5.!Mhie BC, CA, AB
IIOJI5.1pbr TO'IeK A1, B1, C1 COOTBeTCTBenno (cM. [4], c.134). ,IJ;oKa)KeM, 'ITO 

np5.!Mhre AA1 , BB1 , CC1 nepeceKaIOTC5.I B o,D,nofi TO<iKe. Ifa mecTn Bepmnn 

. ,n;aHHhIX TpeyrOJibHHKOB no KpaH:Heii Mepe TPH 5.IBJI5.IIOTC5.I BHCIIIHHMH ,1.l,JI5.1 

OKpy)KHOCTH w. TaK KaK rrOJIRpa BHemneit TO'IKH rrepeceKaeT OKpy)KHOCTh, 

TO rrpoBe,D,eM KacaTeJihHhie K oKpy)KHOCTH B 3THX TO'IKax nepeceqennH. 

To'IKH KacannH Jie)KaT na noJIRpax BHernm:1x TO'ICK. Pacc.MoTpHM noJiy<ien

Hhie orrncaHHhre <ieThipexyroJihHHKH. Ilo cBoilcTBY om1cannoro 'ICThipex

yroJibHHKa Ilp5.!MRH, CO,D,ep:l1<alila5.I TO'IKH KaCaHH5.I ,LJ;BYX CMC)KHbIX CTOpOH, 

lI rrp5.1!1Ia5.I, co,n;ep)Kalila5.1 TO'IKH KaCaHH5.I ,LJ;Byx ,D,pyrnx CMe)KHbIX CTOpOH, 

nepeceKaIOTC7I Ha ,D,HaroHaJIH 3Toro 'IeThipexyroJihHUKa (CM. [4], c. 137, 

pnc. 142). Ha pnc. 11 TO'IKH 2, 4, 5, 6 JIC)KaT Ha rrpHMhIX BB1 , AA1 , CC1. Ha 

ocHoBaHnn Teopel\IhI BpnanIIIOHa ,D,JIH orrucamroro rnecTuyroJihHHKa 123456 

3TH rrp5.!Mbre nepeceKaeTC5.I .8 0,1.l,HOII TO'IKe s. 
11.4. reoMeTp:U'IeCKOe MeCTO TO'IeK, H3 KOTOphIX ,D,Ba TpeyrOJih

HHKa npocTpaHCTBa npoeKTHPYIOTC5.I Ha IIJIOCKOCTb B rOMOJIOrH'IHbie Tpe

yroJibHHKH. 

1TI JI JO K Ke p I0m1yc (1801--1868) - HeMel\Kllli MaTeMaTUK, ¢u3UK ll MeXaHUK, 
npo¢eccop, Y"<Ume.n,'b <P. K.n,euua. Pa6oTaJJ B YHllBepcuTeTax BoHHa, BepJJUHa, ranJia. 
OcHOBHbie ivmTeMaTu'!eCKue pa60TbI OTHOCHTCH K reoMerpuu. 
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Pac. 11 

PeIIIHM 3a,n:aqy 06 OThICKaHHH yKa3aHHoro MHO)KeCTBa TO'feK. IlycTh 

,n:aHhI .n,Ba TpeyroJihHHKa ABC II A1B 1 C1, KOTOph1e rrpOII3BOJibHO pacrro

JIO)KeHbI B IIpOCTpaHCTBe, ll 3a,I(aHa IIJIOCKOCTb a B Ka'feCTBe IIJIOCKOCTH 

rrpoeKI1llll. ,l1,m1 IICKOMOH TO'!Kll s ee I1eHTpa..TibHa5I rrpoeKI1ll5I 81 II3 s Ha a 
,JJ;OJI)KHa 6hITb I1eHTPOM rOMOJIOI'llll rrpoeKI1llll ,n;aHHbIX TpeyrOJibHHKOB. 8To 

6y,n;eT HMeTh MecTo Tor,n;a H TOJibKO Tor,n;a, Kor,n;a rrpm.mH SS1 6y,n:eT o6IIJefi 

ceKyru:.eii npHMhIX AA1 , BB1 , CC1 . Tor,n:a, O'feBII,lJ;HO, H Ka)K,n:aa: TO'fKa 

npa:Moil: SS1 6y,n;eT rrpntta,n:Jie)KaTh HCKOMOMY fMT. CJie,n;oBaTeJihHO, 3TO 

rMT eCTb 06'be,I(HHemi:e Bcex ceKYIIJHX ,n:JI5J: rrpHMbIX AA1, BB1, CC1 rrpo

CTpaHCTBa. Ilopa:,D;OK coe,n;1rneHH5J: BeplllHH TpeyrOJibHHKOB He orrpe,n;eJieH, 

II03TOMY 3acpHKCIIpyeM O,JJ;Hy II3 B03MO)KHbIX TpOeK rrpa:MbIX II o603Ha'fIIM 

IIX a, b, c. 0HII MoryT 3aHIIMaTb pa3JIU'fHbie B3aHMHbie pacrrOJIQ)Kemrn. 

PaccMOTpHM B03MO)KHhre cJiyqau. 

1) EcnII rrpa:Mhie a, b, c rrorraptto cKpeIIJHBaIOTCH II He rrapa..rrnenhHhI 

O,JJ;HOH IIJIOCKOCTH, TO MHO)KeCTBOM Bcex HX ceKYIIJHX 5IBJI5J:eTC5I JIHHeiiqaTaa: 

IIOBepXHOCTb BTOporo nopH,JJ;Ka (KBa,n;pIIKa) - oiJttonoAOCm'l-f/btU 2unep60AouiJ 

(pIIc.12). 06pa3YIOIII.IIe ero npHMhre COCTOHT II3 ,JJ;Byx IIO,JJ;MHO)KeCTB (cepuii: 

o6pa3JIOIIJHX). Ka)K,n;hre ,I(Be o6pa3yIOIIJIIe O,I(HOii cepIIH cKpeIIJHBaIOTCH, 

a n106h1e ,n,Be o6pa3yrorn:.IIe pa3JIHqHhIX cepIIii rrepeceKaIOTCH HJIII rrapa..rr

JieJibHbL 
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Ptt:c. 12 

2) Ecm1 npmvibie a, b, c rrorrapHO cKperu;:u

BaIOTCH H napa.TIJI€JibHbI O,ll;H0.11 IlJIOCKOCTH, TO 

o6be,ll;HHeH:ueM Bcex HX CeKyw;ux TaK:>Ke HB

JIHeTca mme.fi'laTaa KBa,n;pHKa -· 2unep60J1U"le
c-x;uil napa60J!OUd, KOTOpbI:lt yJKe 3HaK01'I qrrTa

Te.mo (c111. [5j, c. 69, puc. 58). 
3) Ecm1 ,11,Be H3 rrpBMbIX a, b, c JieJI<aT 

B IlJIOCKOCTI! "(, a TpeTb5I He rrpHHa,D;JieJKHT "(, 

TO HCI<OMbll\J fMT 6y,n;eT rrapa IlJIOCKOCTe:lt: 

IJJIOCI<OCTb 'Y H IlJIOCKOCTb, co,n;ep)i<aru;aa TO'IKY 

P = an b :u rrpHMYIO c (p:uc. 13). B oco6oM 

cJiyqae aj lbl le aTH npHMbie o6ru;Hx ceKyru;nx 

He HMeIOT, HO ,n;aHHbJe TpeyroJibHIIKII y,n;oBJie

TBOpHIOT TeopeMe ,Il,e3apra. To'IKa S HBJiaeTca 

6ecKOHe'IHO y,n;aJieHHO:lt TO'IKO:lt 3TIIX npaMbIX. 

4) EcJIII npaMbie a, b, c nepeceKaIOTCH B o,LI,

Hoii TO'-l:Ke s, TO HCKOMbIM fMT 5IBJIHeTC5I Bee 

npocTpaHCTBO: ,LI,aHHbie TpeyrOJibHIIKH rOMO

JIOJ'll'IHbl H rrpll BC5IKOM npoeKTHpOBaHHII na 

IJJIOCKOCTb a IIX npoeKIJ;IIH rOMOJIOrH'IHbI. 

5) ITpaMbie a, b, c JieJKaT B o,n;noii rrJIOCKOCTH n He n:11re10T o6ru;e:l1 ToqI<II. 

Tor.n;a HCKOMOe rMT nyCTO. 

B Ka)K,D;OM ll3 nepeq:ucJieHHbIX CJiy'laeB B HCKOMOe fMT He BXO,LI,5IT 

TO'IKH IIJIOCKOCTH a npoeKu;IIii corJiaCHO orrpe,D;eJieHHIO rrpoeKTllpOBaHmI. 

(J 

c 

Pnc. 13 
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§ 12. OpmoJ1,02u'l/,eC'J'{;Ue mpey20J1,'b'J-lU'){;U 

12.1. Onpe.n;emnorn;wi:i npH3HaK opTonorH'-leCKHX TpeyroJibHH
KOB. Ec.fl,U n.fl,OC1WCmu, npoeeae'H'H'bte 'l./,epe3 eepWU'H'bt oa'Ho20 mpey20.f/,'b'HU
'K',a ABC nepne'Hau'K',yMip'Ho coomeemcmee'H'H'btM cmopo'HaM apy2020 mpe
y20.fl,'b'HU'K',a A1B1 C1' nepece'K',a'IQmC,R, no oa'HOU npRMOU, mo n.fl,OC'K',OCmu, 
npoeeae'H'H'bte 'l./,epe3 eepwu'H'bt emopo20 mpey20.f/,'b'HU'K',a nepne'Hau'K',y.fl,Jtp'Ho 
coomeemcmee'H'H'btM cmopo'HaM nepeo20, ma'K',::>tCe nepece'K',aWmcR no oa'Hoil 
npJtMOU. 

,n: 0 Ka 3 a Te Jl b c TB o. TipH rrpOH3BOJlbHOM Ha'IaJJe BCKTOPOB BCK-

TOpHbie ypaBHCHH5! llJJOCKOCTeii: rrepsoii: TpOHKH HlllCIOT BH,n;: 

HJIH 

(X - A)(B1 - G\) = o, 
(X - .B)(C1 - Ai)= o, 
(X - C)(A1 - .81) = o, 

A(B1 - C1) = X(.81 - C1), 

.B(C1 - A1) = X(C1 - A1), 

C(A1 - .81) = X(A1 - .81). 

Ilo YCJIOBHIO 3Ta CHCTCMa COBMCCTHa. Ilpn CJIO:>KCHHH IIOCJIC,D;HHX Tpex 

ypaBHeHnil: B rrpaBoii: 'IaCTH rroJiy'IaeTrn TO:>K,D;CCTBCHHO HYJih. B pe3yJihTaTe 

IIOCJJe rrepeHeCeHH5! Tpex 'IJICHOB B npaByIO '!aCTb IIOJiy'IaeM: 

A· .81 + .B · C1 + c · A1 = A1 · l3 + B1 · c + C1 ·A. 
9To paBeHcTBO cnMMeTpwrno OTHOCHTCJJhHO BeKTopoB An A1, B II .81, C 
H c 1 · 9To 3Ha'IHT, 'ITO CHCTeMa BCKTOpHbIX ypaBHeHnii: IIJIOCKOCTCH BTOpoit 

TpO:liKH 

(X - A1)(.B - C) = o, 
(X-f31)(C-A)=O, 

(X - Ci)(A - .B) = o 
TaK:>Ke COBMeCTHa, H 3TH Tpll IIJIOCKOCTH ,Ll;OJI:>KHbl rrepeceKaThC5! no O,D;

HO:li rrpRMOfi, IIOCKOJihKY OHH neprreH,LJ;HKYJIRpHbl IIJJOCKOCTH TpeyrOJibHHKa 

ABC. 0 
Cne.n;cTBHe. B cJiy'Iae, Kor,n;a ,n;aHHhie TpeyrOJibHHKH Jie:lKaT B o,n;Hofi 

IIJIOCKOCTH, TeopeMy MO:>KHO ccpopMyJinpoBaTb TaK: €C.fl,U npJtM'bte, npo
eeae'H'H'bte 'l./,epe3 eepWU'H'bt oa'H020 mpey20.fl,'b'HU'K',a nepne'Hau'K',y.fl,.f/,p'HO COOm
eemcmBe'H'H'btM CmOpO'HaM apy2020, nepecer;;a'IOmC.ft 6 oa'HOU ffiO'l./,'K',€ S, mo 
npJtM'bte, npoeeae'H'H'bte 'l./,epe3 eepwU'H'bt emopo20 mpey20.fl,'b'HU'K',a nepne'Hau
x:y.11//,p'Ho coomeemcmee'li'li'blM cmopo'liaM nepeo20, max:::HCe nepece'K',a'IOmcJt 
6 oa'/ioU ffiO'l./,'K',e S1 (pnc. 14). 
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,ll;sa TpeyroJJhHHKa, Y.LIOBJ1eTBopa10:rn;ne ,n;oKa3aHHoii: TeopeMe, Ha3hIBa-

10TCR opmo.1w2u"teC'K:U.MU. B cJJrrae npnHa,L1Jie:lfrnOCTH nx O,LIHOH IIJIOCKOCTH 

TOqKn s ll 81 Ha3hIBa10TCR v,ettmpa.Mu opmo.1w2uu 3THX TpeyrOJihHHKOB. 

B qacTHOCTH, no.11,Jlp?-to conp.fl;J1Ce?-ttt'ble mpey20.11,'b?-tU'K:U om?-tocumeA'b'liO 

O'K:PY;J1C1-tOcmu (n. 11.3) Jl,6.1/,Jl'JOffiCJl opmo.11,02u"teC'K:U.MU c COBIIaBIIIllMll u;eH

Tpa~rn opTonornn. 

12.2. OpTOJIOrIPieCKoe caoiicTBO TpeyroJibHHKa H np»Moii. 

IJ.11,oc'K:ocmu, nepne'liOU'K:y.11,Rp?-tue "' cmopotta.M mpey20.11,'b'HU'K:a u npoxoo.flw,ue 
"tepea opmo20?-ta.11,'b?-t'bte npoe'K:v,uu e20 Bepwu?-t ?-ta npouaBO.l/,'b'liYW np.Ft.Myw 
npocmpa?-tcmBa, nepece'K:aemc.fl no 00?-toil np.fl.MOil. 

,LI; o K a 3 a T e JI h c T B o. IlycTh ,n;aHhI TpeyroJihHHK ABC n npa

Ma5I m, a ToqKn A1 , B1, C1 -opToroHaJihHhie npoeKu;nn sepIIInH A, B, C Ha 

np5IMYID m. KaK n B npe,n;h1,n;y:rn;eM nyHKTe, cncTeMa seKTOpHhIX ypasHeHnii: 
,n;aHHhIX IIJIOCKOCTeii: 

X(A- 13) =C\(A - 13), 
X(B - C) =A1(B - C), 
X(C -A) =B1(C -A), 
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rrpH CJIO)KeHJIH ypaBHemrfi .n;aeT paBeHCTBO: 

9TH IIJIOCKOCTH nepneH,ll;HKYJI.HpHbI IlJIOCKOCTJI .n;annoro TpeyroJibHHKa. 
1·ho6bI OHH HMeJIH 06rn,y10 np.HMyIO, neo6XO)l,JIMO, 'IT06bI paCCl\IaTpnBaeMa.H 

CHCTeMa 6b1Jia COBJ\leCTHa, ,ll;JI.H qero npe,n;bI,Jzylllee paBeHCTBO )J,OJI)KHQ 6bITb 

JICTHHHbIM. 9TO H OCTaJIOCb Il0Ka3aTb. 

Ilo ycnoBHIO opToroHaJibHOCTH BeKTOpOB JIMeeM: 

(A - A1)B1 = o, 
(.B - B1)A1 = o, 

(B - B1)C1 = o, 
(C - C1)B1 = o, 

(A - A1)C1 = o, 
(C-C1)A1 =0 

(Hal.f.a.nou BeKTopoB CJIJ)KHT TO'IKa np.HMOii m), OTKy).l.a A · B1 = B · A1 

= A1 ·B1, B·C1 = G·Bi =Bi ·Gi, A-Ci= G·Ai = A1 ·Gi. Cne,n;oBaTeJibHO 

o6e qaCTJI ,ll;OKa3b1Bae:rv10ro paBeHCTBa paBHLI Bbipa)KeHHIO 

0 

CJiep;cTBHe. Ecnn TpeyroJibHHK ABC II np.HMa.H m Jie)KaT B o.n;nofi 

IIJIOCKOCTH, TO ,IJ;OKa3aHHOii: TeopeMe MO)KHO ,n;aTb IIJiaHJIMeTpH'!eCKYIO ¢op

J\IYJIHpOBKy: np.RM'bte; nepne'liOu'X:y.J!Jlp'li'bte cmopo'liaM mpeyZOA'b'HU'X:a u npo

xoiJJlw,ue "tepea opmo2o'HaA'b'li'bie npoe'X:'4UU ew eepwuu ua npouaeOA'buyw 

npJl.Myw n.11,oc'X:ocmu ::Jmow mpey20A'bttu1w, nepece'X:awmcJl e oiJuou mo"l'X:e 

(pnc. 15). 

0 

PHc. 15 
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§ 13. MaomoMU'l/,ec1we u uao2o'Ha.Jl/b'HOe 

npeo6paaoem-tu.fl n.!loc1wcmu 

13.1. ll30TOMH'-IeCKOe npeo6pa30BaHHe. )];Be TO~IKII p II Q Ha3hI

BaIOTC.H uaomo.Mu"1,eC'x:u conp.fl:J1Ce'lt'lt'bt.Mu OTHOCIITCJibHO orpe3Ka AB, eCJIII 

OHII Jie:tKaT Ha rrpRMOil: AB H ctt11r11reTpIIqHhI OTHOCIITeJihHO cepe,n;HHbI ::iToro 

AP BQ 
OTpe3Ka. QqeBH,IJ;HO, ecJrn = = .A, TO = = .A. Ha ocHoBaHHII TeopeMbI 

PB QA 
LJeBhI JierKO ,IJ;OKa3hIBaeTCR TeopeMa. 

TeopeMa. llycm'b aa'lt mpeyw.f!'b'liU'x; ABC u m0"1,'x:a p' 'lte npu'1iaa.f!e
:J1Ca14a.fl ew cmopo'lta.M. ECJ!u (MA) n (BC)= A1, (MB) n (CA)= B1 , 

(JVIC) n (AB) = C1 u m0"1,'/CU Az, Bz, C2 uaomo.Mu"1,ecnu conp.fl:J1Ce'li'bt 
mo"1,'/W.M. A1, Bi, C1 om'liocumM'b'ltO ompeaiwe BC, CA, AB, mo np.fl
.M'bte AA2, BB2, CC2 nepecenawmc.fl e oa'ltoil mo"1,ne Q (cr.r. [4], c. 68). 
To"1,'/W P u Q 'ltaaueawmc.fl H30Tor.rnqecKn corrpRMeHHhIMH om'ltocume.f!'b'liO 

mpeyW.f!'b'ltU'x:a ABC. 
PaccMoTpnM rrpeo6pB.3oBaHne rrJIOCKOCTH, KOTOpoe 0To6pa:1Kaer ToqKy P 

B H30TOr.rnqecKH corrpmKeHHYIO eil: TOqKy Q. Ono Ha3hrnaeTC.H uaomo.M.U"1,e
C'ICU.M. npeo6paaoBa'ltue.M. IIJIOCKOCTH n 3a;::i;aeTcR TpeyroJihHHKor.1 ABC. 

IloJiyqnM KOOp,n;nHaTHbre cPOPMYJihI 3TOro rrpeo6pa30BaHH.H B 6ap1m;en

TpHqecKIIX Koop;::i;rrnaTax OTHOCHTeJibHO TpeyroJihHMKa ABC. IlycTh TOqKn 

P(x1 , x2, x3) n Q(YJ, yz, y3) H30TOMHqecKn corrpR:tKeHhI. Hail::,n;eM 3aBHCH

MOCTh Me:tK;::i;y x; M Yi (i = 1, 2, 3). PaccMOTPHM rrapy H30TOMIIqecKttx 

TO'l8K C1 (-x-1
-, _x_2

-, o) Il C2 (-y-1-, ~' o) Ha CTopoHe AB. 
X1 + X2 X1 + X2 Y1 + Y2 Yl + Y2 

CorJiacno orrpe,n;eJieBHIO AC1 = -BC2, qTo B Koop,n;nnaTax 3arrnrneTCR 

paBeHCTBa!l!II _x_i __ l = -(-Y-1--0) Il ~-0 = -(~-1), 
X1 + x2 Y1 + Y2 x1 + x2 Y1 + Y2 

OTKy,n;a CJie,n;yeT x 1y1 = X2Y2· AnaJiortt'lHO, pacc11raTpttBaR rrapy n3oTOMII

qecKHX ToqeK A 1 H Az Ha cTopone BC, noJiy-qaeM X2Y2 = X3y3. 

CJie,n;oBaTeJibHo, 

(2.3) 

9To - noopau'liam'li'btil 'ICpumepuil uaomo.MU"1,eciwi1 conp.fl:J1Ce'lt'liocmu mo
"1,e'/C p Il Q B 6apn:u;eHTpH'l8CKilX KOOP,IJ;HHaTax. 0TCIO,IJ;a IlOJiyqaeM MCKO!llhie 

cPOPMYJihI 

k 
Yi = - (i = 1, 2, 3), 

X; 

k k k l 1 1 
Yi : Y2 : Y3 = - : - : - = - : - : - . 

X1 X2 X3 XI X2 X3 

Ko::i¢¢mi,tteHT rrporrop:u;uottaJihHOCTII k 3aBHCHT OT TO'lKH P. 
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lITaK, B-Koop,D,HHaThI o6pa3a Q TO'IKH P rrpH II30TOMII'lecKOM rrpeo6pa-

30BaHIIII nnocKOCTII o6paTHo rrporropu;uoHaJihHhI B-Koop,D,mrnTar-.1 TO'IKII P. 
06paTHOe npeo6pa3oBamre Q --+ P uMeeT Te )Ke ¢op111ynhI (2.4): 

k 
Xi = - ' T. e. COBIIa,n,aeT c ,n,aHHbIM rrpeo6pa3oBaHHel\I. 

y; 
06a rrpeo6pa30BaHH5! rrpe,n,cTaBJI5!IOTC5! paIJ;HOHaJihHbIMII aJire6paH'le-

CKHMll cpopMyJial\lll. Ilpeo6pa30Bamrn, o6Jia,n,aIOiu;He 3TllM CBOHCTBO!\I, Ha-

3hIBaeTC5! 6upav,uoHaJl,'b'Hibt.MU rrpeo6pa3oBaHH>Il\Ill. Hx BrrepBbie H3y'laJI nTa

Jih>IHCKHrr l\'1aTeiviaTHK A. KpeMoHa 1 II rro3TOMY OHII HOCHT ero n11rn - 7Cpe.Mo

'H06'bt npeo6pa3oeaHu.fl. l13BeCTHhIM npnMepOl\r KpeMoHoBa rrpeo6pa3oBaHirn 

CJIY:lKHT U'H6epCUJl (Cl\!. (4j, C. 255). 
l130TOMH'!eCKOe rrpeo6pa30Battue HeJIHHeHHOe: OHO KBa,n,paTH'IHOe, T. e. 

OT06pa:iKaeT rrp>IMYIO JlllHllIO U1X2 + U2X2 + U3X3 = 0 B KpHBJIO BTOporo 

rrop>I,n,Ka ( ::>JIJiurrc, rrapa6ony, runep6ony): 

u1 + u2 + u3 = O, 
Y1 Y2 Y3 (2.5) 

U1Y2Y3 + U2Y1Y3 + U3Y1Y2 = 0, 

npoxo,Ll,5!iu;yro qepe3 BepurnHbI 633ucttoro TpeyroJibHHKa ABC. B qacT

HOCTH, o6pa30M np>IMOM a 2x1 + b2x2 + c2x3 = 0 5!BJI5!eTC5! OIIHCaHHaa 

OKpy)KHOCTb (1.57). J1Hlllh TOJibKO qeBHaHbI TpeyronhHHKa ABC rrepexo,Ll,5!T 

B H30TOMH'!eCKHe HM 'leBHaHhI. 113 cpopMyn (2.4) BH,LJ,Ho, 'ITO TO'IKH A, B, C 
H np>IMhie BC, CA n AB He HivieIOT o6pa.3oB u rrpoo6pa.30B. l.I,eHTpoH,n, G -
Heno,n,BJDKHa>I TO'IKa npeo6pa30BaHIIH. 

13.2. l'faorottaJihHOe npeo6pa3oBatttte. IlycTh ,n,aH TpeyroJibHHK 

ABC H TO'!Ka A1, He np1ma,n,Jie)Kaiu;a5l ero cTopoHaM. Tor,n,a np>IMhie, 

CHMl\IeTpH'IHhie np5IMhIM AM, BM, CM OTHOCHTeJihHO 6ncceKTpnc yr

JIOB A, B, C 3Toro TpeyroJihHIIKa cooTBeTCTBeHHo, rrepeceKaIOTC5l B o,n,no:H 

TO'!Ke N (cM. [4], c. 69). To'IKH M II N Ha3hIBaIOTC5! u3oeoHaJl,'b'IW conpR

:JtCe'ft'ft'bl.Mu OTHOCHTeJihHO TpeyrOJihHHKa ABC. HarrpnMep, opTou;eHTp H 
TpeyroJihHHKa ABC u u;enTp 0 ero orrncaHHoii OKpy:iKHOCTH H30rOHaJihHO 

corrpmKeHbI, 'ITO ,LJ,OKa3aHO B KOHu;e 3TOI'O rryHKTa. 

Ilpeo6pa3oBaHne IIJIOCKOCTH, KOTOpoe OT06pa:iKaeT TO'IKY M B H30I'O

HaJihHYIO eii TO'IKY N Ha3hrnaeTrn u3020'ftaJ1,'b'ft'bt.M npeo6pa3oea'ftue.M. 0Ho 

3a,n,aeTC5! TpeyroJihHHKOM ABC. 
Ha:ti,LJ,eM cpopMJJibI II3oroHaJihHOro npeo6pa3oBaHH5l B HOpMaJihHhIX KO

op,n;nHaTax x, y, z OTHOcnTeJihHO TpeyroJibHHKa ABC. HarroMHHM, 'ITO 1tOp

.MaJ1,'b'H'bl.MU iwopou'ftama.Mu TO'IKH M na3hIBaIOTC>I opueHmupoeaH'ft'bte pac

CTOHHII>I OT 3TOH TO'iKR ,n;o cTopoH BC, CA, AB TpeyronhHIIKa ABC. 

1 K p e M 0 H a AHTOHHO (1830-1903) - OCHOBaTeJib llTaJib>IHCKOH rem.teTpll'!eCKOH 

lllKOJibJ. Ero OCHOBHb1e pa60ThI 0THOC>1TC>1 K Ha'!epTaTeJibHOH u anre6pau'!eCKoi1: reo

MeTpuu. Pa6oTaJI B BoJIOHbe, M11Jiatte, P11Me. 
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A 

Pnc. 16 

3a IIOJIO.lKIITeJihHbie HaIIpaBJieHII5! IIpIIHIIMa

IOTC5! BanpaBJieBirn OT BepIIIIIH TpeyrOJibHIIKa 

K ero cTopona11. Omr CB5!3aHhI 3aBIICIIl\IOCThIO: 

ax + by + cz = 2S. (2.6) 

To.lK.n;ecTBO (2.6) na3hIBaeTc5! twp.Mupoe1wu 
HOpMaJibHbIX KOOp,ll;IIHaT TOqKIL qIICJia, npo

nopu;uonaJihHhie qIIcJiaM x, y, z Ha3bIBaIOT

C5! HeHOpMIIpOBaHHbHIII HOpMaJihHbIMII KOOp

,ll;IIHaTaMII TOqKII. 

CornaCHo (1.3) nopMMhHbie II 6apIIu;en

TpIIqecKne KOOp,ll;IIHaTbI CB5!3aHhl paBeHCTBa

MH: 

(2.7) 

r.n;e hi - BhICOTbl 6a3IICHOro TpeyrOJibHHKa. 

Haii.n;eM cpopMyJihI H3oronaJihnoro npeo6pa3oBamrn B nop11aJibHhIX KO

op.n;IIHaTax OTHOCIITeJibHO 3a.n;a1rnoro TpeyroJibHIIKa ABC. ,Il;JI51 JII06oii Toq

KH X(x1,x2,x3) qeBnattbI A.i\!I II cooTBeTCTBenno1r eii ToqKII Y(y1,y2,y3) 
II30rOHaJihnoii qeBIIaHbI AN, oqeBIIAHO, x 2 = y3 II X3 = y2 (pnc. 16). qeBII

aHa A.IV! TOqKH M(m1, m2, m 3) IIMeeT ypaBHeBIIe m3X2-m2x 3 = 0. IIo::JTo

MY II3oronanhtta5! eii qeBHatta AN 6y.n;eT IIMeTh ypaBttettIIe m 2y2 - m 3 y3 = 

= 0. CucTeMa ypaBttemrii rr3orottaneii Tpex qeBIIaH A.IV!, B.!Vf, CM 

{ 

m2y2 - m3y3 =0, 

m1y1 - m3y3 =0, 

m1Y1 - m2y2 =0 

( 
1 1 1 ) 

IIMeeT oqeBir.n;noe peIIIemre -, -, - . TaKIIM o6pa3oM, 
m1 m2 m3 

T. e. II30I'OHaJibHOe npeo6pa30BaHIIe IIMeeT B HOpMaJibHbIX KOOp,ll;IIHaTax 

TaKIIe cpopMyJibI: 

1 1 1 
YI : Y2 : Y3 = - : - : - ' 

X1 X2 X3 
II o6paTHO 

. . - 1 . 1 . 1 X1 . X2 . X3 - - . - . - . 
y1 Y2 Y3 

(2.8) 
,Il;JI5! HeHOpMIIpoBaHHbIX KOOp.n;nHaT COOTBeTCTBeHHbIX TO'leK 

X1Y1 = X2Y2 = X3y3 = k. (2.9) 

'.:ho-- -x:oopiJu'Ham'H'btu -x:pumepuu uaozo'HaJ1,'o'Hocmu mo"le'X: M 11 N. 
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l'haK, u302oxa.ll'b'lioe npeo6pa3oeaxue 
e xopMa.ll'btt'blX 1wopduxamax uMeem me 
;HCe <f;opMy.ll'bl, "-lmo u3omoMU"-lec1we npe
o6pa3oeaxue e 6apuv,exmpu~ecrmx 1w
opouxamax. Cne,n;oBaTeJihHO, xapaKTepn

CTHKH 3THX npeo6pa3oBaHHH COBepIIIeHHO 

aHaJIOrff'IHbl. 

3 a ,n; a 'I a. ,Il,oKa3aTh, 'ITO :o;eHTp 0 
onncaHHOH OKPY)KHOCTH TpeyroJihHHKa 

ABC n: ero opTor:t;eHTP H n:3oroHaJib

HO COIIp5I)KeHbl OTHOCHTeJibHO 3TOro Tpe-

yroJihHHKa. 

Pe III e H n: e 1. To'IKa 0 IIMeeT 

HOpMaJibHbie Koop,n;n:HaTbI: O(R cos A, 
R cos B, R cos C), a ,D;JI5I TO'IKH H 

E 

P11c. 17 

Ha OCHOBaHHH ( 1.27) H (1.3) IIOJiy'IaeM HOpMaJibHbie KOOp,D;HHaTbl 

H ( h1 tg A : h2 tg B : h3 tg C). Ilpon:3Be,n;eHH5IMH IIX cooTBeTCTBeHHbIX 

Koop,n;n:HaT cny:a<aT 'IIICJia Rh1 sinA, Rh2 sinB, Rh3 sinC, paBHhie cooT-
2RS sin A 2RS sin B 2RS sin C 

BeTCTBeHHO 'IHCJial\I a b c ' Ka)K,D;Oe H3 KOTOpbIX 

paBHO S cornacHo TeopeMe cn:HycoB. B CIIJIY KpIITeptt5I (2.9) TO'IKH 0 n: H 
II30rOHaJiblIO COIIp5I)KeHbl. 

Pe III e H n e 2: IlpoBe,n;eM OE l_ BC (pnc. 17). Tor,n;a OE II AH 
n: no::iToMy L.DAP = L.DOE. Cne,n;oBaTeJibHO, np5Il\ta5I AE ecTb o6i:o;a5I 

6n:cceKTpIIca yrnoB BAG n DAP, T. e. 'IeBHaHhI AO II AH II3oroHaJihHbI 

OTHOCHTeJihHO yrna A TpeyroJihHHKa ABC. AHanorn:'IHO ,D;OKa3hIBaeTC5I, 

'ITO TO'IKH 0 H H Jie)KaT Ha COOTBeTCTBeHHbIX H30roHaJibHbIX 'IeBHaHax 

yrJIOB B H c H II03TOMy H30ronaJibHO COIIp5I)KeHbl OTHOCHTeJibHO TpeyrOJib

HHKa ABC. 

§ 14. Tpey20A'b'HU1\, c dBYM.fl coenaewuMu eepwu'Ha.Mu 

14.1. Bb1po:>1<.z:i;eHHhIH TpeyroJihHHK, ero u;eHTpon.z:i; H opTou;eaTp. 
IlpJI coBrra,n;enJIH BepIIIHH B JI C TpeyroJihHJIKa ABC np5!Ma5I BC 6y,n;eT 

3aHJIMaTb IIOJIO)KeHJie KaCaTeJibHOH K OIIJICaHHOH OKOJIO nero OKpy)KHOCTH, 

a ,D;JIHHa CTOpOHbI BC o6par:o;aeTC5I B HYJib. Cne,n;oBaTeJibHO, TpeyrOJibHHK 

c ,D;BYM5I coBrraBIIIHMH BepIHttHaJl<rn B JI C MO)KHO onpe,n;eJIHTb nu6o KaK 

xopoy O'K',py;HCttocmu c y'K',a3attueM ee oeoil'lio20 11:oxv,a, JIJI6o KaK ompe-

3011: AB u npJtMy10 a, npoxodJtw,y10 "-lepe3 mo"-l11:y B. B nocJie,n;HeM cJiy

qae OIIHCaHHOH OKPY)KHOCTbIO TaKoro BblpO)K,ll;eHHOro TpeyrOJibHHKa 6y,n;eT 
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p 

a 

.HBJUITbC.H OKpy)l(HOCTh, CO):\ep)l(alll,a.H 

TO'IKII A II B II Kacarorn,a.Hc.H rrpH

Moil: a B TO'!Ke B (pIIc. 18). 0Ha Bce

r,[\a cyrn,ecTByeT II e,[\IIHCTBeHHa. 

B BhipO)l():\eHHOM TpeyroJihHHKe 

ABC c conrraBIIIIIMII BepIIIIIHaMII B 
II C yroJI A paBeH HYJIIO, a yrJihI 

B II C cMe)l(Hhre. Ilo::iToMy cy.M.Ma 

yi.floe mpeyco.fl'bHU'X:a paeHa 180°. 
I.(eHmpoua G BhipO)l(,L\eHHoro 

TpeyroJibHIIKa orrpe):\eJIIIM KaK TO'l

Ky, ):\JI.H KOTOpOil: 

(2.10) 

rrpH rrpOH3BOJihHOil: TO'!Ke 0. CJie):\o

BaTeJihHO, IIeHTpOII,L\ G ):\eJIIIT OTpe-

30K AB B OTHOIIIeHHli 2 : 1. 
Opmov,eHmp H BhipO)l():\eHHOro TpeyroJihHIIKa ABB ecTh TO'!Ka rrepe

ce'lemrn np.HMhIX, rreprreH):\IIKYJI.HpHhIX K np.Hl\IhIM a II AB II rrpoxo):\.Hlll,IIX 

cooTBeTCTBemw 'lepe3 TO'IKII A II B. 9TII np.HMhie .HBJI.HIOTC.H e'bicoma.Mu 

BhipO)l():\eHHoro TpeyroJihHIIKa ABB, rrpII'leM BTopa.H BhICOTa ):\OJI)l(Ha pac

CMaTpIIBaTbC.H KaK ):\BOil:Ha.H. 

EcJIII 0 - IIeHTp orrIIcaHHoil: oKpy)l(HOCTII, TO neKTOp 0 H opTOI!CHTpa 

paBeH 

OH= OA+20B. (2.11) 

,Il;eil:CTBIITeJibHO, BeKTOpbI AH HOB KOJIJIHHeapHbI, II03TOMy AH= )..OB. 
B CHJIY opToroHaJibHOCTII BeKTopoB BA II BH IIMeeM 

(OA - OB)(OH - OB)= O; 

OTCIO,[\a 

(OA - OB)(OA +>..OB - OB)= 0, 

IIJIH 

().. - 2)(0A ·OB - R2 ) = 0, 

r,L\e R - pa,L\IIyc orrIIcaHHOii oKpy)l(HOCTII. TaK KaK TO'IKH A II B pa3JIII'lHhI, 

TO OA ·OB "I- R 2 
II rro::iToMy).. - 2 = 0, T. e. AH= 20B, 'leM II 3aKOH'leHo 

):\0Ka3aTeJibCTBO COOTHOIIIeHH.H (2.11). 
Ifa (2.10) H (2.11) cJie,nyeT, 'ITO TO'IKII 0, G, H Jie)l(aT na O,L\

Hoil: rrp.HMoil: - npRMou 9u.llepa TpeyroJihHIIKa ABB u, KaK o6bI'lHO, 

OG: CH= 1: 2. 
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B o6hI'-IHOM TpeyrOJibHIIKe TO'-IKII, CIIl\IMeTpII'-IHbie opTOileHTPY OTHOCII

TeJibHO CTOpOH II cepe)J,IIH CTOpOH, Jie)KaT Ha ormca1rnoil: OKpy)KHOCTII. 9To 

cBoil:cTBO IIMeeT :r.recTo II ,n;mI BhlpO)K)J,eHHoro TpeyrOJibHIIKa. B )J,aHHOM 

cny'-Iae ::iTo 6y,n;yT TO'IKII K, P, Q, cn1v111reTpll'IHhie TO'IKe H OTHOCHTeJibHO 

TO'IKll B, OTHOCIITeJihHO cepe)J,HHhI oTpe3Ka AB II OTHOCHTeJibHO npZIMOil: a. 
Henocpe)J,CTBeHHOe )J,OKa3aTeJihCTBO onycKaeM, ocTaBJIZIZI ero 'IHTaTemo. 

14.2. Henocpe,n;CTBeHttoe HCTOJIKoaattHe CBOHCTB Bb1po:>K,n;etttto

ro TpeyrOJibHHKa. 0Ka3bIBaeTCZI, 'ITO reoMeTpHZI BblpO)K)J,eHHOrO Tpe

yrOJibHHKa ZIBJIZieTCZI CO)J,€p)KaTeJihHOil: H coxpaHZIIOTCZI CBOHCTBa o6bI'IHO

ro TpeyrOJibHllKa, XOTZI HeKOTOpbie ll3 HHX nepeXO,[\ZIT B TpllBHaJibHbie 

yTBep)K)J,eHnZI. PaccM0TpH111 e111e HeCKOJih

KO npIIMepoB. 06paTHMCZI K TeopeMe CnM

coHa (c11r. [4] c. 60). Ha npZI11roi1: CnM

cona TO'IKH onncaHHoil: oKpy)KHOCTH Jie

)KaT ee OpTorOHaJibHhie npoeKIJ,HH Ha CTO

pOHbl BITHCaHHOro TpeyrOJibHHKa. ~JIZI Bbl

pO)K)J,eHHOro TpeyrOJibHIIKa 3TOT <}:>aKT TplI

BIIaJieH, TaK KaK ,LJ;Be npoeKIJ,IIH COBna.n;a

IOT. 0)J,HaKo npZIMaZI CIIMCOHa UV (puc. 19) 
II B 3TOM cny<Jae o6na.n;aeT HeTplIBHaJih

HhIM CBOllCTBOM: npOII3Be)J,eHIIZI pacCTOZIHHll 

OT TO'IKH M, Jie)Kalll,eii Ha oKpy)KHOCTII, 

.n;o BepIIIIIH II .n;o COOTBeTCTB€HHbIX CTOpOH 

TpeyroJibHIIKa ABB paBHhI. Ilpu o6hI'IHOM 

B3rJIZI,LJ;e Ha ITOJIY'IeHHYIO <}:>1Irypy 3TOT <}:>aKT 

Puc. 19 

MO:iKHO c<}:>opMyJIHPOBaTh 

TaK: ecJIII B OKPY)KHOCTII npoBe,n;eHa npon3BOJibHaZI xop)J,a II B o,n;HOM II3 

ee KOHIJ,OB KacaTeJihHaZI, TO npOH3Be,n;eHHZI paccTOZIHHM OT npOH3BOJibHOH 

A 

a 

H 

Puc. 20 

TO'-IKII OKpy)KHOCTII )J,O TO'IKII KacaHIIZI II )J,O 

XOp)J,bl paBHO npo1I3Be)J,eHHIO paCCTOZIHllii OT 

3TO:ii TO'IKll )J,O .n;pyroro KOHIJ,a xop)J,bl 1I )J,O 

KaCaTeJihHOM. ::ho nerKo ycMaTplIBaeTCZI II3 

no.n;o61IZI TpeyroJibHIIKOB AMV II BMU. 
PaccMoTpHM TeopeMy 06 OKPY)KHOCTII 

)J,eBZITll TO'!eK TpeyroJibHIIKa (cM. !4], c. 48). 
9Ta TeopeMa HCTIIHHa II ,LJ;Jrn BblpO)K)J,eHHO-

ro TpeyrOJibHIIKa, HO HeKOTOphle H3 )J,€BZITH 

TO'IeK COBITa)J,aIOT II OKPY)KHOCTb CTaHOBIIT

CZI OKpy:iKHOCTb10 ITZITII TO'I€K (p1IC. 20). IlplI 

o6bI'IHOM B3rJIZI)J,e Ha <}:>IIrypy 3TO yTBep:a<)J,e

Hlle <}:>opMyJinpyeTCZI TaKIIM o6pa30M. IlycTb 

B OKpy:iKHOCTII c u,eHTpO!v! 0 npoBe,n;eHa 
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xop)l.a AB H B ee Komi:e B KacaTeJibHaH a. IlepneH)l,HKYJIHp, onyI.IJ,eHHbIH H3 

TO'IKH A Ha KacaTeJibHYIO a, nepeceKaeTCH B TO'IKe H c nepneH)l,HKYJIHp0111, 

BoccTaHOBJieHHbIM B TO'IKe B K xop)l.e AB. Tor)l,a TO'IKa B, cepe)l.HHhI 

oTpe3KOB AB, AH, BH H TO'IKa F nepece'femrn KacaTeJihHOii a c IIpH

MOii AH Jie:>KaT Ha oKpy:>KHOCTH c ii:eHTpo111 EB cepe)l.ttHe OH n pa)l.uycoM, 

a 

Pnc. 21 

paBHhIM IIOJIOBHHe pa)l.nyca pa)l.nyca 

)1,aHHOH OKpy:>KHOCTH. ,ll,oKa3aTeJibCTBO 

He IIpHBO)l,HM. 

PaccMoTpeHne BbipO:>K)1,eHHoro Tpe

yroJibHHKa HHTepecHO eI.IJ,e ll B TOM 

OTHOIIIeHHH, 'ITO 3TO II03BOJIHeT Haii

TH CBH3b Me)K)l,y <f>aKTa11m, Ka3aJIOCb 

6h1, c0Bce111 pa3Hh111m. HanpnMep, TOT 

<f>aKT, 'ITO oKpy:>KHOCTH, onncaHHbie 

OKOJIO 'feTbrpex TpeyrOJihHHKOB, o6-

pa30BaHHbIX Ka:>K)l,hIMH TpeMH CTO

poHaMH IIOJIHOro qeThrpexcTOpOHHH

Ka, HMeIOT o6I.IJ,yIO TO'IKJ, C0)1,ep:>KHT 

KaK npe)l,eJihHhiii cJiyqaii cJie)l.yIOIII;ee 

YTBep:>K,D;eHne. IlycTh A - npott3BOJib-

HaH TO'fKa, Jie:>KaIII;aH Ha npo,D;OJI:>Ke

HHH 3a TO'IKY K CTOpOHbI BK TpeyroJihHHKa PBK. Tor)l,a qepe3 0)1,HY 

TO'IKY npoxo)1,HT TPH oKpy:>KnocTn: onncaHHaH oKpy:>KnocTh TpeyroJihHH

Ka PBK, OKPY:>KHOCTh, npoxo)1,HI.IJ,aH qepe3 TO'IKH A n B n KacaroI.IJ,aHcH 

npHMOH BP B TO'IKe B, H OKpy:>KHOCTh, npoxo)1,HIII;aH qepe3 TO'IKH A H K 
n KacaroI.IJ,aHcH npHMoii KP B TO'IKe K (pnc. 21). 

3aiJa'l(,U rt, 2JiaBe 2 
2.1. ,ll,Ba IlOJIHhIX 'IeThipexyrOJihHHKa pacnoJIO:>KeHhI B npocTpaHCTBe 

(HJIH Ha IlJIOCKOCTH) TaK, 'ITO HX COOTBeTCTBeHHhie CTOpOHbI B IlHTH napax 

nepeceKaIOTCH B TO'IKax 0)1,HOH npHMOH. ,IT,oKa:>KHTe, 'ITO H IIpHMbie IIIeCTOH 

naphI COOTBeTCTBeHHbIX CTOpOH nepeceKaIOTCH B TO'IKe TOH :>Ke IIpHMOH. 

2.2. ,ll,oKa:>KHTe, 'ITO cyMMa KBa,D;paTOB paccTOHHH:ti OT TO'IKH JleMyana 

TpeyroJlbHHKa )1,0 ero CTOPOH MHHHMaJibHa. 

2.3. Ecnn TPH TpeyroJihHnKa nonapHo roMoJiorH'IHhI c o6I.IJ,nM ii:eHTpoM 

3THX roMOJiornii, TO OCH 3THX Tpex roMOJIOrHH nepeceKaIOTCH B 0)1,HOH 

TO'IKe. ,ll,oKa:>KHTe. 

2.4. EcJIH TpH TpeyroJihHHKa nonapHo rOMOJIOrH'IHhI, H ii:eHTpbI 3THX 

rOMOJIOrHil: Jie:>KaT Ha 0)1,HOH IlpHMOH, TO 3Tll roMOJIOrHH HMeIOT o6I.IJ,yIO OCb. 

,ll,oKaJKHTe. 

52 



2.5. CTopoHhI TpeyroJihHIIKa cJiy)KaT rapMmrnqecKH:MII Tiom1pa:rvrn 

Bepnnrn ,n;aHHOrO TpeyroJibHHKa ( OTHOCHTeJihHO 6a3HCHoro TpeyroJibHHKa 

ABC). By,n;yT JIII 3TH TpeyroJibHIIKII rm.roJiorIIqHhI? 

IlpoBe,LJ;HTe aHaJIOrIIqHoe HCCJie,n;oBaHIIe ,LJ;Jl5! ,LJ;BYX Il30TOl\IHqecKII COTip5!

)KeHHbIX TpeyrOJibHilKOB, a TaK)Ke .I\JI.l'I .I\BYX II30rOHaJihHO COTip5!)KeHHhIX 

TpeyrOJihHIIKOB. 

2.6. EcJIII Pi II Qi (i = 1, 2, 3)- opTorOHaJihHhie TipoeKIJIIH BepIIIHH Ai 
II Bi .I\BYX TpeyroJihHIIKOB TipOcTpancTBa A1A2A3 II B1B2B3 Ha TipOII3BOJih

nyIO TIP5!1\IYIO II eCJIII TIJIOCKOCTII, TipOBe)J,eHHbie qepe3 TQqKII pi TiepTieH)J,HKY

JI5!pHO COOTBeTCTBeHHhIM CTOponaM TpeyrOJibHIIKa B1B2B3 TiepeceKaIOTC5! 

TIO O.I\HOil: Tip5!MOil:, TO II TIJIOCKOCTII, TipOXO.I\.l'IIIJIIe qepe3 TOqKn Qi Tiep

TieH.I\IIKYJI5!pHO COOTBeTCTBeHHhIM CTOpOHal\I TpeyrOJihHIIKa A1A2A3 TaKMe 

TiepeceKalOTC.l'I TIO O.I\HOil: Tip5!MOil:. )J,oKa)KHTe. IloJiyqIITe OTCIO,LJ;a TIJiaHIIl\IeT

pIIqecKyIO TeopeMy. 

2. 7. BepIIIIIHhI TpeyroJihHIIKa A1 B1 C1 ecTh ocnoBaHII5! qeBIIan ToqKn M 
Ha CToponax TpeyrOJihHIIKa ABC. BepIIIIIHhI TpeyroJihHIIKa A2B2C2 - oc

HOBaHII5! qeBIIaH ToqKII N Ha CTopoHax TpeyrOJihHIIKa A 1B1 C1 . )J,oKa)KnTe, 

qTo TpeyroJihHIIKII ABC II A2B2C2 rOMOJIOrIIqHhI (c IJeHTpOM S). Hail:,n;nTe 

¢opMyJihI Tipeo6pa30BaHII5! N -> S, Kor,n;a TOqKa NI COBTia,n;aeT c IJeHTpoII

.I\OM G TpeyroJihHnKa ABC. 
2.8 qepe3 BepIIIHHbI A H B TpeyroJihHHKa ABC TipoBe,n;eHhI Tip5!Mhie, 

TiepeceKaIOIIJIIe cooTBeTCTBeHHO Tip.l'IMhie BC H AC B TOqKax A1 H B 1 

TaK, qTo oTpe3KII AA1 II BB1 IIMeIOT paBHhie ,LJ;JIHHhI. )J,oKaMIITe, qTo 

MHO)KeCTBO ToqeK p = (AA1) n (BB1) eCTh KpHBa.l'I TpeThero TIOp51.I\Ka 

( 'K:pu6aR Byp.Mecmepa). 
2.9. )J,aH TpeyrOJihHIIK ABC. )J,oKa)KIITe, qTo ero TaHreHIJIIaJihHhiil: 

TpeyrOJihHIIK II TpeyroJihHHK c BepIIIIIHaMII B OCHOBaHII5!X BhICOT ( opTOTpe

yrOJihHIIK TpeyroJihHIIKa ABC) roMonorIIqHhI. 

2.10. Ilp5!Ma.l'I, He CO.I\epMaIIJa5! BepIIIIIHhI TpeyroJihHHKa ABC, Tiepece

KaeT cooTBeTCTBeHHO Tip5!Mhre: BC, CA, AB B ToqKax A1, B1 , C1 . )J,o

KaMIITe, qTo OKPY)KHOCTII ABC, AB1C1, BC1A1, CA1B1 IIMeIOT o6IIJYIO 

TOqKy. 

2 .11. OpToroHaJihHhJe TipoeKIJHH opTOIJeHTpa H TpeyroJihHHKa Ha cepe

,LJ;IIHHhie TiepTieH,LJ;HKYJI5!pbI K ero CTOpoHaM, OpTOrOHaJihHbie TipOeKIJIIII ero 

Ha qeBIIaHhI IJeHTpa 0 OTIIICaHHOil: OKpy)KHOCTII, opTorOHaJihHhie TipoeKIJilII 

TQqKII 0 Ha BhICOThI, a TaK)Ke TQqKII 0 II H Jie)KaT Ha O)J;HOil: OKpyMHOCTII. 

)J,oKa)KIITe 3TO yTBep)K.I\eHIIe, c¢opMyJIIIpyil:Te ero ,LJ;JI.l'I BhipO)K,LJ;eHHoro Tpe

yroJibHIIKa Il CHOBa )l;OKaMIITe ,LJ;JI5! TIOJiyqeHHOil: ¢IIryphI. 
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I'.1taea 3 

K ocou 'tlem'btpexy20.J1/b'HU'K 

qeTbipexyrOJibHHK, BepIIIHHbI KOTOporo He Jie)KaT B O)J;HO!i: Il.JIOCKOCTH, 

Ha3hrnaeTC5I 11:oc'bt.M ( xen.1toc11:u.M) "iem'btpexy20.1t'bxu11:0.M. Ec.JIH H3 TeTpa3)J;pa 

Yfl:aJIHTh napy npOTHBono.JIO)KHhIX pe6ep, TO ocTaBIIIHeC5I qeTbrpe pe6pa 

o6pa3yIOT KOCO!i: qeTbipexyro.JihHHK. 06paTHO, eCJIH B KOCO!v! qeTbipexyrOJib

HHKe npoBeCTH )J;HaroHa.JIH, TO IlOJiyqHTC5I CO)J;ep)KaIIIH!i: ero TeTpa3)J;p. Ilo-

3TOMY 3TH )];Be cpttrypbl Hepa3pbIBHO CB5I3aHbl Me)K)];y co6o!i:. 

§ 15. Hepa6e'!-lcmea aj/,.f{, 1WC020 'llem'btpexy20Ji'b'/-lU1W 

15.1. CyMMa BHyTpeHHHX yrJioB 11:oco20 "iem'btpexy20.1t'bxu11:a 
.Me'H'bwe 360°. B caMoM )J;e.Jie, BepIIIHHY C Kocoro qeThrpexyro.JihHHKa 

ABCD noBeptteM OKOJIO )J;Harotta.JIH BD fl:O n.JiocKOCTH ABD B ToqKy 

C1 (pttc. 22). IlycTb a, (3, -y, 8 - Be.JIHqHHhI ero BHyTpeHHHX yr.JIOB c Bep

IIIHHaMH A, B, C, D cooTBeTCTBeHHO. ,ll;JI5I TpH3fl:POB B(ACD) H D(ABC) 
no CBoilcTBy n.JIOCKHx yr.JioB HMeeM: (3 < ABD + CBJ5, 8 <ADE+ CDB. 
IlpH CJIO)KeHHH 3THX HepaBeHCTB B npaBO!i: qacTH no.JiyqHM cyMMY yr.JIOB 

npn aepIIIHHax B H D n.JiocKoro qeThrpexyrOJihHHKa ABC1D, KOTopa5I 

paBHa 211' - (a + 'Y). CJiefl:OBaTe.JibHO, (3 + 8 < 21!' - (a + 'Y), OTKy)J;a 

a+f3+-y+6<21l'. (3.1) 

D 

Pnc. 22 Pnc. 23 
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15.2. HepaeeacTeo IlToJieMeH. ,l.I,Jrn mo6brx 'IeTbrpex TO'IeK A, B, 
C, D IIJIOCKOCTH HCTHHHO HepaBeHCTBO 

AC· BD ~AB· CD+ BC· AD, 

IIpH'Ie.M 3HaK paBeHCTBa HMeeT MeCTO B cJiy'IaHx, Kor,n;a TO'IKll Jie)KaT Ha 

OKPY)KHOCTII HJIH Ha rrpHMofi H rrapa (A, C) pa3,n;eJIHeT napy (B, D) (cM. 
[4], c. 86). ,Il,oKa)KeM, 'ITO ,LI;JIH Kocoro 'IeTbrpexyroJibHHKa ABCD 

AC· BD < AB· CD+ BC· AD, (3.2) 

T. e. npOU36eaenue a//,U'li e20 aua20ttaJteU .Me'li'bWe CY.M.M'bl npOU36eaettUU 

aJtU'li npomU60nOJt0{)1C'li'blX cmopO'li. 

,l.I, o K a 3 a T e JI b c T B o. CnpoeKTHpyeM opToroHa.JibHO ,n;HaroHa.Jib 

BD '!eTbrpexyroJibHIIKa Ha IIJIOCKOCTh w, rrapa.JIJieJibHYIO BD H co,n;ep)Ka

uzyro ,n;HaroHa.Jib AC (pnc. 23). ,l.I,JIH '!eTbipex TO'IeK A, B1, C, D1, Jie)Karn;Hx 

B IIJIOCKOCTll w, llMeeM: 

Ilo cBoficTBY opToroHaJihHoro rrpoeKTIIpoBaHHH AB1 < AB, CD1 < CD, 
CB1 <CB, AD1 <AD H B1D < BD. IIo:=:iToMy HepaBeHCTBO (3.2) cJie,n;y

eT H3 rrpe,n;br,n;yrn;ero rrpH 3aMeHe OTpe3KOB 6oJiblllllMll. CJiy'IaH paBeHCTBa 

He HMeIOT MecTa. D 
15.3. CyMMa KOCHHycoe BHyTpeHHHX yrJIOB Kocoro 'IeTbrpexyroJib

HHKa ll KOCHHYCOB yrJIOB Mem,n;y ero IIpOTllBOIIOJIO)l{HbIMll CTOpOHaMll He 

6oJibllle 2: 

coso: + cos/3 +cos')'+ cos8 + coscp + cos'lj; ~ 2. (3.3) 

,l.I, 0 K a 3 a T e JI b c T B o. IlpHBJie'IeM e,n;H

Hll'IHbie BeKTOpbI f1, e2, e3, f4, COHarrpaB

JieHHbie cooTBeTCTBeHHO BeKTopaM AB, BC, 
CD, DA cTopoH 'IeTbrpexyroJibHHKa ABCD. 
0'-!eBH,n;Ho, (e1 + e2 + e3 + e4)2 ~ o, rrpn 
3TOM 3HaK paBeHCTBa OTBe'!aeT cJiy'IaIO, KO

r,n;a e1 + e2 + e3 + f4 = 0, T. e. KOr,n;a KOCOH 
'!eTbipexyroJibHHK ABCD roMOTeTH'IeH Ko

coMy pOM6y, IIOCTpOeHHOMY Ha BeKTOpax f1, 
e2, e3, e4 (pllC. 24), T. e. H ABCD eCTb '/WCOU 

po.M6. Hcxo,n;Hoe HepaBeHCTBO 3KBHBaJieHTHO 

HepaBeHCTBy: 
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TaK KaK KOCllHYChI CMe:lKHbIX yrJIOB OTJIII'IaIOTC51 Jlllllih 3HaKOM, TO ITpe,]];hI

)J;yiliee HepaBeHCTBO paBHOCllJibHO ,l];OK8.-%IBaer.roMy uepaBeHCTBY (3.3), r)J;e 

a =.A, f3 = i3, 1 = c, 8 = fJ -- --Kocoro qeTbipexyroJibHHKa ABCD u 'fJ =(AB, DC), ?jJ =(BC, AD). 0 

§ 16. TeopeM'bt MeHeJta.fl, T/ee'bt u I'aycca 

dJt.fl ?Wco20 'l(,em'btpexy201t'b'l-tU'J\,a 

16.1. TeopeMa MeHeJirui:. Ilycm'b 'lia np.H,M'blX AB, BC, CD, DA, 
onpeOe.J1,J1,WW,UX 1wcou ""em'bipexy20A'b'liUX: ABC D, oa'li'bl coom6emcm6e'li'liO 

mo""x:u A1 , B 1 , C1 , D 1 . j(AJI, mo20, 'l/,m06'bi 3mu mo""x:u Ae::HCaAU 6 oiJ'liou 

nAOC'KOCmU, 'lie06XOOUMO U OocmamO'l/,'liO, 'l/,m06'bl 

AA1 • BB1 . CC1 . DD1 _ l (3.4) 
AiB B1C C1D DiA - . 

,LI, o K a 3 a T e JI b c T B o 1. H e o 6 x o )]; u M o c T h. nycTh 3a)J;aH

Hbie TO'IKll Jie:lKaT B ITJIOCKOCTll "'Y ll "'Y n (BD) = M (puc. 25). no TeopeMe 

A 

MeueJia51 )J;JI51 TpeyroJibHHKa ABD u ITp51-

D MOH AiD1 HMeeM: 

c 

AA1 . BM. DD1 = -1. 
AiB MD DiA 

no TOH :lKe TeopeMe )J;JI51 TpeyroJihHHKa 

BCD u ITp51MOH B1 C1 
BB1 CC1 DM _ l 
BiC. C1D. MB - - . 

nepeMHO:lKeHHeM 3TllX paBeHCTB ITOJiyqaeM 

,1];0Ka3bIBaeMoe COOTHOmeHHe (3.4). 
Ecnu "'Y II (BD), TO ITO TeopeMe <I>a.neca 

AA1 AD1 BB1 DC1 
= = = ll = = =· no::iTOMY pa-
A1B DiD B1C C1C 
BeHCTBO (3.4) TaK:lKe BbIIIOJIH5leTC51. 

J(ocmamo'l/,'/iocm'b ycA06UJ1, (3.4) )J;O-

PHc. 25 Ka3hrnaeTc51 rvieTO)J;OM OT npoTHBHO-

ro. Ecnn ITJIOCKOCTb A 1B1C1 ITepe-

ceKaeT rrp51MYIO AD B TO'!Ke D2, To ITO Heo6xo)J;HMOMY ycnoBHIO 

AA1 BB1 CC1 DD2 O ( ) =. =. = . .:.__ = 1. TCIO)J;a ll 113 ,l];aHHOro ycJIOBll51 3.4 CJie)J;yeT 
AiB B1C C1D D2A -- --

DD1 DD2 
DiA = D2A. 

A ::iTo 3Ha'IHT, 'ITO TO'IKH D 1 u D2 coBITa)J;aIOT. D 
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,II, 0 Ka 3 a Te JI b c TB 0 2. 0603Ha'!HM OTHOIIIeHH51 BeKTOpOB, BXO

)J,5llll,He B paBeHCTBO (3.4) COOTBeTCTBeHHO a, {3, 1, 8 H Haii)J,eM HeHOpMH

poBaHHbie 6apnu;eHTpH'leCKHe KOOp,ll;HHaThl )J,eJI5Illl,HX TO'leK OTHOCHTeJibHO 

6a3ncuoro TeTpaa.n;pa ABCD: A1(1 : a : 0 : 0), B1 (0 : 1 : f3 : 0), 
C1(0 : 0 : 1 : 1), D 1 (8 : 0 : 0 : 1). ,Il,JI51 Toro, 'lT06hI 3TH TO'IKH 

npnHa)J,Jie:lKaJIII O)J,HOM IlJIOCKOCTH, Heo6xo)J,HMO H )J;OCTaTO'lHO, 'lT06hI 

1 a 0 0 

0 1 f3 0 
=0. 

0 0 1 1 
8 0 0 1 

Pa3Jiara51 onpe)J,eJinTeJib no 3JieMeHTa:M nepsoii cTpOKH, noJiyqaeM: 

I /3 
I · 0 1 

0 0 

0 0 

1 - a 0 

1 8 

/3 0 

I 1 = 1 - a/318 = 0, 

0 1 

qeM n 3aKanqnsaeTC51 ,n;oKa3aTeJihCTBO. D 
Ilp11Mep. CorJiaCHO TeopeMe MeueJia51, ec.n,u cmopoi-t'bt 1wcozo '4.em'bt

pexyzoA'bi-tU'IW ?Cacawmc.n cif>ep'bt, mo mo'4.?CU ?Cacai-tu.n 'X:O.MnAai-tapi-t'bt. 
EcJin BhIIlOJIHHTh acpcpnttnoe npeo6pa3osaHne npocTpaHCTBa, TO ccpepa 

nepeii)J,eT B 3JIJIHilCOH)J,, a KOMUJiaHapHOCTb TO'leK KacaHH51 coxpa:HHTC51. 

YTBep)K)J,eHne HMeeT MeCTO He TOJibKO ,!l;JI51 ccpepbl 3JIJIHilCOH,!l;a, HO H )J,JI51 

,n;pyrnx KBa,n;pHK, O)J;HaKO 3TO Hy)K)J,aeTC51 B OT,!J;eJibHOM ,!l;OKa3aTeJihCTBe. 

16.2. 06o6IIJ,eHHrul TeopeMa raycca. TeopeMy raycca ,!l;JI51 Tpe

yrOJibHHKa H np5IMOH (cM. [4J, c. 74) MO:lKHO o6o6Iu;HTb Ha npocTpaHCTBO 

cJie,n;yIOiu;HM o6pa3oM. Ilycm'b n.n,oc?Cocm'b, i-te npoxoiJ.nw,a.n '4.epe3 Bepwui-t'bt 
?Cocozo '4.em'btpexyzoA'b'l-tU?Ca, nepece?Caem ezo cmopoi-t'bt AB, BC, CD, DA 
coomBemcmBei-ti-to 6 mo'4.?Cax A1 , B1 , Ci, D1 . ToziJa u,ei-tmpoud'bt mpeyzo.n,'b
i-tu?Co6 ABC1, BCD1, CDA1, ADB1 npui-tad.n,e:J1Cam odi-tou n.n,oc?Cocmu. 

,II, o K a 3 a T e JI h c T B o. B o6o3Ha'!eHH5IX npe,n;hI,!J;Yiu;ero nyHKTa Ha 

ocHOBaHnn TeopeMhI MeHeJia51 a/318 = 1. Haii:,n;eM 6apnu;ettTpnqecKne KO

op,n;nuaTbI u;eHTpOH,!l;OB yKa3aHHbIX TpeyroJibHHKOB H 3anmueM HX B CTPOKH 

onpe,n;eJinTeJia 

1 a 
1 I l+a l+a 

I 
1 /3 I 1 1 + /3 1 +/3 

34 1 1 
1 1 

1 +1 1 +1 
0 

1 I 
1 

i+o i+o 
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He~moro npeo6pa3yeM aToT onpe,n,emITeJib. K nepB0~1y cToJI6u,y np116aBn~1 
Bee OCTMbHbte. Tor,LJ;a ace ero aJieMeHTbI 6y,nyT paBHbI 3. TiocJie Bbrnece
Hmr o6w.ero MHO)KHTem1 3 B rroJiyqennoM onpe,n,eJI11TeJie nepabitt CToJI6eu, 
BbI'iTeM lI3 acex OCTMbHbIX: 

1 
-1 

0 0 
l+a 

1 -/3 -1 
0 1 1 + /3 1 + /3 

33 1 0 -1 -1 

1 +I 1 + 'Y 
1 0 0 -8 

1+8 
IloMemrn 3HaKH B Tpex IIOCJie)'J,HllX CTOJI6u,ax, pa3JI0)Kll~I ero IIO 3JieMeIITat-J 

rrepaott (nJIII rrocJie,n,Heli) cTpoKn. B pe3yJibTaTe rroJiy'iHM: 

a/318 - 1 = 0 
(1 + a)(l + /3)(1+'Y)(l+8) ' 

rrocKOJibKY a/310 = 1. CJie,n,oaaTeJibHO, u,eHTpon,n,bI yK83aHHbIX 'ieTbrpex 
TpeyrOJibHIIKOB KOMIIJraHapHbr. D 

16.3. 3a,a;aqa. Lfepea mO'l/,'JCY P, tte ,J1,e{}!Caw,yw tta cmopottax noco20 
'l/,em'btpexy20,/l,'b'HU'!Ca ABCD npoeeae'H'bt aee (eauttcmee'H'H'bte) np.f!M'bte, nepe
cenaww,ue e20 cmopott'bt AB u CD, BC u DA coomeemcmeetttto e mo'l/,'/Cax 
A1 u C1' B1 u D1 (puc. 26)' u aa'H'bt om'HOWe'HU.f!: 

AA1 _ , AD1 _ BB1 __ /3, -- -A, -- -Ci, 
AiB D1D B1C 

,l(onaaam'b, 'l/,mO 

Pnc. 26 

a+ ,\/3 
/=~· (3.5) 

p e III e H lI e. no TeopeMe MeHeJia51 )'J,JI51 KO

coro 'ieThrpexyroJihHllKa ABCD n IIJIOCKOCTII 

A1B1C1D1 HMeeM: 

AA1 . BB1 . CC1 . DD1 = l, 
AiB B1C C1D D1A 

OTKy,n,a IIOJiyqaeM 

a 
,\f3 

Ilo TOH )Ke TeopeMe ,D,JI51 Kocoro qeTbrpex
yroJibHHKa A1BCC1 u IIJIOCKOCTll ADD1 B1 

BA . AiP . C1D . CB1 = l. 
AA1 PC1 DC B1B 
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D 

PHC. 27 

3aMeHHB BA= BAi + AiA n no,n;cTaBHB 3a,n;aHHb1e OTHOlllemu1, n1v1eeM: 

( _.!_ - 1)1. C1D . .!_ = 1 
>. DC fJ ' 

OTKy,n;a 

(1 + >.)r" (3.7) 

CpaBHHBMI (3.6) n (3.7), npnxo,n;nM K ,n;oKa3brnaeMoMy cooTHOllleHHIO (3.5). 
16.4. TeopeMa qeBbI. Ilycm'b ?-ta npR.M'btX AB, BC, CD, DA, onpe

ae.JtR'IOW,UX '/WCOU 'iem'btpexy20J1'b?-tUr;; ABCD, aa?-t'bt mO'i'x;U A2, B2, C2, D2. 
,l/,AR mow, 'imo6'bt nAocr;;ocmu A2CD, B2DA, C2AB, D2BC nepecer;;aJtuc'b 
8 oa?-toU mO'i'x;e p, ?-teo6xoau.MO U aocmamO'i?-tO, 'im06'bt 

AA2 . BB2 . CC2 . DD2 = 1. 
A2B B2C C2D D2A 

(3.8) 

He o 6 x o ,n; n Moc Tb. Ilycrh nps:i:Mbie PA, PB, PC, PD nepeceKaIOT 

cooTBeTCTBeHHO nJIOCKOCTH BCD, CDA, DAB, ABC B TO"!Kax Ai, Bi, 
Ci, Di. Ilo TeopeMe l..JeBhI ,n;JIH rpeyroJihHHKa ABC n TO"!KH Di nMeeM 

(pnc. 27): 

AA2 . BB2 . CK = 1. 
A2B B2C KA 

Ilo Toil )l{e TeopeMe ,n;Jis:r TpeyroJibHHKa ACD n TO"!KH B 1 

DD2. AK. CC2 = 1. 
D2A KC C2D 
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Ilepel\IHO::>KeHIIelvl 3TIIX paBeHCTB ITOJiy'-!aer-1 ,ll;OKa3bIBaer-10e COOTHOIIIe

HIIe (3.8). 
,[( o c T a T o '-I H o c T h. IlycTh paBeHCTBO (3.8) BhIIIOJIHeHo. Tor,ri;a ITO 

Teoper-rn Mettena5I ,D;JI5I Kocoro '-!eThipexyroJibHIIKa ABC D TO'-IKH A2, B2, 
C2, D2 ne::>KaT B o,ri;ttoil: ITJIOCKOCTII. 8To 3Ha'-IIIT, '-ITO ITp5IMbie A2C2 II B2D2 
ITepeceKaJOTC5I B HeKoTopoil: TO'-IKe P. Cne,ri;oBaTenhno, rrnocKOCTH A2 CD, 
B2DA, C2AB, D2BC ITpoxo,ri;RT '-Iepe3 TO'-IKY P. D 

CJie,n;cTBHe. Ec.;iu mo'inu A2, B2, C2 , D2, 63.Rm'ble 1-ta np.R.M'blX AB, 
BC, CD, DA .!le:>1Cam 6 oo'Hoil n.!locnocmu, mo n.11,ocnocmu A2CD, B2DA, 
C2AB, D2BC nepecenawmc.R 6 oo'Hoil mo'ine, u o6pam'Ho. 

§ 17. Kocou napaMeJL02paMM 

Kocoil: '-IeThipexyroJihHIIK, B KOTopoM ITpOTHBorrono::>KHhie cTopoHbI paB

HhI (B o6enx ITapax), Ha3hIBaeTC5I noc'bt.M napa.J1,.J1,e.!lo2pa.M.MO.M. HeKoTOpbre 

II3 MHOrHX ero CBOHCTB ITOBTOp5I10T CBOHCTBa o6bI'-IHOrO (ITJIOCKoro) ITapan

nenorpaMJvJa. BoT o,ri;Ho II3 HIIx. 

17.1. CBoifcTBO yrJioB Kocoro napaJIJieJiorpaMMa. 
TeopeMa 1. Jl,.!l.R mo20, 'imo6'bl nocoil 'iem'blpexy20.!l'b'HU1' 6'bt.!l noc'bl.M 

napa.J1,.J1,e.!lo2pa.M.MO.M, 'Heo6xoiJu.Mo u iJocmamo'i'HO, "-tmo6'bt e20 npomuBono
.!lO:>IC'H'ble y2.!l'bl 6'bl.!lU paB'H'bl ( 6 o6eux napax). 

H e o 6 x o ,ri; II M o c T h. IlycTh ABC D - Kocoil: rrapannenorpaMM 

(AB = CD, BC = AD). Tor,ri;a LA = LC n LB = LD. B caMoM 

Aene, TpeyroJihHIIKII ABD II C BD paBHhI ITO TpeM cTopottar-r. Ilo3TOMY 

LBAD = LBCD. AttanorII'-IHO II3 paBeHcTBa TpeyroJihHIIKOB ABC II BAG 
cne,ri;yeT, '-ITO LABC = LADC. 

,[( 0 c T a T 0 '-I H 0 c T b. ,[( 0 K a 3 a T e JI b c T B 0 1. IlycTb ,ri;aH 

Kocon '-!eTbipexyroJihHIIK ABCD, B KO-

E TopoM LA = LC II LB = LD. ,Il;o

Ka::>KeM, '-ITO ABC D - Kocon rrapanneno

rpaMM (AB = CD, BC = AD). Bb16e

peM B ITJIOCKOCTII AC D no TY ::>Ke cTopo

HY OT rrp5IMOii AC, '-ITO n TOqKa D, Toq-

A KYE TaKy10, '-ITO AE =BC II AB= CE 

c 

Puc. 28 

(pnc. 28). Cne,ri;oBaTeJibHO ABCE -Ko

coil: rrapannenorpaMM, OTKy,ri;a cne,ri;yeT 

paBeHCTBO yrnoB ABC II CEA. ,L(oKa

::>KeM, '-ITO TO'-IKII D n E c0Brra,ri;a10T. Yr

JihI CDA II CEA paBHhI, cne,ri;oBaTeJibHO, 

rrnocKIIi1 qeThrpexyroJibHHK ADEC RB-
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JrneTCR BTIIICaHHhIM B oKpy:arnocTh. °YrJihI DAE II DCE paBHhI nocKOJibKY 
onIIpaIOTCR Ha o,n:Hy ,n:yry DE. TaK KaK ABCE - Kocoii: napaJIJieJiorpaMM, 

To yrJihI BAE II ECB paBHhI. °YrJibI BAD II BCD paBHbI no ycJIOBIIIO. 
11TaK, MbI mreeM ,n:Ba paBHbIX TpexrpaHHhIX yrna A(BDE) II C(BDE) 
(L.BAD = L.BCD, L.BAE = L.BCE, L.DAE = L.DCE). Tor,n:a paBHbI 
IIX ,n:ByrpaHHbie yrJibI npII pe6pax AE II CE. IlycTb K - HeKoTopaR TO'IKa 
Ha npo,n:omKeHIIII oTpe3Ka CE 3a TO'IKY E. B TpexrpaHHOM yrne E(ABK) 
,1wyrpauHhie yrJihI npn pe6pax EA II EK paBHhI, no3TOMY rrpOTHBOTIOJIO)J{
Hbie IIM TIJIOCKIIe yrJibI BEA II BEK paBHhI. B KOCOM rrapaJIJieJiorpaMMe 

ABCE yrnbI BEA II EBC paBHbI. Ho yroJI BEK - BHeIIIHIIH yroJI Tpe

yroJibHIIKa BCE, T. e. LBEK = LBCE + LEBC > LEBC, a yroJI EBC 
paBeH yrJiy BEA, KOTOpbIH B CBOIO 011epe,n:b paBeH yrny BEK. Ilo,n:cTaBJIRH: 

B nocJie,n:Hee uepaBeHCTBO yroJI BEK m.recTo paBHoro eMy yrJia EBC, 
IIMeeM LBEK > LBEK. I10Jiy11eHHoe nponrnope11IIe ,LJ:OKa3hmaeT, 'ITO 
TO'IKII D II E c0Bna,n:a10T, T. e. ABC D - Kocoii: rrapaJIJieJiorpaM:r.r. 0 

,n 0 Ka 3 a Te JI b c TB 0 2. IlyCTb ,n:aH KOCOH qeTbipexyrOJibHIIK 
ABCD, B KoTopoM LA = LC II LB = L.D. ,Ll;oKa)J{eM, 'ITO ABCD
Kocoli rrapaJIJieJiorpaMM (AB = CD II BC = DA). IlycTb AB = a, 
BC = b, CD = e, DA = d, AC = e, BD = f. ITo TeopeMe KOCHHycoB 
II3 TpeyroJibHHKOB ABD, CBD, ABC, ADC IIMeeM: 

a2 + d2 - 12 
cos A= 2ad , 

b2 + c2 - 12 
cosC = 2bc , 

a2 + b2 - e2 
cosB = 2ab , 

c2 + d2 - e2 
cosD = 2cd 

Ilo ycJioBHIO cos A = cos C, cos B = cos D, T. e. IIMeeM cIIcTeMy: 

{ 

a2 + d2 - 12 b2 + c2 - 12 

2ad 2bc 
a2 + b2 - e2 c2 + d2 - e2 

2ab 2cd 

Ilpeo6pa3yeM 3TII ,n:Ba paBeHCTBa: 

{ 
(a2 + d2 )be - (b2 + e2 )ad =f2 (be - ad), 

(a2 + b2 )ed - (e2 + d2 )ab =e2(cd - ab). 

A 3TII paBeHCTBa cooTBeTCTBeHHO 3KBIIBaJieHTHhI paBeHCTBaM: 

{ 
(ae - bd)(ab - ed) =f2 (be - ad), 

(ae - bd)(ad - be) =e2 (ed - ab). 

IlepeMHO)J{IIM 3TII paBeHCTBa TIO'IJieHHO: 

(ae - bd) 2 (ab - ed)(ad - be)= e2 f 2 (be - ad)(ed - ab), 
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OTKy,n:a rroJJy"Iael\I: 

(ab - ed)(ad - be)((ae - bd) 2 
- e2 f 2

) = 0, 

IIJ1II 

(ab - ed)(ad - be)(ae - bd - ef)(ae - bd + ef) = 0. 

CorJJaCHO HepaBeHCTBY IlToJJeMe.H ,JJ:JJ.H Kocoro "IeThrpexyroJJhHIIKa 

bd + ef > ae, ae + ef > bd. 0TcIO,n:a cJJe,n:yeT, "ITO 

(ae - bd - ef)(ae - bd + ef) -:f. 0, 

IT03TOMY 

(ab - ed)(ad - be)= 0. (3.10) 

Ecm1 ab = ed, TO B CIIJJY paBeHCTBa (3.9) m.reeM be = ad. Tor,n:a II3 3TIIX 

,n:Byx paBeHCTB cJJe,n:yeT b2 ae = d2 ae, IIJJII b = d, "ITO BJJe"IeT a = e. CJJe,n:o

BaTeJJhHO, AB = CD II BC = DA, T. e. ABC D - Kocoli rrapanJJeJJorpa:M.M. 

EcJJII B paseHCTBe (3.10) ad = be, TO II3 (3.9) rroJJy"IaeM ed = ab II II3 

rrocJJe,n:HIIX ,n:Byx paBeHCTB CHOBa rroJiy"Iae.M b = d II a = e, T. e. ABC D -
Kocoli rrapanJJeJJorpaMM. D 

,LI; 0 K a 3 a T e J1 h c T B 0 3. IlpII.MeHII.M TeopeMy KOCIIHYCOB ,JJ:J1.H Tpex

rpaHHhIX yrJIOB c BepIIIIIHa:MII B II D. IlycTh L.ABC = L.ADC = /3, 
L.CBD = x, L.ABD = y, L.CDB = x 1, L.ADB = y 1, a ,n:ByrpaHHhIH yroJJ 

rrpH pe6pe BD HMeeT BeJJII"IHHY i.p. Tor,n:a 

cos /3 - cos x cos y 
cosi.p = . . , 

smxsmy 
cos /3 - cos Xi cos Yi 

cos 'P = sin xi sin Yi · 

BhI"IHCJ1II.M 

_ 
1 

_ cos/3- cos(x - y) _ cos/3- cos(yi - xi) 
cosi.p - sinxsiny - sin xi sinyi · 

lfa TpeyroJJhHIIKOB BDC H ABD 3aMeTIIM, "ITO 

7r - a= x + X1 = y + Y1, 

OTKy,n:a x - y = Y1 - X1. Ilo3TO.MY 

cos/]- cos(x - y) = cos/3- cos(y1 - x1). 

(3.11) 

IloKa)Ke.M, "ITO cos /3 - cos(x - y) -:/:- 0. B ca.MOM ,n:eJJe, ecJJII 6hr 

cos /3 = cos(x -y), TO JJH6o /3 = ±(x -y ), JJH6o /3 = 27r ± (x -y ). Ho rrepBoe 

II3 fl:BYX IIOCJJe,JJ:HHX paBeHCTB BhIIIOJ1H.HThC.H He .MO)KeT, T. K. IIJ10CKIIH yroJJ 

TpexrpaHHoro yrJJa He .MO)KeT 6hITh paBeH pa3HOCTH ,n:syx ,n:pyrnx ero rrJJoc

KHX yrJJOB. BTopoe H3 3TIIX paBeHCTB TaK)Ke rrpOTHBOpe"IHBO, IIOCKOJlhKY H3 

/3 < 7r H Ix - YI < 7r cJJe,n:yeT, "ITO /3 + Ix - YI < 27r, T. e. /3 < 27r - Ix - YI· 
TaKHM o6pa3o.M, II3 paBeHCTBa (3.11) rroJJy-qae.M: 

sinxsiny = sinx1 siny1. (3.12) 
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,Ll;a.Jiee no TeopeMe cnHycoB H3 TpeyroJibHHKOB BCD H ACD HMeeM: 

sinx 
sinx1 

= 
CD 
BC' 

DA 
AB' 

IlepeMHO:>KHM 3TH paBeHcTBa Ha ocHOBaHHH (3.12) rroJiy<:rnM: AB · BC = 
=CD·DA. 

EcJIH paccMoTpeTh TpexrpaHHbie yrJibI c BeprrrnHaMH A H C, TO TeM 

:>Ke rryTeM rroJiy<:rnM, 'ITO BC· CD= AB· DA. Ifa AB· BC= CD· DA 
n BC· CD= AB· DA y:>Ke cJie,rzyeT, 'ITO AB= CD n BC= DA. IloaToMy 
<:reTbrpexyroJihHHK ABC D - Koco:iI rrapa.JIJieJiorpaMM. D 

17.2. Och CHMMeTpHH Kocoro rrapam1enorpaMMa. ,Ll;oKa:>KeM Ta

Koe CBOMCTBO. 
TeopeMa 2. /l,A.R mow, "lmo6u 1wcoi1 "lemupexy20A'b'/-tU'lf, 6biA 'lf,OC'bl.M 

napaMeA02pa.M.MO.M, '1-te06XOOU.MO U OOCmamO"l'l-tO, "lm06'bl np.R.Ma.R, COeOU
'/-t.R10UJ,a.R cepeOU'/-t'bl e20 OUa20'1-taAei1, 6'btAa e20 OC'b10 CU.M.Mempuu. 

,LI; 0 Ka 3 a T e JI b c T B 0 . ,Ll;e:iICTBHTeJibHO, IIYCTb ,n;aH KOCOM rrapa.JIJie

JiorpaMM ABCD, M n N -cepe,n;HHbI .n;naroHa.Jie:iI BD H AC cooTBeTcT
BeHHO (pnc. 29). ,Ll;oKa:>KeM, 'ITO MN -
OCb CHMMeTpHH 3TOro rrapa.JIJieJiorpaM

Ma. lfa paBeHCTBa TpeyroJibHHKOB 
ABD n CED cJie,rzyeT paBeHCTBo 

nx Me,n;naH AM n CM. Ilo::iToMy 
TpeyroJihHHK AMC paBH06e,n;peHHbr:iI; 
MN B HeM Me,n;naHa, cJie,n;oBaTeJih-

HO, MN ..l AC. AHa.JIOrH'IHO .n;o- C 
Ka3brnaeM, 'ITO MN ..l BD. Tor.n;a 

CHMMeTpH5I c ocbIO MN oTo6pa)l(a-

eT TO'IKH A, B, C, D cooTBeTCTBeHHO 

B TO'IKH C, D, A, B, T. e. ,n;aHHbril: rra

Pa.JIJieJiorpaMM oTo6pa)l(aeTc5I Ha ce65I, 
H rro::iTOMY MN - ero och CHMMeTpHH. 

06paTHO, ecJIH N H M - cepe.n;n-

HbI .n;naroHaJieil: AC n BD Kocoro 

<:reTbrpexyroJibHHKa ABC D H rrp5!Ma5I 
]VJ N - ero OCb CHMMeTpHH, TO 3TOM 

B 

D 

PHC. 29 

CHMMeTpneil: Ka)l(,n;a51 H3 TO<:reK N n M oTo6pa)l(aeTc5I Ha ce65I, oTpe3KH 
AB n CD - ,n;pyr Ha ,n;pyra, n OTpe3KH BC n DA TaK)l(e rrepexo,n;5IT ,n;pyr 

B ,n;pyra. CJie,n;oBaTeJibHo, AB= CD n BC= DA, T.e. ABCD-Kocoli 
rrapa.JIJieJiorpaMM. D 

CneACTBJile. ae'l-tmp onuca'/-t'/-tOU cifjep'bt, v,e'l-tmpouo u v,e'l-tmp enuca'/-t'/-tOU 
cifjep'bt 'lf,Oco20 napaMM02pa.M.Ma Ae~am 'I-ta e20 ocu cu.M.Mempuu. 
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,1..l;e:ll:cTBIITeJibHO, ecmr Koco:ll: napaJ1JieJiorpaMl\I OTo6pa)KaeTcII Ha ce6II 
oceBOM CHMMeTpHe:ll:, TO Ha ce6II OT06pa)KaIOTC7.l Bnuca1rna7.l H orrncamrnII 

ccpepbI TeTpa3,L\pa ABCD, a 3Ha'InT, n ux IIe1npb1 n IJeHTpOH,L\ (B cnJiy 

e).l,HHCTBeHHOCTH Ka)K).l,OM H3 3THX TO'IeK). Ilo3T0MY OHH npHHa).l,Jie)KaT OCH 

CHMMeTpHll. 

17.3. ,Il;pyr:ue np:n3ttaK:u Kocoro napaJinenorpaMMa. 
TeopeMa 3. ,4JtJl mo20, "lmo6u iwcoil "iem'bipexy20Jt'b'HU1' 6uJt 1'0C'bl.M 

napaj/,j/,eJt02pa.M.MO.M, neo6xoJU.MO U iJocmamO"i'HO, "lm06'bl 1\a;)ICJaJl e20 Jua-

201-taJt'b o6pa30B'bl6aJta c e20 cmopona.Mu napy paenoeeJtU1'UX mpey20Jt'b

'HU1'06. 

He o 6 x o ,L\ u Moc Th. IlycTh ,L\aH Koco:ll: napanJieJiorpaMM ABCD. 
Tor).l,a TpeyroJibHHKll ABC n ADC paBHbI, a 3Ha'InT paBHOBemrKn. AHano

rH'IHO TpeyroJibHHKll ABD u CBD paBHOBeJinKn. 

,1..1; o c T a T o 'I H o c T b. IlycTh ).l,aH Koco:ll: 'IeTb1pexyroJibHHK ABC D, 
B KoTopoM TpeyroJibHHKH ABC u ADC, ABD u CBD cooTBeTCTBeHHO 

paBHOBeJIHKH. ,1..l;oKa)KeM, 'ITO ABC D - Koco:ll: napaJIJieJiorpaMM. IlpoBe

).1,eM BbICOThI AP u CH B TpeyroJihHHKax ABD u CBD coOTBeTCTBeHHO 

(puc. 29). IlocKOJihKY nJIOIIJa,L\ll 3THX TpeyrOJibHHKOB paBHbI, noJiy'!aeM 

AP· BD =CH· BD ~ AP= CH. 

IlycTh TO'!Ka N - cepe,D;nHa AC, u TO'IKa !vJ - ee opToroHaJihHM npoeKIJHII 

Ha npm.1y10 BD, TOr).l,a M -cepe).l,nHa OTpe3Ka PH. PaccMOTpnM npIIMO

yroJihHbie TpeyroJibHHKH AP M n CHM. B HHX AP = CH u P !vJ = H !vJ, 
T. e. TpeyroJibHHKH AP M u CHM paBHhI no ,L\BYM KaTeTaM, cJie,D;oBaTeJih

Ho, A!vJ = CM. Ilo CBOMCTBY Me)J;llaHhI paBHo6e).l,peHHoro TpeyroJihHnKa 

ACM nMeeM MN ..l AC. IhaK, npIIMaII NM, r).l,e N -cepe,D;llHa AC, 
a M - ee npoeKIJHII Ha npIIMy10 BD, nepneH,L\llKYJIIIpHa H npIIMOM AC, 
u npIIMOM BD. AHanorn'IHO CTponM npIIMYIO N 1 M 1 , r).l,e M1 - cepe,L\HHa 

BD, a N 1 - ee npoeKIJHII Ha AC, n onIITh noJiy'IaeM, 'ITO N 1M 1 nepneH,L\H

KYJIIIpHa u npIIMOH AC, n npIIMO:ll: BD. TaK KaK cyIIJeCTByeT poBHO O,L\Ha 

npIIMM, nepneH,L\HKYJIIIpHaII cKpeIIJnBaIOIIJHMCII npIIMhIM AC n B D, TO 

npIIMbie NM u N 1M 1 coBna,L1,aIOT. 3Ha'InT, !vl N - ocb cnMMeTpnu Kocoro 

'!eTbrpexyroJibHHKa ABCD. 0TCIO,L\a no TeopeMe 2 cJie,L1,YeT, 'ITO '!eTbipex

yroJihHHK ABCD IIBJIIIeTCII KOChIM napaJIJieJiorpaMMOM. 

TeopeMa 4. j{JtJl mo20, "imo6bt 1\ocoil ""emupexy20Jt'b'HU1' 6'bLJt 1'0C'bl.M 

napaj/,j/,eJt02pa.M.MOM, neo6xoilu.Mo u ilocmamo"ino, ""mo6u npJl.MaJl, coeilu

'HJl101.4aJl tt,enmp'bt enucannoil u onucannoil crfiep onpeJeJ1,J1,e.M020 u.M mempa-

3iJpa, nepece'l\aJta ilua20naJtu ""em'bipexy20Jt'b'HU1'a. 
H e o 6 x o ,L\ u M o c T h. EcJIH ABC D - Koco:ll: napanJieJiorpaMM, 

TO IJeHTP 0 onncanHo:ll: ccpepbI TeTpa3,L\pa ABC D u IJeHTp I ccpephr, 
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BllHCannofi B 3TOT TeTpa::i,L!,p, Jie:lKaT na OCH CHM:tvleTpHH Kocoro llapaJI

JieJiorpa:r.rJVra, T. e. 11p.HMa.H OJ llepeceKaeT ero ,ll,HaronaJIH AC II BD B HX 

cepe,L1,11nax. 

)], o c T a T o q n o c T h. IlycTh B KOCOM qeTbipexyroJihHHKe ABC D 
11p.HMa.H OJ llepeceKaeT ero ,ll,HaronaJIH AC H BD coOTBeTCTBemm B TO'-IKax 

Jvl H N. Tor,L1,a u,enTp 0 011ncannofi ccpephI Jie:lKHT B 6HcceKTopnofi llJIOCKO

CTH J AC ,ll,Byrpannoro yrJia Me:lK,ll,Y llJIOCKOCT.HMH ACE II ACD II l103TOMY 

paBnoy,L1,aJien OT 3THX ,ll,Byx llJIOCKOCTefi. On OpToronaJihHO 11poeKTHpyeTC.H 

B u,enTphI K H T OKpy:lKHOCTefi, 011ncannhIX OKOJIO TpeyroJihHHKOB AC B 
II AC D. Ilp.HMoyroJihHhie TpeyroJihHHKH 0 KB II OT D paBHhI, T. K. 0 B = 
=OD II OK= OT. CJie,ll,oBaTeJibHO, KB= TD= e, H OKPY:lKHOCTH, 011n

cannb1e OKOJIO TpeyroJihHHKOB AC B II AC D, paBHhI. Ilo TeopeMe cIInycoB 

AC = 2e · sin ABC = 2e · sin ADC. 0TCIO,ll,a cJie,L1,YeT, qTo JIII6o L.ABC = 
= L.ADC, Jin6o L.ABC + L.ADC = 180°. EcJIH u,enTp 0 011ncannofi ccpephI 

Jie:lKHT BHYTPII OTpe3Ka MN IIJIH na ero 11pO,ll,OJI:lKennII 3a ToqKy l\!f, TO 

TO'IKH K H T Jie:lKaT 110 O,ll,HY cTopony OT AC c BepIIIHHal\rn B H D cooT

BeTCTBenno, II TOr,ll,a L.ABC = L.ADC. EcJIH :lKe u,enTp 0 Jie:lKHT na 11po

,ll,OJI:lKeHIIH oTpe3Ka MN 3a TO'IKY N, TO u,enTphI K 11 T Jie:lKaT 110 pa3Hhie 

cToponhI OT AC c BepIIIIInaMH B n D cooTBeTCTBenno, n cnoBa L.ABC = 
= L.ADC. CJiy'!afi L.ABC + L.ADC = 180° l103TOMY ne HMeeT MecTa. 

AnaJiorH'!HhIM o6pa30M ,ll,OKa3hIBaeTc.H, 'ITO L.BCD = L.BAD. CorJiac-

no TeopeMe 1 '!eThipexyroJihHHK ABCD - Kocofi llapaJIJieJiorpaMM. D 

§ 18. OpmoJL02u'ltecri:ue ri:oc'bte 'ltem'btpexy20Jl'b'Huri:u 

TeopeMa. Ecj/,u nJ1,oc'1wcmu, npoeeae'li'li'bie "tepea cepeau'li'bL cmopo'li 

1wco20 "tem'bipexy20//,'b'liu1w ABCD nepne'liau'K:y//,Rp'lio coomeemcmee'li'li'bLM 

cmopo'liaM apy2020 'K:OC020 "temupexy20//,'b'liU'K:a A1B1C1D1, nepece'K:a'/OmCR 

6 oa'lioU mO"t'K:e, mo U n//,OC'K:OCmU, npoxoaRw,ue "tepe3 cepeaU'li'bL cmopo'li 

emopo20 1wco20 "tem'btpexy20//,'b'liu1w nepne'liau'K:y//,Rp'lio coomeemcmee'li'li'bLM 

cmopo'liaM nepeo20, ma'K:[)ICe nepece'K:a10mcR e oa'lioil mo"t'K:e. 

)], 0 K a 3 a T e JI b c T B 0. IlpH JII060M Bb16ope Ha'!aJia BeKTOpOB BeK-

TOpHbie ypaBHeHH.51 llJIOCKOCTefi llepBOll '!eTBepKH HMeIOT BH,ll,: 

(iUI+B)-x)UI1-B1) =0, 

(ic3+c)-x)c.a1 -ci) =o, 

Gee+ 15) - x) cc1 - 151) =o, 

(ic15 +A) - x) (151 - A1) =o, 
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flo YCJIOBIUO 3Ta CHCTeMa COBMeCTHa. IlepenmlleM ee TaK: 

1- -- - -- -
2(A + B)(A1 - Bi)= X(A1 - B 1), 

1- -- - -- -
2(B + C)(B1 - C1) = X(B1 - C 1), 

1- -- - -- -
2(C + D)(C1 - D1) = X(C1 - D 1), 

(3.14) 

1- -- - -- -
2(D + A)(D1 - A1) = X(D1 - A1), 

IlocJie CJIO:lKeHHR 3TIIX qeTbipex ypaBHeHHH B rrpaBOH qacTH, O'!eBII,.O:HO, no

JIY'IHM HYJib, a IIOJiy'IeHHOe paBeHCTBO TIOCJie rrpocTefiurnx rrpeo6pa30BaHHH 

MO)KHO 3ailHCaTh B TaKOM BH,n:e: 

9TO paBeHCTBO CHMMeTpH'IHO OTHOCJITeJihHO BeKTOPOB COOTBeTCTBeHHbIX 

BepruJIH 3TJIX KOChIX 'IeThrpexyronhHJIKOB, 'ITO u ,n:oKa3bIBaeT Teope111y. D 
Kochre qeThrpexyroJibHJIKH, y,n:onJieTBOp.moliine ,n;OKa3aHHOMY CBoil:cTBy, 

Ha3bIBaIOTCH opmOJ1,02u"ieC?CU.Mu omttocumeJl,'b'liO cepeiJutt coomBemcmBett

'li'btX cmopott. AttaJiorJI'!HO MO:lKHO ,n:oKa3aTh, 'ITO YTBep:iK,n;ettJie OCTaHeTCH 

JICTJIHHbIM, eCJIIi BMeCTO COOTBeTCTBeHHbIX CTOpOH B3HTb CTOpOHbI, npo

TJIBOIIOJIO)KHhie coOTBeTCTBeHHbIM. B 3TOM cnyqae qeTbrpexyroJihHJIKJI Ha-

3hIBaIOTCH opmoJ1,02u"iec?Cu.Mu omttocumM'b'liO cepeoutt npomu6onoJ1,0a1C'li'btX 

cmopott. 

§ 19. II1wc'J),ocmu-n 'K,Oco20 "iem'btpexy20Jl'b'HU'K,a 

19.1. Orrpe.u.eJ1eaue IIJIOCKOCTH-n. PaccMOTpJIM Kocoil: 'IeThrpex

yroJibHJIK ABC D JI IIJIOCKOCTh 'Y, npoXOMliIYIO qepe3 cTopotty AB. IlycTb 

3Ta nJIOCKOCTh rrepeceKaeT rrpoTHBOIIOJIO:lKHYIO cTopoHy CD B TO'!Ke C1, 

,n;eJrnll!eil: ee B OTHOmemrn >. = CC1 : C 1D. IlycTb a, b, c, d - ,n;JIJIHhI cTopoH 

AB, BC, CD, DA ,n:aHHoro qeTbrpexyroJihHJIKa cooTBeTCTBeHHO. EcJIJI 

!>-! = bn : dn, r,n;e n - I!eJioe HeOTPJII!aTeJibHOe 'IJICJIO, TO IIJIOCKOCTb 'Y Ha-

3hIBaeTCR nJ1,oc1wcm'b'lo-n Kocoro 'IeTbrpexyroJihHJIKa ABCD OTHOCJITeJihHO 

CTOpOHbl CD. 
IlpJI ,n:aHHOM n y KOCOI'O 'IeTbipexyrOJibHIIKa JIMeIOTCR ,.O:Be IlJIOCKOCTJI-n 

OTHOCJITeJibHO CTOpOHbI CD, TaK KaK TO'!Ka C1 MO:lKeT ,n:eJIJITb oTpe3oK 

CD B OTHOIIIeHJIJI >. BHyTpeHHJIM o6pa30M (.\ > O) JIJIJI :iKe BHemmIM 

o6pa30M (.\ < 0). CooTBeTCTBYIOliIJie nnocKOCTJI-n 6y,n:eM o6o3HaqaTh 'Y JI 

'Y' Ha3bIBaTb BHyTpeHHeH JI BHeIIIHeil: IIJIOCKOCTbIO-n. 
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TaKmv1 o6pa3oM, c KaJK,LJ;hIM KOCbIM qeThipexyroJibHIIKOI'vI npn ,ri;aHHOM n 
CB5I3aHbI B 0 c e Mb IIJIOCKOCTefi-n, II3 KOTOpbIX qeTb!pe 5IBJ15IIOTC5I BHJTpeH

HlIMlI lI qeTbipe BH6IIIHlIMlI. 9Tn IIJIOCKOCTlI onpe,ri;eJI5IIOT Ha CTOpoHax KOCO

ro qeTbrpexyroJihHHKa BOC6Mb TOqeK, KOTOpbre 6y,ri;eM Ha3bIBaTh TOqKar-rn-n. 

19.2. CaoiicTBa IIJIOCKOCTH-0 H 11nocKOCTH-1. Ilpn n = 0, oqe

BH,D;HO, CC1 = C1D, T. e. ToqKa Cr 5IBJI5IeTc5I cepe,n;IIHOH oTpe3Ka CD. 
BHeIIIH5I5I IIJIOCKOCTb-0 6y,ri;eT napaJI-

JieJihHa CTOpOHe, TaK KaK npn .>. = -1 

BHeIIIH5I5I TO'!Ka-0 5IBJI5I€TC.H 6ecKOHeq

HO y,ri;aJieHHOit. 

BoJiee co,i:i;ep)KaTeJihHhIMII cBofi

CTBaMn 06Jia,ri;a10T ITJIOCKOCTn-1. Ony

CTHM Ha IIJIOCKOCTh-1 1 H3 TO'leK c 
n D nepneH,LJ;HKYJI5Iphr C P n DQ 
(pnc. 30). ToqKn P, Q n Cr Jie

)KaT Ha O,D;HOfi np5IMOit, TaK KaK OHH 

npHHa,L(JI6)KaT O,L(HOBpeMeHHO IlJIOCKO

CTlI 1 lI ITJIOCKOCTH, npoxo,n;grn;efi qe

pe3 np.HMYIO CD nepneH,n;HKYJI5IpHo 

K 1· CJie,n;oBaTeJihHO, TpeyrOJibHHKH Pnc. 30 
C PCr n DQCr no,n;o6HhI, n noaTOMY 

CCr : DCr = GP : DQ. C ,n;pyrofi cTopOHhI, CCr : DC1 = b : d, 1160 1 
.HBJI5IeTc5I nJioCKOCTbI0-1. TaKnM o6pa3oM, noJiyqaeM: GP : DQ = b : d. 
IIocJie,n;H.H.H nponop~n.a yKa3hIBaeT Ha TO, 'lTO TpeyroJihHHKH BC P n ADQ 
no,n;o6Hhr, n noaToMy cTopoHbI BC n AD o,i:i;1rnaK0Bo HaKJIOHeHhr K ITJIOCKO

cTn 1· 
AHaJiorn'IHhIM o6pa30M y6e)K,ri;aeMc5I, 'ITO BHeIIIH5I5I ITJIOCKOCTh 1' 06pa-

3yeT co cTopoHaMn BC n AD paBHhle yrJihI. B nepBOM cJiyqae oHn Jie)KaT 

c pa3HbIX CTOpOH OT IIJIOCKOCTlI 1' a BO BTOpOM CJiyqae - c o,n;Hofi CTOpOHbI 

OT IIJIOCKOCTH 1 1
• 

I1MeeT MeCTO o6paTHOe npe,D;JIO)K8HHe: eCJilI IIJIOCKOCTh, npOXO)l;.Hlll;a.H 

qepe3 CTOpOHY KOCOro l.JeTbipexyroJihHHKa, o6pa3yeT c npnJie)KaID;HMH CTO

poHaMH paBHbie yrJihI, TO 3Ta IlJIOCKOCTb 5IBJI5IeTC5I IIJIOCKOCThI0-1, npnTOM 

BHyTpeHHeit lIJilI BH8IIIHefi B 3aBHClIMOCTH OT pacnoJIO)KeHH.H CTOPOH no 

OTHOIIIeHHIO K IIJIOCKOCTlI. 

TeopeMa. ,4AA mo20, "lmo6'bt n.n,ocnocm'b, npoxoa.R:W,aJ! "tepea cmopony 
noco20 "tem'btpexy20.n,'bnuna, o6paaoea.n,a c e20 npu.n,e:Hea~u.Mu cmopotta.Mu 
pa6tt'bte y2,f/,'bt, neo6xoau.tvto u docmamo"l'HO, "lmo6'bt 3ma n,f/,ocnocm'b 6'bt,f/,a 
n.n,ocnocm 'b'I0-1. 

Jl,OKa3aHHa5I TeopeMa II03BOJI5IeT ycTaHOBlITb O,L(HO MHO)KeCTBO ToqeK. 

IIycTb 1 5IBJI5IeTC5I IIJIOCKOCThI0-1 ,D;JI5I Kocoro qeTb!pexyroJihHHKa ABCD. 
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Ha cTopoHax AD n BC BhI6epeM rrpon3BOJihHO no TO'-!Ke D 1 n B 1 . 0'-!eBH,Ll,

Ho, qTo IIJIOCKOCTh 'Y .51BJI5IeTC.51 IIJIOCKOCThI0-1 H ,Ll,Jl.51 Kocoro qeThipexyroJib

HHKa ABB1D1. 
CJie,11.cTBHe 1. Ec.t1,u mpu np.RM'bte, iwmop'btM nputtaOJl,e:Jteam cmopott'bt 

1wcow 'l/,em'btpexy20Jl,'bttu1w, ifju-x:cupoeatt'bt, a 'l/,emeepma.R cmopotta .R6Jl,Jiem

c.R nepeMettttoil, mo Mtto:>1Cecmeo mo'l/,e-x;-1 ( ettympettttux UJ/,U ettewttux) tta 

nepeMettttoil cmopotte ecm'b napa nJ/,OC'K:ocmeu. 

:Vb ,Ll,OKa3aHHO.ii TeopeMhI MO)KeT 6hITh BhIBe,n,eHO H ,n,pyroe 3aMeqa

TeJibHOe CJie,Ll,CTBHe. IlycTh B rrpOCTpaHCTBe ,n,aHhI TPH rrorrapHO CKpeliIH

Ba10.rn;n:ec.51 rrp.51Mhie a, b, c, He napanJieJihHhie o,n,Hoii IIJIOCKOCTH. Bbrnc

HHM, CKOJihKO MO)KHO rrpoBeCTH IIJIOCKOCTe:Il qepe3 np.511'.IYIO c, o6pa3y

IOID;HX c rrp.51MhIMH a H b paBHbie yrJibI. qepe3 npRMhie a H b rrpoBe

,n,eM ,Ll,Be IIJIOCKOCTH, napaJIJieJihHhie rrp.51MOH c. 8TH ,Ll,Be IlJIOCKOCTH rre

peceKaIOTC.51 no rrp.51Mo:Il c', napaJIJieJihHO:Il c H rrepeceKaIOliie:Il np.51Mhie a 
n b. Ho qepe3 rrp.51MYIO c' npoxo,n,.HT ,n,se TIJIOCKOCTH, o6pa3YIOliIHe c rrp.51-

MhIMH a n b paBHhie yrJihI. CJie,n,osaTeJihHo, qepe3 npRMYIO c TaK)Ke 

npoXO,Ll,.51T ,D;Be IlJIOCKOCTH, KOTOpbie c IIp.51MhIMH a H b o6pa3yIOT paB

Hhie yrJihI. IlocJie,D;HHe ,n;se IIJIOCKOCTH rrapaJIJieJibHhI COOTBeTCTBYIOID;HM 

TIJIOCKOCT.51111, npoxo,Ll,.51.rn;n:M qepe3 np.HMYIO c'. EcJIH 6bI qepe3 np.HMYIO c 
MO)KHO 6hIJIO rrposecTH ellle O,Li,HY IIJIOCKOCTh, o6pa3yIO.rn;yIO c rrpRMhI

MH a H b paBHhie yrJihI, TO H qepe3 np.51MYIO c' MO)KHO 6bIJIO 6bI rrpo

BeCTH ellle 0,Li,HY TaKyIO )Ke TpeTbIO IIJIOCKOCTh, qTo rrpOTHBOpeqnT CJie,n;

CTBHIO 1. 
CJie,11.CTBHe 2. EG.11,U 6 npocmpattcmee oatt'bt mpu nonaptto c-x:pe14uea10-

14uec.R np.R.M'ble, tte napaj/,j/,eJ/,'bttue odttou nJ/,OC'K:ocmu, mo 'l/,epea 'K:a:>1C0y10 ua 

'HUX .MO:>IC'H,O npoeecmu no 06e nAOC'K:OCmu, 06paay1014ue C 06Y.M.R opy2U.MU 

np.R,.M'bl.MU paett'bte y2J/,'bt. 

19.3. IIocTpoeHHe rrJiocKocTH-(n + 1) rro ,11.atttto:U rrJiocKocTH-n. 
IlocTpoenne IIJIOCKOCTH-1 MO)KHO BhIIIOJIHHTb TaK. 0TJI0)KHM Ha CTOpOHax 

AD n: BC OT ToqeK A n: B paBHhie 

D 

A 

PHc. 31 

B 

C OTpe3KH AA1 n BB1 (pnc. 31). IlJioc

KOCTh 'Y, npose,n;eHHa.51 qepe3 cepe,n;H

HY E OTpe3Ka A1B1 n: rrp.51MYIO AB, 
.51BJI.51eTC.51 IIJIOCKOCThI0-1 ,D;JI.51 ,n,aHHOro 

Kocoro qeThipexyroJihHHKa ABCD. 
,Il,e:IlcTBHTeJihHO, npn:MeHHM K KOCOMY 

qeThipexyroJihHHKY Ai B1 CD n: rrJioc

KOCTH 'Y TeopeMy MeHeJia.51: 
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r,ri;e qepe3 C1 o6o3HaqeHa ToqKa nepcceqemrn nnocKocT11 'Y 11 npZ!MOH CD. 
Ho A 1E = EB1 II AA1 = BB1, no3TOMY II3 nocne,ri;Hero paBeHcTBa 

cne,ri;yeT: CC1 : C1D = b : d. cho 03HaqaeT, qTo ITJIOCKOCTb 'Y 51BJI51eT

C51 nnocKOCTbI0-1. EcJIII paBHbie OTpe3KII OTJIO:tf<eHhI Ha cTopouax IIJIH Ha 

npo,ri;OJI.lKeHIIHX CTOPOH KOCOI'O qeTbipexyroJihHIIKa, TO IIJIOCKOCTb 'Y 6y,ri;eT 

BnyTpe1rneii ITJIOCKOCTbI0-1. Ee.Ill! .lKe o.n;mr OTpe30K OTJIO.lKen na o,ri;noii 

CTOpone, a ,n,pyroii - Ha npO,ll,OJI.lKeHIIII ,n,pyroii CTOpOHbI, TO ITJIOCKOCTb 'Y 
6y,n;eT Bnenrneii IIJIOCKOCTbI0-1. 

TaKHt-I o6pa30M, ITJIOCKOCTb-0 ,D,JIZ! Kocoro qeTbrpexyroJihHIIKa ABBrAr 
OTHOCHTeJihHO cToponhI Ar Br Z!BJIZ!eTCZ! IIJIOCKOCThI0-1 )J;JIZ! Kocoro 'IeTbI

pexyroJihHIIKa ABC D OTHOCIITeJibHO CTOpOHhI CD. AHaJiorwrnhnr o6pa-

30M MO.lKHO ,n;oKa3aTh, qTo ecJI11 AA1 = CCr, BBr = DCr, npttqeM 

ToqKa Cr 51BJI51eTc51 ToqKoii-n na cTopoHe CD, TO nnocKOCTh-n ,ll;JIZ! qe

ThlpexyroJihHHKa ABBrAr 6y,n;eT IIJIOCKOCTbIO-(n + 1) ,ll,JIZ! ,ri;aHnoro Kocoro 

qeThlpexyroJibHHKa. 1'.ITaK, nMeeM TaKy10 TeopeMy. 

TeopeMa. Euiu xa cmopoxe CD -x:oco20 "lem'btpexy20J1,'b'/iu-x:a ABCD 
iJaxa mo"l-x:a-n Cr, u xa cmopoxax AD u BC om mo"le-x: A u B omj/,o:>/Ce'li'bt 

coom6emcm6e'li'liO ompes-x:u AAr = CCr, BBr = DCr, mo nj/,oc-x:ocm'b-n 
i)J1,J1, -x:oco20 "lem'btpexyWJl,'b'liU'Ka ABBrA1 R6Jl,RemcR nj/,oc-x:ocm'bw-(n + 1) 
i)J1,J1, iJa'li'li020 'KOC020 "lCm'btpexy20J/,'b'/iU'Ka. 

cha TeOpeMa ,n;aeT CIIOC06 IIOCTpOeHirn IIJIOCKOCTH-(n + 1), eCJIH ,ri;aua 

IJJIOCKOCTh-n. 

3aoa'l/,u 'x; 2J1,aae 3 
3.1. ToqKn Ar, Br, C1 , D 1 ,D;eJIZ!T cooTBeTCTBenuo cTopOHhI AB, BC, 

CD, DA Kocoro qeThrpexyroJihHHKa ABCD B o,n;noM n TOM .lKe OTHorne

Hnn A. ,Ll;oKa.lKnTe, qTo qeTb1pexyroJihHHK A1B1 C1D 1 -- napa;meJiorpaMM. 

,Ll;oKa.lKnTe, 'ITO npn A = 1 n:enTpoM 3Toro napannenorpaMMa 51BJI51eTC51 

n:enTpOH,D; qeThrpexyrOJihHHKa ABC D. Haii,D;nTe MHO.lKeCTBO Bcex n:eHTpOB 

3THX napaJIJieJiorpaMMOB npn >. = 1, ecJIII Tpn BeplllIIHbr qeTbipexyroJibHH

Ka OCTaIOTC51 HeIIO,D;BII.lKHbIMII, a '-IeTBepTaZ! OIIHCb!BaeT ,n,annyro IIJIOCKOCTb 

HJIII ,n,aHHYIO IIpZ!MYIO. 

3.2. ,Ll;oKa.lKHTe, qTo ,D;Jl51 KOCIIHyca yrJia 'Y Me.lK,ri;y ,n,11arOHaJI5!MlI KOCoro 

qeThrpexyrOJihHnKa ABC D IIMeeT MecTo cpopMyJia: 

IAB2 + CD2 
- BC2 -AD2

1 

COS"(= 2AC. ED . 

3.3. BepnmHhI A1, B1, C1, D 1 Kocoro qeTbipexyroJibHIIKa A1B1C1Dr 
Jie.lKaT cooTBeTCTBenno na CToponax AB, BC, CD, DA Kocoro qeThI

pexyroJihHHKa ABCD, np11qeM n:enTpOII)J;hI 3TIIX qeTbrpexyroJihHIIKOB 
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comrn.n;a10T. ,Il;oKa)KIITe, qTo BepIIIHHhI qeTbipexyroJihHHKa A 1B 1C1 D 1 

.n;emIT cTopOHhr qeTbrpexyroJibHHKa ABCD B pamrhrx OTHOIIIenmrx. 

3.4. IlpR!llbie, Ka)K,n;aR H3 KOTOpbIX coe,n;IIHReT )];Be TO'IKII Ha ,Il;BYX cMe)K

HbIX CToponax KOCOro qeTbipexyrOJibHHKa c TOqKa11rn, ,n;eJIRlll,IIlllII COOTBeT

CTBeHHO B Tex )Ke OTHOIIIeHIIRX rrpOTHBOIIOJIO)KHbie CTOpOHbI, rrepeceKaIOT

CR. 0Tpe30K Ka)K,Il;OH II3 3TIIX rrpRll!bIX, 3aKJI10qeHHhIH l\Je)K.n;y CTOpona:r.rn 

qeThipexyrOJihHHKa, ,n;eJIHTCR .n;pyrofi rrpRlllOH B TOM )Ke OTHOIIIemrn, KaK 

II Te CTOpOHhI, KOTOpbie nepBaR rrpRl\IaR ne rrepeceKaeT. ,Il;oKa)KIITe o6a 3TH 

YTBep)K,Il;eHIIR. 

3.5. ,Il;an KOCOH qeTbrpexyrOJihHIIK 11 HeKoTopaR TOqKa. '-Iepe3 Ka)K,Il;yIO 

CTOpOHY qeTbipexyroJihHHKa rrpoBe,n;eHa IIJIOCKOCTh, rrapaJIJieJibHaR rrpRl\IOH, 

rrpOXO,Il;Rlll,efi qepe3 ,n;aHHYIO TO'IKY II cepe,n;IIHY npOTIIBOIIOJIO)KIIOH CTOpOHhI. 

,I!;oKa)KIITe, 'ITO ITOJiy'IeHHhie TaKIIM o6pa30M IIJIOCKOCTII IIMeIOT o6lll,JIO 

TO'IKy. 

3.6. Ha CToponax AB, BC, CD, DA Kocoro 'IeThrpexyroJibHIIKa 

ABCD ,n,anhr cooTBeTCTBeHno TO'IKII A1 II A2, B1 II B2, C1 II C2 , Di 
II D2. ,Il;0Ka)K11Te, 'ITO ecJIII II3 'IeThrpex qeTBepoK ToqeK (A1,B1,C2 ,D2), 

(A2, B2, Ci, D1), (Ai, B2, C1, D2), (A2, B1, C2, D1) KaKIIe-JIII6o TPII o6pa3o

BaHhI KOMITJiaHapHbIMII TO'iKal\IJII, TO II TO'iKII OCTaBllleitCR qeTBepKII TaK)Ke 

KOMITJiaHapHbI. 

3.7. To'iKII A1,B1,C1,Di npIIna,n,Jie)KaT cToponaM AB,BC,CD,DA 
Kocoro qeThrpexyroJihHHKa ABCD. ,Il;OKa)KHTe, 'iTO nJIOCKOCTH, npoxo,n;R

lll,IIe qepe3 cepe,n;HHbI CTOpOH qeTbipexyroJibHIIKa II qepe3 cepe,n;HHhI 0Tpe3-

KOB, Ka)K,JJ;h!it II3 KOTOpbIX coe,n;umreT ,n;annyro ToqKy na cTopone c Bep

rmrnaMH npOTHBOITOJIO)KHOil CTOpOHhI, nepeceKaIOTC51 B O.D;HOH TOqKe TOr,n;a 

II TOJibKO Tor,n;a, KOr,n;a ,n,aHHbie TOqKH ua CTOponax KOMITJiauapHbI. 

3.8. ,Il;JI51 Toro, qTo6hI KOCOil qeTbipexyroJibHHK 6bIJI KOCbIM napM

JieJiorpaMMOM, neo6xo,n;HMO H ,n;ocTaToqno, qTo6hr ero ,n;IIaroHaJIII cocTaB

JI.HJIII paBHhie yrJibI c rrpOTlIBOilOJIO)KHbIMII CTOpOHaMII B Ka)K,D;Oit nape. 

,I!;oKa)lGITe. 

3.9. EcJIH np.Hl\Ia.H, npoxo,n;Rr.n;a.H qepe3 u;enTpou.n; Kocoro qeThrpexyroJib

HHKa H qepe3 u;eHTP OITIICaHHOil OKOJIO Hero (BITIICaHHOil B uero) ccpephr, 

nepeceKaeT .n;:1rnroHaJIH AC II BD, TO qeThrpexyroJibHHK ABCD ecTb Kocon 

napMJieJiorpaMM. ,I!;oKa:»<nTe. 

3.10. ,Il;oKa)KlITe, qTo B icoco.M po.M6e ,n;uaronaJiu nepneH,ll,HKYJI.HpHbI. 

,Il;OKa)KIITe, qTo eCJIII ,n:narOHaJIH KOCoro napaJIJieJiorpaMMa nepneH,D;IIKY

JI.HpHhI, TO OH .HBJI.HeTC51 'ICOC'bl.M po.M60.M. 

3.11. Kocou mpanev,ueu na3brnaeTc5l Kocofi qeTbipexyroJihHHK, B KOTO

poM BepllIIIHbl o.n;uoit CTOpOHbI ( OCHOBaHH51)' paBnoy,n,aJieHbI OT rrponrnorro

JIO)KHOH CTOpOHbI. ,Il;oKa:»<HTe, qTO B Kocon Tpane11:1m OCHOBamrn H cpe,n;H.H.H 

JIHHH51 rrapaJIJieJibHbl 0,1.J;HOH ITJIOCKOCTH. 
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I'JtaBa 4 

§ 20. I'o.MOA02U1i'H'ble mempa3dp'bl 

20.1. TeopeMa IlottceJie. Herrocpe;:i;cTBeHHhIM o6o6lileuneM Teope11b1 

)J;e3apra (§ 11) o TpeyroJihHHKax cJiy)KHT cJie,II,yIOlila5! Teope1ia IlouceJie 1. 

EcJtu npR.Mibte AiBi, coeiJu'liR'IOut,ue coomeemcmee'li'li'bte eepWU'li'bt mem
pa3iJpoe A 1A2A3A4 u B 1B2B3B4, nepecenawmcR B oiJ'liou mo"tne lvl, mo 
np.flM'bte mi nepece"teliu.fl coomeemcmeeHH'blX epaHeil ll'.i u /3i 3mux mempa-
3{)poB Jte:>1eam B oiJ'lioil nJtocnocmu µ. 

9Ty TeopeMy nuor;:i;a ua3bIBaIOT TaK)Ke TeopeMofi ,D;e3apra. 

,D; o K a 3 a T e JI h c T B o. Ilo TeopeMe )J;e3apra o TpeyrOJihHHKax Ha 

rrp5!MOH mi Jie)KaT TO'IKH cjk rrepeceqeHH5! pe6ep AjAk H BjBk (i,j, k = 
= 1, 2, 3, 4 11 Bee pa3JIH'IHbI) ;:i;aHHhIX TeTpaa;:i;poB (p11c. 32). Hanp11Mep, ua 

np5!.Mofi m1 = (A2A3A4) n (B2B3B4) Jie)KaT TO'IKH C23 = (A2A3) n (B2B3), 
C24 = (A2A4) n (B2B4), C34 = (A3A4) n (B3B4). IlpRMble m1 11 m2 
nepeceKaIOTC.H B TO'IKe C34 . B IIJIOCKOCTH µ 3THX np.HlllbIX Jie:maT TO'IKH C13, 
C23, C14, C24. TaK KaK TO'IKH C14 11 C24 np11Ha;:i;Jie)KaT rrp5!MOfi m3, TO oua 

TaK)Ke Jie)KHT B IIJIOCKOCTH µ. B aToi\ )Ke UJIOCKOCTH Haxo;:i;MTC5! H npHMaH 

m4, nocKOJihKY ;:i;Be ee TO'IKH C13 H C23 Jie)KaT B µ. D 
06paTHaH TeopeMa HMeeT MeCTO H )l;OKa3bIBaeTcH Ha OCHOBe o6paTHOfi 

TeopeMbI ,D;e3apra. B caMOM ;:i;eJie, ecJIH IIJIOCKOCTH ai H /3i rpaHefi ;:i;annhrx 

TeTpaa;:i;poB nepeceKaIOTCH no IIpHMhIM mi' Jie)KalilllM B O)l;HOfi IlJIOCKOCTll 

µ, TO )l;JIH TpeyroJihHllKOB A2A3A4 H B2B3B4 npHMhre A2B2, A3B3, A4B4 
nepeceKaIOTC.H B HeKoTopoi1: TOti:Ke lvl. Ana.nonrrmo ,ll,JI.H TpeyroJJbHHKOB 

A1A2A3 n B1B2B3 npHMhle A1B1, A2B2, A3B3 nepeceKaeTCH B o;:i;uofi 

TO'IKe. llocKOJihKY TaKofi TO'IKOfi HBJIHeTCH TO'IKa (A2B2) n (A3E3) = lvf, 
TO npHMaH A1B1 npoxo;:i;nT ti:epe3 M. 

)J;Ba TeTpa3;:i;pa, y;:i;oBJI€TBOpHIOliIH€ ycJIOBHIO TeopeMbl llonceJie, Ha3hl

BaeTCH WMOJ/,08U"t'li'bt.MU, HJIH nepcnenmuB'li'bt.MU. To'IKY lvl Ha3hIBa10T '4e'li
mpo.M 80.MOJ/,OC!UU TeTpa3;:i;poB, a IIJIOCKOCTh µ - nj/,ocnocm'b'IO 80.MOJ/,OC!UU. 

l I1 0 H C e JI e :/Katt (1788-1867) - ¢pattey3CKllll: llH)l(eHep ll MaTeMaTHK, O,LlllH ll3 
C03,LlaTeJielI npoeKTHBHOlI reoMeTpHH, 'IJieH-Koppecnott,LleHT I1eTep6yprcKoll: AH. Pa6o
TaJI B ITapH)l(e II Cop6otttte. 
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PHC. 32 

CJie)J.CTBHe. lliecm'b mo"te'X: nepece"tettuJI, coomeemcmeentt'blX pe6ep 

iJeyx 20.Mo.1w2u"ttt'btX mempa3iJpoe Ae:>1eam no mpu na "tem'blpex npJ1,.M'btX, 

m. e. R6.1tR10mcR eepwuna.Mu no.1tno20 "tem'blpexcmoponnu'X:a. 

20.2. ,l(e3aproea TeTpmi,[1.paJibHrul KOHqrnrypau,m1. IlycTh AaH 

TeTpa3,rq> (T) = A1A2A3A4 M TO'IKa Jvl, He rrpMHaAJie)Karn;aR ero rpa

HRM ai. 06o3Ha'IMM 'Iepe3 Mij TO'IKY rrepeee'IeHm1 rrJioeKOeTM M AkAu 
e rrp5IMOii: AiAj. TorAa TPH rrpRMhie lvfi2M34, M13lvh4, M14M23 rrpoxo~T 
'Iepe3 AaHHYIO TO'IKY M, TaK KaK OHM RBJIRIOTeR JIMHMRMM rrepeee'IeHMR 

rrJioeKOeTeii:, rrpoxo~rn;Mx 'Iepe3 TO'IKY M (pMe. 33). 
,[Lanee, eeJIM B Ka)KAOfi rpaHM ai AaHHOro TeTpa3Apa B35ITb no TaKOH 

TO'IKe Mi, 'ITO rrpRMhie Ailvlj M AjMi rrepeeeKaroTeR B OAHOfi TO'IKe Mku Ha 

pe6pe AkAu, TO rrpRMhre AiMi rrepeeeKaIOTeR B OAHOil: TO'IKe M. ,[LeiieTBM

TeJihHO, rrp5IMbre A;lvl; rrorrapHo rrepeeeKaIOTca, TaK KaK rrorrapHo Jie)KaT 

B OAHOii IIJIOeKoeTH. lfaBeeTHO, 'ITO eeJIM MHO)KeeTBO rrp5IMbIX o6JiaAaeT TeM 

eBolieTBOM, 'ITO JII06bre ABe H3 HMX rrepeeeKaroTeR, TO JIM6o Bee OHM Jie)KaT 

B OAffOH rrJioeKoeTM, JIH6o Bee rrpoXOART 'Iepe3 OAHY TO'IKy. B HameM eJiy'Iae 

rrpRMhie A;Jvli Bee B OAHOH IIJIOeKoeTM Jie)KaTb He MoryT, a rroToMy AOJI)KHbI 

rrepeeeKaTbeR B OAffOH TO'IKe M. 
KoHqmryparrMIO TO'IeK, rrpRMhrx M rrJioeKoeTeli, rroJiy'IeHHyro TaKMM o6-

pa30M c IIOMOIIl;blO TeTpa3.n;pa M TO'IKM, Ha3bIBaeT iJeaap20eoil mempa9dpa.!t'b

'H,OU 'X:OHgJU2ypau,ueil. 
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Pnc. 33 

20.3. IloJISipHIUI IlJIOCKOCTb TO'lKH OTHOCHTeJibHO TeTpa3.n;pa. 

IlycTh ,ll,aH TeTpa.3,ll,p (T) = A 1A2A3 A4 II TO'IKa M, He IIpI1Ha,L1,Jie:>KaI11a.SI 

ero rpaH.SIM, BbIIIOJIHIIB npe,ll,bI,lJ,YillHe nocTpoeHil.SI II coxpaHIIB BBe,ll,eHHhie 

o6o3Ha'leHil.SI, paccMOTpHM TeTpa3,ll,p M1M2M3M4. 0<IeBH,ll,HO, OH ro1110Jio

rI1'IeH c ,L1,aHHbIM TeTpa3,1J,pOM (T) c u;eHTpOM roMOJiornn A1. IlJiocKOCTb µ 
3TO:li roMOJIOrIIH Ha3bIBaeTC.Sl no.fl,Jl,p'l-toil nAOC1'COCm'b10 TO'IKH M OTHOCIITeJib

HO TeTpa.3,ll,pa (T), IIJIH 2ap.MO'l-tU"lCC?COU nOA.Ftpoil TO'IKH M OTHOCHTeJibHOe 

TeTpa.3,ll,pa (T). 
Ha:li,L1,eM 6apI1u;eHTpnqecKoe ypaBHeHile IIOJI.SipHo:li IIJIOCKOCTII, ecJIII 

TeTpa3,ll,p (T) npHH.SIT 3a 6a3HCHhI:li, a TO'IKa M nMeeT B-Koop,L1,I1HaTbI 

(>.1, >.2, >.3 , ,\4). Tor,ll,a TO'IKII Mi IIMeIOT (HeHopMI1poBaHHb1e) B-Koop,L1,I1Ha

Tb1: M1(0,>.2,>.3,,\4), M2(>.1,0,,\3,A4), M3(.\1,>.2,0,,\4), M4(A1,>.2,A3,0). 
B Ka)K,ll,o:li rpam1 TeTpa3,ll,pa (T) nocTpOIIM rap1110HI1'IeCKI1e noJI.Sipb1 

TO'leK Jvli OTHOCHTeJibHO TpeyrOJibHIIKa 3TO:li rpaHII (II. 11.2, pIIC. 10). 
CorJiacHo (2.2) OHII HMeIOT ypaBHeHI1.SI: 

X2 + X3 + X4 = 0, X1 = O; 
>.2 ).3 >.4 
X1 + X3 + X4 = 0, X2 = O; 
>.1 >.3 >.4 
X1 + X2 + X4 = 0, X3 = O; 
>.1 >.2 >.4 

(4.1) 

X1 + X2 + X3 = O, X 4 = O. 
>.1 >.2 >.3 
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JlerKo BII,ll;eTb, 'ITO 3TH 'IeTbrpe rrp.Hl\Ibie Jie)KaT B O,ll;HOii: IIJIOCKOCTH 

X1 X2 X3 X4 _ Q (4.2) 
.\1 + .\2 + .\3 + .\4 - ' 

KOTOpaH 51BJI5IeTC51 IIJIOCKOCTbIO rm.10Jior1111 TeTpa3,n;poB (T) H lvfi lvhA13/vf4 
(cp. p11c. 32). CJie,n;oBaTeJibHO, ypaBHeHHe ( 4.2) 11 ecTb ypaBHeH11e rroJIHp

Hoii: IIJIOCKOCTII TO'IKII lvl ( >. 1 , >-2, A3, >.4 ) OTHOCIITeJihHO 6a311cttoro TeTpa3,n;

pa (T). 

§ 21. Tempa3ap u mo'll'K;a 

21.1. TeopeMa qeBbI ,D;Jrn: TeTpa::i.n;pa. Ec.1tu wecm'b n.1toc1wcmeil, 

npoxooRw,ux "{epe3 pe6pa mempaaopa, nepece11;a10mcR e mo"l,11;e P u nepe

ce'/Ca10m npomueono.1to:>1C'H'bte pe6pa AiAj e mo"l11;ax P;j, mo Me:>1eoy n.1to

w,aoRMU mpey20.1t'b'HU1'oe, opueHmupoea'H'H'blX coomeemcmeen'Ho e 2pa'HRX 

mempaaopa, UMeem Mecmo 3aeucuMocm'b: 

P31A1P41 . P42A2P12 . P13A3P23 . P24A4P34 = 1. 
P34A1P31 P41A2P42 P12A3P13 P23A4P24 

(4.3) 

.n: 0 K a 3 a T e JI h c T B 0. B Ka)K,ll;Ol\l 113 3TIIX OTHOIIIeHIIH o6a Tpe

yrOJihHHKa IIMeIOT o6IIIYIO CTOpOHy, II03TOl\IY OTHOIIIeHmI IIX IIJIOIII;a.n;eli paB

HhI COOTBeTCTBeHHO OTHOllleHII.HM OpIIeHTIIpOBaHHbIX paCCTO.HHIIH OT Tpe

ThlIX BepIIIIIH .n;o o6III;eH CTOpOHhI. A OTHOIIl€H1151 3TIIX paccTOHHIIH COOT

BeTCTBeIIHO paBHbI OTHOIIIeHII.HM opIIeHTIIpOBaHHhIX paCCTO.HHIIH OT 3TIIX 

TpeTblIX BepIIIIIH .n;o .n;pyrofi rpaHII TeTpa3,n;pa, npOXO,n;HIII;efi <Iepe3 o6IIIYIO 

CTOpoHy TpeyrOJihHIIKOB (pIIC. 34). B CBOIO O'!epe,n;h IIOCJI€,ll;HIIe OTHOIIIeHII.H 

Puc. 34 
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paBHbI OTHOIIIeHll5ll\l HOpMllpOBaHHbIX 6apnu;eHTPWieCKlIX KOOpJJ:HHaT TO'IeK 

Pij, coOTBeTCTByIOiu;HX BepIIIHHe rpam1 paccMaTp1maeMbIX JJ:BYX TpeyroJib

HHKOB, KOTOpa5I HM He rrpHHa;i:Jie)KIIT. 

Iill\remro, eCJIII A 1, .A2 , .A3 , .A4 -- HOpl\rnpoBaHHbre 6apuu;eHTpwrecKne KO

op;i:1rnaTbI ;i:aHnoii TO'IKH P, TO TO'IKII Pij l!MeIOT Koop;i:nHaTbr: 

( 
)q A4 ) ( A3 A4 ) 

p41 .A1 + A4 'O, O, .A1 + A4 H p 34 O, O, ,\3 + ,\4' A3 + A4 . 

CJie;i:oBaTeJibHO, 

P31A1P41 

?34A1P31 

P13A3P23 .A1 + .A2 P24A4?34 .A2 + .A3 .A1 + A4 
P41A2P42 = .A1 + .-\2' P12A3?13 = .A2 + A3' P23A4P24 = A3 + A4. 

IloJiy'IeHHbie Bbipa)KeHH5I OTHOllleHIIll IlJIOiu;a;i:eii o6paru;aIOT JJ:OK33bIBael\!Oe 

cooTnonrenne ( 4.3) B O'IeBH,n;noe. D 
21.2. 06o6rn.eHHruJ TeopeMa BaH-06em1. !Iycm'b aa'/i mempa3ap 

A1A2A3A4 u '/ienomopa.F! mo"lna P, He np1maa.;ie:>teaw,aR e20 2pa1i.f!.M. lfepe3 

na:>teaoe pe6po oa'/ioiJ, 2pa1iu (Hanpu.Mep, 2pa1iU A1A2A3) npo6eae.M n.;ioc

'l\,OCmu, nomop'bte nepecenawm npomueono.;io:>te'/i'ble pe6pa A4Ai (i = 1, 2, 3) 
coom6emcm6e'/i'/i0 6 mo"lnax Qi. To2aa a.!!.f! na:>tCaoiJ, "le6Ua'/i'bl U.Meem .Mecmo 

pa6e'/icm6o Buaa 

(4.4) 

2ae P4 - mo"lna nepece"le'/iuR np.Ft.Mou A4P c n.;iocnocm'bw A1A2A3. 
,II, 0 K a 3 a T e JI b c T B o. IlycTb TO'IKa p IIMeeT HOpMllpOBaHHbie 6a

pnu;enTpll'I€CKIIe KOop,n;nnaTbI >.1, >.2, >.3 , A4. Haii,n;e11r B-Koop,n;nnaTbI TO'IeK 

P4, Qr, Q2, Q3: 

p ( .A1 .A2 A3 o) 
4 .A1 + .A2 + A3' .-\1 + .-\2 + A3' .A1 + .A2 + A3' ' 

Qi C1; ,\4' O, O, .A1 ~ ,\J' 
( 

.A2 A4 ) 
Q2 O, .A2+.A4'0' .-\2+.A4 ' 

( 
A3 A4 ) 

Q3 O, O, ,\3 + A4' A3 + A4 . 

,Il,aJiee HaXO,Il,IIM OTHOllI€HH5I B€KTOpOB 

A4P 1 - A4 A4Q1 .A1 A4Q2 .A2 A4Q3 A3 
PP4 = A4 Q1A1 = A4' Q2A2 A4' Q3A3 = ,\4. 

TaK KaK 1 - >.4 = >.1 + .A2 + >.3 , To cooTnonrenne (4.4) BbITIOJIH5IeTc5I. D 
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u He'K:omopaR mo"l'K:a P. Ec.1tu Pi - mo"l'K:U nepece"leHUR npR.M'btX 

c n.1toc'K:ocmR.Mu 2paHeil mempa:Jopa, mo u.Meem Mecmo pa6eHcm6o: 

PP1 PP2 PP3 PP4 _ l 
=+=+=+=-. 
Al P1 A2P2 AaPa A4P4 

PAi 

(4.5) 

PP; Xi 
B caMOl\I )J,eJie, = - , r)J,e Xi - opnennipoBaHHbie paccT05IHH51 

A;P; h; 
TO'IKlI P )J,O rpaHeii, hi - )J,JIHHbI BbICOT TeTpas)J.pa. PaBeHCTBO ( 4.5) 3K-

BlIBaJieHTHO ( 1.33). 
CJie,n;cTBHe. 3a.MemuM, "lmo 

A;P AJ5: - PJ5; = l _ PP;. 
A;P; A;P; A,P; 

To2oa u3 (4.5) no.1ty"lae.M: 

A1P A2P AaP A4P _ 
3 =+=+=+=-. 

A1Pi A2P2 AaP3 A4P4 
(4.6) 

21.4. ,ll;Be acpcpHHHhie KOHCTPYKlJ;HH TO'IKH, np.HMhIX H u;e1upoH

,n;oB rpaHeii TeTpa3,n;pa. ,Ll;oKaJKeM )].Be cJie,rzyroni;ne TeopeMbI acpcpmrnoro 

xapaKTepa. 

TeopeMa 1. Ilycm'b oa'/i'bt mempa30p (T) u '/ie'K:omopaR mO"l'K:a P, 'lie 

npuHaa.1te:J1Caw,aR e20 2paHR.M. I/epe3 'K:a:JJCoyw 6epwuHy mempa:Jopa npo-

6eoena npR.MaR, napa.!t.!te.1t'btta.H, np.H,MOil, cooep:JJCaw,eil mo"l'K:Y P u v,eHm

poua Gi npomu60.1te:J1Caw,eil 2paHu. To2oa nocmpoeHtt'bte "lem'btpe np.H,.M'bte 

nepece'K:awmcR 6 ooHoil mo"ltce Q, u np.H,.Ma.H, PQ npoxooum "tepe3 v,eHmpo

uo G oanH020 mempa:Jopa, npu"le.M PQ: PG= 4 (puc. 35). 
,LI; o K a 3 a T e JI b c T B o. BeKTOphI ri;eHTpOlI)J,OB Gi rpaHei1: ai TeT

pa3,1J,pa HMeIOT Bhipa)KeHlI51 (rrpH rrpOlI3BOJibHOM Ha'IaJie BeKTopoB): 
- 1 - - -
Gi = 3(Aj + Ak +Au), a BeKTOp TeKyni;ei1: TO'IKlI rrp5IMOH PGi paBeH 

Ai+ (Gi - F)ti =Ai+ G(Aj + Ak +Au) - P)ti, 

r)J,e t;-napaMeTphI (i = 1,2,3,4). 0'IeBlI)J,HO, rrpn t; = 3 nocJie)J,nee 

Bbipa)KeHlle He 3aBlIClIT OT i: 

A1 + A2 + A3 + A4 - 3P. (4.7) 

cho 3Ha'IlIT, 'ITO np51Mbie PGi nepeceKaIOTC5I B O)J,HOH TO'IKe Q, onpe)J,eJI5I-
- 1- - - -

eMoii BeKTopoM (4.7). TaK KaK G = 4(A1 + A2 + A3 + A4 ), TO noJiy'IaeM 

- - - 1- - - - -
PG= G - P = 4(A1 + A2 + A3 + A4) - P 

PQ = Q - P = A1 + A2 + A3 + A4 - 4P. 
IlosTOMY PQ = 4PG. CJie)J,oBaTeJihHO, TO'IKlI P, Q, G KOJIJilIHeapHbI. D 
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PHc. 35 

TeopeMa 2. llycm'b npou360.ll'b'H.aR mO'l/,'K:a P npocmpa'HCm6a coeou'l-tetta 

c v,e'Hmpouoa.Mu G; 2pa'l-teu mempa3i)pa (T), u ompe31'-U PG; paaOeM'H'bt 

mo'l/,1'-a.Mu Ci 6 oO'HO.M u mo.M ;JfCe om'l-towenuu >.. To2oa mempa90p'bt (T) 
u C1 C2C3C4 ZOMO.llOW'l/,'/i'bt, u v,e'Hmp Q 20.Mo.1to2uu .1te;JfCum 'Ha np.n.Moil PG. 

,LI, o K a 3 a T e JI h c T B o. BeKTOpbI ToqeK ,n:eJiemrn Bbipa:a<aIOTCH TaK: 

- P + A.G; 1 - >.. - - -
Ci = 1 + >.. = 1 + >.. P + 3(1 +,\)(Ai+ Ak +Au)· 

BeKTOP TeKyllleH ToqKn rrpHMoil: AiCi paBeH Ai+ (Ci - Ai)ti, r,n:e ti -
rrapaMeTpbI, HJIII rro.n:po6ttee: 

A;+ ( 1 ~ "P + 3(1 ~ >.) (Aj + Ak +Au) - Ai)ti. 

3(1 + >.) 
HeTpy,11.HO rrpoaepnTh, qTo rrpH ti = 

4
,\ + 

3 
3TO Bbipa:a<eHIIe He 3amrcnT 

OT i: 
(4.8) 

CJie,n:oBaTeJibHO, rrpHMhie A; C; rrepeceKaIOTCH B O,!l;HOH TOqKe Q, BeKTOp 

KOTopOH paBeH (4.8). 
,Ll,aJiee HaXO,!l;HM: 

--- ,\ - - - - -
PQ = Q - P = 4,\ + 3 (A1 + A2 + A3 + A4 - 4P), 

- - - 1- - - - -
PG= G - P = 4(A1 + A2 + A3 + A4) - P, 
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c 

OTKy,D,a 

Pnc. 36 

- 4,\ -
PQ = 4>.+ 3 PG. 

3Ha•uIT, TO'lKH P, Q, G KOJIJIHHeapHhI. 

§ 22. Tempa3dp u n.!loc1wcm'b 

D 

22.1. ,ll,eJieHI·rn TeTpa'.3)1.pa Ha )l.Be paBHOBeJIHKHe qaCTH. 
TeopeMa. il.!lOC'lf',OCm'b, npoxoiJRw,aR "iepe3 6u.Medua'liy mempa:Japa, ae

.!lUm eio 1-W iJBe pa6H06e.!lu'}(',ue "iacmu. 

,LI, o K a 3 a T e JI h c T B o. IIycTh N H M - cepe,n;HHhI pe6ep AB II CD 
TeTpaa,n;pa ABCD, H ceKyrn;ag IIJIOCKOCTh lvf P NQ rrepeceKaeT pe6pa BD 
H AC B TO'IKax P H Q (pnc. 36). ,Il,aHHhifi TeTpaa,D,p pa36HBaeTcR ceKyrn;efi 
nJIOCKOCThID Ha ,11.Ba MHororpaHHHKa Dlvf PNAQ H CJvf PBNQ. IlepBbifi 

H3 HHX cOCTOHT H3 TeTpaa,D,pOB DMPQ, ADPQ u ANPQ, a BTopofi-

H3 TeTpaaf(poB CMPQ, CBPQ H BNPQ. TeTpaaf(pbI DMPQ H CMPQ 

78 



paBHOBeJUJKH, nocKOJibKY HMeIOT o6rn;ee OCHOBaHHe II paBHhie BhICOTbI. IIo 

attanoruquoii npuqHHe paBHOBeJIHKII TeTpa3,ll,phI AN PQ II B N PQ. TeTpa-

3,ll,phI ADPQ II CBPQ TaK)f(e paBHOBeJIHKH. ,II,eiicTBHTeJihHO, rro TeopeMe 

MetteJia.H ,L\JI.H Kocoro qeThipexyroJihHHKa CDBA II paccMaTpHBael>roit ce
Kyrn;eii nJiocKoCTH MP N Q 

CM DP BN AQ 
MD . PB . NA . QC = l, 

II B c1my paBerrcTB CM= MD II BN =NA noJiy'l:ael\l: 

DP · AQ = PB · QC. (4.9) 

Ha ocrroBaHIIH ¢opMJJihI Cepnya (cM. [5], c. 98) TeTpa3,ll,phI ADPQ 
II CB PQ mreroT paBHhie o6'heMbI. B CIIJIY paBHOBeJIHKOCTH TeTpa3)l,pOB 

B Ka)f(,JJ:Oii II3 Tpex yKa3aHHhIX nap 111\Jee.M paBHOBeJII!KOCTb ,ll,Byx 1rnoro

rpaHHHKOB pa36Hemrn TeTpa3,n:pa ceKyrn;eil: nJIOCKOCTbIO. 

,JJ,pyroe H3.Hlil;HOe )l,OKa3aTeJihCTBO 3TOro ¢aKTa, MeTO)l,OM a¢¢IIHHbIX 

rrpeo6pa3onam1ii, m.rneTc.H Bo BTopoM TOMe (cM. [5j, c. 235). D 
CJieACTBHe 1. flJ1,oc1wcm'b, npoxoo.Rw,a.R 'l/,epe3 6u.Meouatty mempaao

pa, OeJl,Um Opy2ue npomueonOJl,o:JIC'l-ible pe6pa (6 o6eux napax) 6 pa6'/-iblX 
omi-wwettuJ!x. 

DP CQ 
B caMol\l ,n:eJie, H3 paBeHCTBa (4.9) cJie,Jl,YeT PB = QA. AHaJioruqHo 

no TeopeMe MetteJia.H fl:JI.H Kocoro qeTbipexyroJihHHKa ABC D H TOii *e 
BF AE 

ceKyrn;e:lt nnocKoCTH rrony'-laeM FC = ED. 
CJieACTBHe 2. BUMeouatta Jvl N OMum nonoJ1,a.M ompe3'K',U PQ u EF, 

'K',a:J!COblu u3 'K',Omop'blX coeouttJiem mO'l/,'K',U nepece'l/,ettu.R ce'K',yw,eu nJl,OC'K',ocmu 
c npomueonoj/,O:J/Cttbl.MU pe6pa.Mu mempaaopa. 

9To BbITeKaeT H3 yrroM.HHyToro )l,OKa3aTeJibCTBa 1reTO,ll,OM a¢¢ttuHhIX 

npeo6pa3oBaHHii. 

22.2. TeopeMa MettemUI. ECJ1,u nJl,OC'K',OCm'b nepece'K',aem pe6pa A;Aj 
mempaaopa A 1A2A3A4 coomeemcmeetttto 6 mO'l/,'K',aX Pij, mo .Me:J1Cay n.1w
w,aa.R.Mu opuettmupoeautt'blX mpeyeoJl,'bttU'K',OB, omce'K',ae.M'blX ua 2pattJ!X mem
paaopa, cyw,ecmeyem 3aeucu.Mocm'b (4.3). 

IlpHBe)l,eHHOe B II. 21.1 )l,OKa3aTeJibCTBO coxpaH.HeT CHJIY H B 3TOM cny

qae. 06paTHOe yTBep*,Jl,eHIJe He Bepno. 

22.3. H3oTOMH'IecKHe TIJIOCKOCTH. Ecj/,u nJ1,0C'K',OCm'b n nepece'K',aem 
pe6pa AiAj mempaaapa A 1A2A3A4 coomeemcmeetttto e mO'l/,'K',ax P;j, mo 
wecm'b mo'l/,e'K', Q;j, u3omo.MU'l/,eC'K',U conp.R:J!Cetttt'blX u.M omttocumeJ1,'bi-tO om

pe3'K',06 A;Aj' J1,e:J1Cam 6 oattou nJl,OC'K',OCmu f3' tta3'bl6ae.MOU U30mO.MU'l/,eC'l;;U 
conpJi:J1Ceunou nJl,OC'K',Ocmu o omuocumeJl,'bi-to aattno20 mempaaapa. 

,II, o K a 3 a T e JI h c T B o. IIo Teope.Me MetteJia.H )l,JI.H TpeyroJibHHKa 

H B CHJIY 3aBHCHMOCTH Me)f()l,y TO'l:Kal'vlll, lI30TOMl!qecKH corrp.H.>KeHHhIMlI 
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OTHOCIITeJihHO 0Tpe3Ka Q23, TOqKII Q12, Q13, Q2a, H30TOMJiqeCKIIe TOqKaM 

P 12, P13, P23 rrp.HMOH, KOJIJIIIHeapHbI. PaBHhil\I o6pa30M TO'IKII Q12, Q14 , 

Q24 rpaHH a3 JJe:lKaT Ha rrp.Hl\!Oll II TOqKII Q34, Q23, Q24 TaK:lKe KOJIJIII

HeapHbl. IIepBbie ,LJ,Be rrp.HMbie rrepeceKaIOTC.H B ToqKe Q 12 , cJie,LJ,OBaTeJibHO, 

Jie:lKaT B o.n;noli IIJIOCKOCTH (3. TpeTb.H np.HMa.H HMeeT c IIJJOCKOCThIO (3 ,LJ,Be 

o6ll[ue ToqKII Q23 u Q24, II rro3Tor.ry BC.H Jie:lKHT B Heli. D 
KaK cJie,LJ,CTBIIe noJiyqaeM anaJioruqnyIO TeopeMy ,LJ,JI.H Kocoro qeTbrpex

yroJihHIIKa. 

22.4. IlpB:Mbie raycca B rpaHB:X TeTpa::i.n;pa. IIycTb IIJIOCKOCTb a 
rrepeceKaeT pe6pa AiAj TeTpa3.n;pa cooTBeTCTBeHHO B TOqKax Pij. B Ka:lK

.n;oli rpaHH IIMeeM IIOJIHblll qeTbipeXCTOpOHHIIK, o6pa30BaHHblll Tpel\rn pe6-

paMII 3TOH rpaHII H IIp.HMOll ee rrepece'IeHH.H c llJIOCKOCTbIO a (pIIC. 37). 
IIocTpOIIM rrp.HMhre 9k faycca ,LJ,JI.H yKa3aHHhIX qeTbrpexcTopoHHHKOB ( cM. 

Pn:c. 37 
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[4J, c. 74). ,Ll,oKaMeM, qTo "iemupe np.H.Mue 9k I'aycca napa.!l.11,e.Jt'b'H'bl oO'HOil 

naocnocmu {3, u3omo.Mv,"iecnu conpR:J1Ce'H'HOil c n.1Locnocm'b'lo a om'Hocu

me.IL'b'HO mempa30pa A1A2A3A4. 
,Ll,eti:cTBIITeJibHO, IIp5IMa5I 9k orrpe,I\eJIReTC5I mo6bil\IH ,I\BYMR H3 Tpex Bel(

TOpOB: 

HarrpaBJIR1orr1ne BeKTOphI rrpRMhIX q1, q2 , q3 n11reIOT cooTBeTCTBenno Bbrpa

Men1rn 

Herrocpe,I\CTBenno BH,I\HO, qTo cy11111ra 3THX BeKTopoB paBna HYJih-BeKTopy. 

3naqnT, 3TH BeKTOpbI KOMIIJianapHhI, a IIp5IMbie q1' q2' q3 rrapaJIJieJibHbl 

neKoTopoti: IIJIOCKOCTH. PaBHhIM o6pa30M BCRKHe TpH H3 qeThrpex rrpRMhIX 

9k rrapaJIJieJibHhI COOTBeTCTBenrrn O,I\HOH IIJIOCKOCTH. Ho B KaM):\Oll TpOti:Ke 

BeKTopoB HMeIOTCR ):\Ba BeKTopa, 06I11He c ,I\pyroti: Tpoti:Koti:. CJie):\oBaTeJih

no, Bee qeThipe IIp5IMhJe napaJIJie.llbHhI O):\HOH IIJIOCKOCTH. 9Ta II.llOCKOCTb 

ll30TOMHqecKH COIIp5IMeHa c IIJIOCKOCThIO a OTHOCHTeJibHO ,[\aHHOro TeT

pa3,I\pa. B caMOM ):\eJie, BeKTop TOqKH Qij, H30TOl\rnqecKoti: c TOqKoti: Pij 
OTHOCHTeJihHO BepIIIHH Ai n A1, HMeeT BbrpaMenne: Ai+ A1 - Pij. 3naqIIT, 

HaIIpaBJienne BeKTopa Qij - Qiu= Aj - Pij - Au+ Piu, IIapaJIJieJihHOe (3, 
IIapaJIJieJibHO IIp5IMOll 9k· 

CJie,n;cTBHe. Ilycm'b Oa'Hu nRm'b n.1Locnocmeil 06w,e20 no.1Lo:J1Ce'HuR. 

)J,JLR na:J1Cooil u3 'HUX nocmpou.M n.1Locnocm'b, u3omo.Mu"iecnu conpR:JICe'H

'HY'IO om'Hocume.IL'b'HO mempa3opa, o6pa3o6a'H'H020 ocma.IL'b'H'bl.MU "iem'bip'b.MR 

nJLocnocmRMU. To2aa ece noJLy"ie'H'H'blX manu.M o6pa3o.M nRm'b n.1Locnocmeil 

napa.1L.1Le.1L'b'H'bl .Me:J1Coy co6oi1. 

B caMOM ):\eJie, IIpRMh!e faycca, IIOJiyqennhre yKa3aHHhIM BhIIIIe CIIoco-

6oM ,I\JI5I KaM):\Oro TeTpa3,I\pa II OCTaBineti:C5I IIJIOCKOCTII, 6y,[\yT 0):\HII II Te 

Me. 0TCIO,I\a no ,I\OKa3annoti: TeopeMe II cJie,[\yeT c¢opMyJittpoBannoe YTBep

M,I\eHIIe. 

§ 23. Ilapa.Jl.11,eA'b'HOe npoe?l;mupoBa'Hue 

u paB'HOBeAU?l;Ue mempa3dp'bl 

23.1. TpH 3a,n;a'IH o paattoBeJIHKHX TeTpaa.n;pax. PaccMoTpIIM pe

nrennR CJie,[\yIOillIIX 3a):\aq, B03HHKaIOI11IIX B CB5I3H c rrapaJIJieJihHhIM IIpOeK

TlipOBaHUeM IIJIOCKOCTH Ha IIJIOCKOCTb. 
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Puc. 38 

3 a ,n, a q a 1. TpeyroJJhHIIK ABC cnpoeKTIIpoBaH B HeKoTopmvr Ha

npaBJJeHIIli Ha TpeyroJJhHitK Ai Bi 0. ilJJOCKOCTli 3TIIX TpeyroJJhHMKOB pa3-

J1li'IHhI. )J,oKa3aTb, 'ITO TeTpa3,n,ph1 ABCCi n: AiBiCi C paBHOBeJJn:Kn: 

(pn:c. 38). 
P e I.II e H n: e 1. qeTblpexyroJJbHIIK BB1 Ci C -Tpanen,rr5L TpeyroJJh

HIIKII BCC1 n: B1 Ci C paBHOBeJJHKII. TaK KaK npaMa.H AAi napanJJeJJbHa 

ITJJOCKOCTII 3TOii Tpanen,m1, TO BhICOThI TeTpa3,n,poB ABCC1 II AiB1 Ci C, 
onyliieHHbie coOTBeTCTBeHHO II3 BepI.IIIIH A II Ai, paBHbr. CJJep,oBaTeJihHO, 

paBHbI II o6'heMbI 3TIIX TeTpa3,LJ,pOB. 

3aMeTIIM, 'ITO paccMaTpIIBae11Ibie TeTpa3,LJ,pbI OpIIeHTIIpOBaHbI rrpOTilBO

IIOJIO./KHO. Opn:eHTaIJ,II.H TeTpa3,n:pa orrpe,n;eJI.HeTCH oprreuTan,rrett ynopH,n:o

qeHHOH TpOHKII BeKTOpOB ero pe6ep c o6ru;IIM Ha'IaJJOM. 

p e Ill e H Il e 2 OCHOBaHO Ha TaKOM crroco6e BbI'IIICJieHII.H o6'hel\la npo

II3BOJibHOH rrn:paMII,ZJ;bI: 06?'Je.Jvt mo6oii nupa.MuJu paee'H oJuoil mpemu npo

U36ede7iUR a.fl,U'H'bl ee 60'/W6020 pe6pa U nJ1,0W,aau opmo201-taJ1,'b'HOU npoe-x:u,uu 

ocuoeauuR ua njl,oc-x:ocm'b, nepneuau-x:yj1,Rpuy10 3m0My pe6py. 

TiprrMeHIIM 3TO rrpocToe YTBep.IK,LJ,eHn:e K TeTpa3,n,paM ABCC1 
II AiBiCiC 3a,n:aqM 1. OH11 mv1e10T o6ru;ee pe6po CCi, a opTorottaJihHhre 

npoeKIJ,IllI TpeyroJJbHMKOB ABC lI AiB1 C1 Ha IIJJOCKOCTh, rreprreH,ZJ;MKyJrnp

HyJO 3TOMY pe6py, COBIIa,LJ,aJOT. 3Ha'IIIT, 3Tll TeTpa3,LJ,pbI paBHOBeJIIIKil. 
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PHc. 39 

3 a ,LI, a q a 2. To'IKH A, B, C, D Jie)KaT B IIJIOCKOCTH a, rrpn'IeM TO'I

KH A, B, C HeKOJIJiilHeapHhI. To'IKil A 1 , B1, C1, D1 HBmnoTc.5! HX 06pa3a1vrn 

rrpH rrapaJIJI8JihHOM npoeKTHpoBamrn Ha IIJIOCKOCTh n1. AoKa3aTh, 'ITO TeT

pa3,LJ,phI ABCD1 H A1B1 C1D paBHOBeJiilKH (pnc. 39). 
A o K a 3 a T e JI b c T B o ocHoBaHo na H3BeCTHOM cBoil:cTBe rrapa;r-

JieJihnoro npoeKTHpoBamrn: npu napa.11..1teJt'bttO.M npoe'l'l:muposattuu nJtoc-x:o

cmu tta nJtoc'l'l:ocm'b coxpatt.Remc.R omttowettue nJtow,aaeu <ftuzyp, T. e. OTHO

uremre IIJIO~a,Ll,eii JII06bIX ,Ll,ByX qrnryp nepBoii IIJIOCKOCTll paBHO OTHOIIIe

HHIO IIJIO~a,rr,efi HX npoeKIJ;Hfi. )KeJiaIO~lle MoryT y6e,L1,HTbC.H B 3T01\f ca

MOCTO.HT8JlbHO. AJI.5! 3Toro ,Ll,OCTaTO'IHo rrpoBecTn IIJIOCKOCTh, neprren,u.nKy

JI.HPHYIO HanpaBJieHHIO npoeKTHpOBaHn.H, ll npHMeHHTb cpopMyJiy IIJIO~a,II.H 

opToroHMbHOfi npoeKIJ;HH cpnryphI. CorJiacno 3TOMy CBOHCTBY 

S(ABC) ---,-.,..--.,- = 
S(BCD) 

S(A1B1C1) 
S(B1C1D1)' 
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OTKJ,D;a 

S(BCD) 
S(B1C1D1). 

Ha ocH0Bamu1 3a,n;aqu 1 o6'beMhI TeTpa3,n;poB BCDD1 u B 1C1D1D paBHhI, 

II03TOMJ 

= h' 
r,n;e h II h1 - ,IJ;JIIIHhI COOTBeTCTBeHHh!X BhICOT 3TIIX TeTpa3,IJ;pOB. 0Hll )K€ 51B

JI51IOTC51 II BhICOTa1'm TeTpa3,n;poB ABC Di II AiBiCiD. :Vb ,n;Byx rrocJie,n;HIIX 

paBeHCTB CJie,n;yeT: 

S(ABC) hi 
S(A1B1C1) - h' 

'-leM II 3aKaH'-IHBaeTc51 ,n;oKa3aTeJihCTBO. TeTpa3,n;phI ABCDi II AiBiCiD 
lllvl€IOT IIpOTIIBOIIOJIO)KHhie OplieHTa~IIII. 

3 a .n, a q a 3. To'-IKII A, B, C, D o,rr,Hofi IIJIOCKOCTH rrpoeKTupyIOTC51 

B HeKOTOpOM HarrpaBJI€HIIII Ha ,n;pyryro IIJIOCKOCTh COOTBeTCTBeHHO B TO'-IKII 

Ai, Bi, Ci, Di. ,Il,oKa3aTh, 'ITO TeTpa3,n;ph1 ABCiDi II AiBiCD paBHOBe

JIHKII (puc. 40). 

B 

PHc. 40 
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p e ill e H II e 1. IlpIIMeHIIM cPOPMYJIY o6'bel\la TeTpa3,n;pa 'IepC3 CJ\IC

rnaHHOe rrpOII3Be,n;eHIIe Tpex BeKTOpOB ero pe6ep c Ha'laJIOlVI B 0,ll;HOH II3 ero 

BepIIIIIH 

6V(ABC1D1) = IAB AC1 AD1I = 
= l(AA1 + A1B) AC1 AD1I = IAA1 AC1 AD1 + A1B AC1 AD1I = 
= IAA1 AC1 AD1 + A1B(AA1 + A1C1)(AA1 + A1D1)I = 
= IAA1 AC1 AD1 - A1B A1A AiD1 - AiB A1 C1 A1A + 

+ AiB A1C1 A1D1I-

3,n;ech IICIIOJih30BaHO ,Ll,IICTpII6ynrnnoe CBOHCTBO CJ\leIIIaHHOro npOII3Be,n;e

HII51 M TO, 'ITO Cl\IeIIIaHHOe rrpOM3Be,n;eHIIe KOMnJiaHapHhIX B€KTOpOB paBHO 

ttymo. AttaJiorwrno 

6V(A1B1CD) = IA1B1 AiC AiDI = 
= IA1A AiC AiD - AB1 AA1 AD - AB1 AC AA1 + AB1 AC ADI. 

Ha ocnoBaHIIII 3a,n;a'IM 2 TeTpa3,n;phI B Ka)K,LI,Of! M3 'IeThipex nap AA 1C1 D 1 
II AiACD, A1BAD1 M AB1A1D, A1BC1A II AB1CA1, A1BC1D1 
M AB1 CD paBHOBeJIIIKM M opMeHTIIpOBaHhI rrpoTMBOnoJIO)KHO. Ilo3TOMY 

B noJiy'leHHhIX Bhipa)KeHII51X ,n;JI51 6V(ABC1D 1) M 6V(A1B1CD) cMernaH

Hhie npOM3BC,ll;CHM51, CT05lilIMC Ha O,Ll,IIHaKOBhIX MCCTaX, MMCIOT paBHhIC MO,D;y

JIM M npoTMBOIIOJIO)KHhie 3HaKM. 0Tcro,n;a cJie,n;yeT, 'ITO TeTpa3,n;phI ABC1 D1 

M A 1B 1CD MMeIOT paBHhie o6'beMhI II opIIeHTMpoBaHhI npOTMBOIIOJIO)KHO. 

p e III e H II e 2. IlpMMeHMM MCTO,Ll, a<P<PMHHhIX npeo6pa30BaHMH, TaK 

KaK 3Ta 3a,n,a'la a<P<PIIHHa51. A<P<PMHHoe npeo6pa3oBaHMe npocTpaHCTBa 

coxpaH51CT OTHOIIICHMe o6'beMOB cPMryp, B 'laCTHOCTM, paBHOBeJIMKMe TeTpa-

3,Ll,pbI nepeBO,Ll,MT B paBHOBeJIMKMe TeTpa3,n,phI. Ha,n,o no,n,o6paTh a<P<PMHHOe 

npeo6pa3oBaHMe TaK, 'IT06hI paBHOBeJIMKOCTh o6pa30B ,n,aHHhIX TeTpa3,n,

poB npM 3TOM npeo6pa3oBaHMM 6hIJia O'!eBII,LI,Ha. IlyCTh nJIOCKOCTII ABC 
II A1B 1C1 nepeceKaIOTC51 no np£Moii. m. CyilieCTByeT a<P<PMHHoe npeo6pa-

30BaHIIe npocTpaHCTBa, KOTopoe oTo6pa)KaeT rrp51Mhie AA1 II m Ha neprreH

,Ll,MKYJI51pHhie np51Mhie a' M m'' rrpM'IeM np51Ma51 a' paBHOHaKJIOHeHa K o6-

pa3aM cl Mo:~ nJIOCKOCTef! ABC M A1B 1C1. Tor,n,a o6pa3hI napaJIJICJihHhIX 

np51MhIX AA1, BB1, CC1 , DD1 rrapaJIJieJihHhI Me)K,n;y co6of! M nepneH,n,M

KJJI51pHhI nJIOCKOCTM I CMMMCTpMM nJIOCKOCTefI o:' II Q:~. Ilo3TOMY ,n,aHHhIC 

TeTpa3,LI,phI ABC1D 1 II A1B1CD nepexo,L1,51T npII 3TOM npeo6pa3oBaHMII 

B TeTpa3,LI,phI, CMMMeTpH'IHhie OTHOCIIT€JlhHO IIJIOCKOCTH , , T. e. B paBHO

BeJIMKMe TeTpa3,LI,phI. 3Ha'IHT, paBHOBeJIMKH M ,n,aHHhie TeTpa3,LI,phI ABC1 D 1 

II AiB1CD. 
chO peIII€HM€ 0,Ll,HOBpeMeHHO 51BJI51CTC51 M peIIICHHCM 3a,LI,a'IH 2. 
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c 

PHc. 41 

23.2. 0THOIIIeHHe o6'heMOB .n,Byx TeTpa3.n,poB. Bepwmt'bt mem-
1xwapa ABC D cnpoe1'mupoeai-t'bt e i-te1'omopo.M nanpaeJ1,ei-tuu na nJ1,0C1'0-
cmu npomueonoJ1,o;w;nux UM 2paneil 3mo20 mempa3apa coomeemcmeenno 
e mo"l1'U Ai, Bi, Ci, Di. To2aa o6Be.M mempa3apa Ai Bi Ci Di empoe 60J1,'bWe 
o6r,e.Ma aantto20 mempa3apa ABCD (puc. 41). 

)], o Ka 3 a Te JI h c TB o 1. Ecm1 A2 - npoeK:u;1rn TO"'IKII Ai B 3a.n;aH

HOM HanpaBJieHIIII Ha IIJIOCKOCTh Bi Ci Di, TO corJiaCHO 3a,n;aLJe 2 npe.n;hl,z:i;y

i:u;ero nyHKTa TeTpaa.n;phI A2BCD II AiBiCiDi paBHOBeJIIIKII. Ilo CBOHCTBY 

Tpane:u;IIII TO'IKa M nepeceLJeHII51 .n;IIaroHaneil: Tpane:u;IIII BBi Ci C 5IBJI5IeTc51 

cepe.n;IIHOH OTpe3Ka KL, rrnpaJIJieJihHoro ee ocHoBaHII5IM. Tor.n;a B Tpane:u;IIII 

KLDDi .n;:n:aroHaJIH DK :n: DiL .n;eJIRT OTpe3oK AiA2 Ha TpH paBHhre 

'IacTII. 0THorrremrn OTpe3KOB AAi :n: AiA2 paBHO OTHorrreHIIIO BhICOT TeT

paa.n;poB A2BCD H ABCD. 9To :n: 3aKaH'IHBaeT .n;oKa3aTeJibCTBO. D 
)], 0 Ka 3 a T e JI b c T B 0 2. IlycTb HanpaBJieHIIe npoeKTIIpOBaHII51 

3a,n;aHo BeKTopoM p. IlpIIMeM BepIUIIHY D 3a Ha'IaJIO BeKTopoB. BeKTop 

Di TO'IKII nepece'IeHII51 np5IMOil: X = >..p c IIJIOCKOCThIO ABC, :n:Me10i:u;eil: 

ypaBHeHIIe (X - A)(B - A)(C - A)= 0, paBeH 

- - (ABC)_ 
Ai = A - (pBC) p, 

- (ABC) _ 
Di= p(B - A)(C- A)p. 

- - (ABC)_ 
Bi = B - (ApC) p, 
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0TCIO,IJ,a 

(D1A1 D1B1 D1C1) = (A1 - D1)(B1 - D1)(C1 - D1) = 3(ABC), 

'ITO M ,ll,OKa3bIBaeT ttarne yTBep)K,11,eHMe. 0 
23.3. TmK,n;ecTBO ,IJ;JHI npoeKu;Hii eeplllHH TeTpaa,n;pa. T..fepea eep

WU1i'bt mempa3iJpa A1A2A3A4 npoeei>eH.u napa.!l.!te.1t'b1i'bte np.RM'bte, nepece-x:a
'I0"14Ue iJaH.H.Y'IO n.1toc-x:ocm'b w coomeemcmeeH.H.O 6 mo"lx:ax B;, a npomueo
no.1to;J1C1i'bte ipaH.u mempa3opa - e mo"lx:ax C; (i = 1, 2, 3, 4). Toioa uMeem 
Mecmo paeeHcmeo: 

A1B1 + A2B2 + A3B3 + A4B4 = 1. 
A1C1 A2C2 A3C3 A4C4 

(4.10) 

,Il;Jrn ,ll,OKa3aTeJibCTBa IIOJIO)KMM: 

B4 = >-.1B1 + >-.2B2 + A3B3, rrpM'IeM >-.1 + >-.2 + >-.3 = 1, (4.11) 

r,IJ,e A; - HOpMMpoBaHHbie 6apm1eHTpM'IeCKMe KOOp,11,MHaTbI TO'IKM B4 OTHO

CMTeJibHO TpeyroJibHMKa B1B2B3. CorJiacHo acpq:mHHOl\IY CMbICJIY 6apM

IJeHTpM'!ecKnx KOOp,ll,MHaT KaK OTHOIIIeHMii IIJIOIIJa,n;ett OpMeHTiipOBaHHbIX 

TpeyrOJibHMKOB H Ha OCHOBaHMii CBOHCTB rrapaJIJieJibHOrO rrpoeKTHpOBaHM.H 

'IMCJia Ai MHBapttaHTHbI OTHOCMTeJibHO Hero. Ilptt rrapaJIJieJibHOM rrpoeKTM

poBaHMM c IIJIOCKOCTM w Ha IIJIOCKOCTb A1A2A3 rroJiyqae111: 

(4.12) 

IlapaJIJieJibHOe rrpoeKTiipOBaHMe Ha OCTaJibHbie rpaHM ,n;aeT COOTBeTCT

BeHHO: 

A4 = >-.1C1 + >-.2A2 + >-.3A3 = 
== >-.1A1 + >-.2C2 + >-.3A3 = >-.1A1 + >-.2A2 + >-.3C3. (4.13) 

Ifa (4.11), (4.12) M (4.13) Haxo,n;u111: 

OTCIO,ll,a 

B4 - A4 ==>-.1(B1 -Ai)+ >.-2(.82 - A2) + >-.3(B3 - C3), 

C4 - A4 ==>-.1(A1 - C1) + >-.2(A2 - C2) + >-.3(A3 - C3), 

.84 - A4 .81 - .A1 B2 - .A2 (.83 - A3) + (A3 - C3) 
~-~=- + + ' C4 - A4 A1 - C1 A2 - C2 A3 - C3 

'ITO paBHOCHJibHO ,ll,OKa3bIBae1110111y paBeHCTBY (4.10). 
23.4. AHa.JIOr TeopeMbl raycca. Ec.1tu oa1i mempa3iJp ABC D u np.R

Ma.R l nepece-x:aem n.1toc'll:ocmu BCD, CDA, DAB, ABC coomeemcmeeH.1iO 
e mo"lx:ax A1, B1, C1, D1, mo cepeiJuH.'bt ompea'll:oe AA1, BB1, CC1, DD1 
npuH.ai>.1te:>1Cam oi>H.oil n.1toc'/Cocmu. 
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)], 0 K a 3 a T e JI b c T B 0 1. Ilpll npoH3BOJibHOM BbI6ope Ha'IaJia BeK

TOpOB o6o3Ha'llll\I BeKTOpbl TO'leK Tel\lll )Ke 6yKBal\lll, '-ITO ll caMH TO'IKII. 

EcJIH !vi, N, P, Q-cepe,n;Htthr oTpe3KOB AA1 , BB1 , CC1, DD1, TO 

2M=A+A1, 2N=B+fJi, 2F=C+C1, 2Q=D+l51. 

)l,mr Toro, TIT06hr TOTIKll !vi, N, P, Q npnua,n;Jie)KaJill o.n;ttoil: IIJIOCKOCTH, 

Heo6xo,n;HMO H ,LJ;OCTaTO'IHO, 'IT06bI Cl\Jell!am!Oe IIpOH3Be,n;eHlle BeKTOpOB 

M - N, M - P, M - Q paBH51JIOCh nymo: 

(M - N)(M - f>)(M - Q) = o. 
::ho paBeHCTBO 3KBllBaJieHTHO paBeHCTBy: 

RPQ- MPQ + MNQ-MNP = o, 

KOTOpoe ll npe,LJ;CTOllT ,LJ;OKa3aTh. 

°YMHO)KllM JieByIO 'laCTh Ha 8 ll BeKTOpbl 21vl, 2N, 2P, 2Q 3a!lteHllM llX 
Bhlpa)KeHll51Mll: 

(B+ B1)(C+C\)(D+D1)-(A+A1)(C +C1)(D+D1) + 
+ (A+A1)(B+B1)(D+D1)-(A+A1)(B +B1)(C+C1) = 

=BC D+B1C D+BC1.i5+.Bc D1 +B1C1D+BC1D1 +B1C D1 +B1C1.i51-
-A1C D-AC D-AC1.i5-AC D1 -A1C1.i5-fl1C1D1-A1C D1 -AC1D1 + 
+A1B D+A B1D+A B .i5+A B Di +A1B1D+A1B .i51 +fl1B1D1 +A B1D1 -

-A1BC-AB1C-ABC1 -ABC-A1B1C1 -A1BC1 -A1B1C-A B1C1. 

qJieHhl IIOJIJ'leHHOH cyMMhl 3aIIHCaHhl TaK, 'ITO B Ka)K,LJ;OM ll3 BOChMll 

CTOJI6IJ;OB CJMMa TieTbipex CJiaraeMhIX paBHa HYJIIO B CHJIY KOMIIJiaHapHOCTII 

cooTBeTCTBy10m:ux TieTBepoK TOTieK. HanpuMep, 

nocKOJihKY TOqKH A 1 , B, C, D, KOMIIJiaaapHhI no ycJIOBHIO. 3THM ,n;oKa3a

TeJihCTBO 3aKaHqHBaeTC51. 0 
)], o K a 3 a T e JI h c T B o 2. McnoJih3yeM 6apIIu;eHTPIITieCKlle KO-

op,n;HHaThI TO'leK H BeKTOpOB OTHOCHTeJihHO ,n;aHHOro TeTpa3,n;pa. IlyCTh 

Xi = ui +Pit (i = 1, 2, 3, 4)-napaMeTpHqecKHe ypaBHeHH-" ceKyru;eii: 

Ilp51MOH l, r.n;e Ui - KOOp,LJ;HHaThl cPHKCHpOBaHHOH TO'IKH 3TOH np51MOH, Pi -

Koop,n;HHaThI ee HanpaBJimom:ero BeKTOpa p. Tor.n;a npH x 1 = 0 ttaxo,n;HM 

Koop,n;HttaThI TOTIKH A1 : 

A1 (o, Uz - u1p2' u3 - u1p3' u4 - u1p4) 
P1 Pi Pi 

( 
1 u2 u1p2 U3 u1p3 U4 .u1p4) 

H ceperrHHhI M oTpe3Ka AA1 · - - - -- - - -- - - -- 3a-....., . 2' 2 2 1 ' 2 2 I ' 2 2 1 . 
IlHCaB KOOp,LJ;HHaThl OCTaJihHhIX Tpex cepe,n;C.H paccMaT~HBaeMhIX i:fTpe3KOB, 
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cocTam1M orrpe,n;emITeJih H3 KOop,n;nttaT Bcex "IeTh1pex cepe,n;ntt: 

1 

2 
U1 U2p1 ----
2 2p2 

U1 U3p1 ----
2 2p3 

U1 _ U4p1 

2 2p4 

1 

u2 _ u1p2 
2 2p1 

1 

2 
Uz _ U3p2 
2 2p3 

U2 U4p2 ----
2 2p4 

U3 U1p3 U4 U1p4 ---- ----
2 2p1 2 2p1 

U3 U2p3 U4 U2p4 ---- ----
2 2p2 

1 
2 2p2 

U4 U3p4 ----
2 

U3 U4p3 
2 2p3 

1 
----
2 2p4 2 

16p1p2p3p4 U1p3 - U3p1 U2p3 - U3p2 p3 U4p3 - U3p4 

U1p4 - U4P1 U2p4 - U4p2 U3p4 - U4p3 p4 

TaK KaK u1 + u2 + U3 + U4 = 1 n P1 + P2 + p3 + p4 = 0, TO cyMMa Bcex 

CTpOK ,n;aeT HyJieByIO CTpoKy, T. e. onpe,n;eJIHTeJih paBeH HYJIIO, 'ITO H ,n;oKa-

3hIBaeT TeopeMy, 5IBJI5IIOUI,yIOC5I tterrocpe,n;cTBeHHbIM o6o6lll,eHHeM TeopeMhI 

faycca (cl\r. [4), c. 74). D 

§ 24. Haomo.MU'l/,ec-x;oe u u302mtaA'b1we 

npeo6pa3oBa'liU.fl npocmpaHcmBa 

24.1. H30TOMHqecKHe ToqKH OTHOCHTeJibHO TeTpa3,z:t;pa. 9TH .U,Ba 

rrpeo6pa30BaHH5I 5IBJl5IIOTC5I ecTeCTBeHHhIM 0606II1eHIIeM O,Il;HOHMeHHhIX Hiil 

npeo6pa30BaHnii: IIJIOCKOCTH (§ 13). B octtoBe H30TOMH"leCKoro rrpeo6pa3o

Battn5I Jle:/KHT CJie,Ll;yIOlll,a.51 TeopeMa. 

TeopeMa. llycm'b iJan mempa3dp (T) = A 1A2A3A4 u mo'iiw P, ne 
npunad.l!e~aw,aR ew zpanRM ai. Ec.!!u Qi - mo'i-x:a nAoc-x:ocmu ai, uaomo
MU"tttaR mo"t-x:e Pi = ai n (P Ai) omnocumM'b'ltO mpeyW.l!'bttuiw A1AkAu 
(i,j,k,u = 1,2,3,4 u Bee paa.l!U"t'lt'bt), mo "tem'btpe npRM'bte AiQi nepeceiw
emcR 6 oiJ'ltoii mo"t1'e Q. 
~ o K a 3 a T e JI h c T B o. Ilp5IMhie A1 Q 1 n A2Q2 Jie)KaT B IIJIOCKO

cTn A1A2Q34 , r.u,e Q34 -TO"!Ka pe6pa A 3A4, H30TOMH"!Ha5I TO"!Ke P34 ero 

rrepece"!eHH.51 c IIJIOCKOCThIO A1A2P (cp. pnc. 33) n, cJie.a,oBaTeJibHO, ne

peceKaIOTC.51. Ha 3THX )Ke octtoBaHH5IX Ka)K.U,hie .a,Be H3 "leTh1pex rrp5IMhIX 

AiQi nepeceKaIOTC.51. IlocKOJihKY ott:rr He Jie)KaT B o,n;tto:ii rrJIOCKOCTH, TO Bee 

nepeceKaIOTCSI B O,Il;HOH TO"!Ke Q. 
To"!Ka Q Ha3hIBaeTCSI uaomo.MU'iec1'u conpR~ennoii mo"t'X:e P omttocu-

mM'btto mempa3dpa (T). D 
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CJie,IJ.CTBHe. illecm'b n.1Loc1wcmeu AiAjQkt,, uaomoMu"tec?Cu conp.Fl
:J1Cei-t'H:1>tx coomeemcmeei-ti-to n,;wc?Cocm.FlM AiAjPku omi-tocumeJL'bi-to pe6ep 
AkAu, nepece?Cawmc.Fl e odi-tou mo"t?Ce Q. 

24.2. M3oTOMH .. rncKoe npeo6pa3oBaHHe. ~aHHhIM TeTpa3,n;poM (T) 
3a,n;aeTc.H rrpeo6pa3oBamie P --> Q, r,n;e P - rrpOH3BOJibHa.H TO"l!Ka rrpo

CTpaHCTBa, a Q- H30TOMH"tJeCKH corrp5!)KeHHa.H elt OTHOCHTeJihHO (T). '..:ho 

rrpeo6pa3oBattue P --> Q Ha3brnaeTC5! uaomoMU"teC'ICUM npeo6paaoeai-tueM 
rrpOCTpaHCTBa, 3a,n:aHHbIM TeTpa3,n:po1\l (T). 

3anumeM ¢op1v1yJihI H30TOil'JH"tJecKoro npeo6pa3oBaHH.H B 6apnu;ettTpn

"tJeCKHX KOOp,ll,HHaTax OTHOCHTeJihHO 6a3IICHOro TeTpa3,n;pa (T). ITycTh 

P(x1,x2,x3,x4) --> Q(y1,Y2,y3,y4). Tor,n;a B nJIOCKOCTII a1 noJiy"l!n11 

P1 (O; X2 : X3 : X4) --> Qi (0 : y2, y3, y4), II Ha OCHOBaHIIH (2.3) IIl\IeeM: 

X2Y2 == x3y3 == x4y4 (x1 == 0). AHanorII"tJHO ,IJ;JI.H IIJIOCKOCTII a3 BepHhI 

paBeHCTBa X1Y1 == X2Y2 = x4y4 (x3 = 0). CJie,n:oBaTeJihHO, 

X1Y1 = X2Y2 = X3y3 = X4y4 = k, 

r,n:e Bee Xi u Yi OTJIH"l!HhI OT HYJI.H. 0Tcro,n:a 

(4.14) 

k k k k 1 1 1 1 
YI: Y2: Y3: Y4 = - : - : - : - = - : - : - : -. (4.15) 

Xi X2 X3 X4 Xi X2 X3 X4 

chO II eCTb HCKOMbie cpopMyJihI H30TOMH"l!eCKOI'O rrpeo6pa30BaHH.H IIpO

CTpaHCTBa B 6apm.1,eHTpH"l!eCKHX KOOp,LJ,HHaTaX OTHOCHTeJibHO 6a3HCHoro 

TeTpaa,n:pa (T). BepmHHhI Ai H ,n:pyrtte TO"l!KH nJiocKocTelt ai HCKJIIO"llaIOTCB 

H3 o6JiaCTH orrpe,n:eJieHH.H npeo6pa3oBaHH.H. 

Cornacno ¢opMyJiaM ( 4.15) o6pa30M nJiocKOCTH 

.HBJI.HeTC.H IIOBepXHOCTb 

Ui + U2 + U3 + U4 = O, 
Yi Y2 Y3 Y4 

HJIH 

(4.16) 

9Ta IIOBepXHOCTb }]BJI.HeTC}] IIOBepXHOCTblO TpeThero nop}],IJ;Ka H co,n:ep)J(HT 

BepmHHbI TeTpaa,n:pa (T). TaKHM o6pa30M, uaomoMU"tec?Coe npeo6paaoea'tlue 
ecm'b x:pe.MO'tloeo ?Cy6u"'ecx:oe npeo6paaoea'tlue npocmpa'tlcmea. Ono coBna

,n:aeT co CBOHM o6paTHbIM. 

24.3. M3orottaJlbHoe npeo6pa3oBaHHe. ~Be ITJIOCKOCTH, npoxo,n:}]

m;tte "<Iepe3 O,IJ;HO pe6po TeTpaa,n;pa H CHl\IMeTpH"<IHble OTHOCHTeJibHO 6HCCeK

TOpHO:fi IIJIOCKOCTH ,n:Byrpannoro yrJia TeTpa3,n:pa IIpH 3TOM pe6pe, Ha3hIBa

IOTC.H U30201ta.IL'b'tl'blMU nJLOC'ICOCffi.FlMU OTHOCHTeJibHO ,n:aHnoro pe6pa. 

TeopeMa. Ilycm'b dai-t mempa3dp (T) u mo"t?Ca M, i-te npui-taOJLe;Hea
~a.Fl e20 2pa'H,.R,M. To2da wecm'b nJLOc?Cocmeu, uao2o'tla.1L'bi-t"blX nJLoc?CocmRM 
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A;Aji\1 omi-wcumeJlib'HO coomBemcmBe'H'H'btX pe6ep mempa9rJpa, nepecena
iomc.fl, B od'HOU mo"t'K:e N. 
~ o K a 3 a T e JI h c T B o. By,n;e11 rroJib30BaThC51 'HOp.Ma.11/b'H'bt.Mu Koop

,n;mraTal\rn Xi = Aihi (cM. II. 5.1) OTHOCHTeJibHO TeTpa3,n;pa (T). IlycTh 

X(x;)-rrpott3BOJibHa51 TO''-IKa IIJIOCKOCTH A 1A 2 NI, H Y(yi) ·-cooTBeTCTBeH-

11a51 eil TO'IKa lI30rOHaJihHOH ITJIOCKOCTU (X lI y Clll\JMeTpH'IHbl OTHOCll

TeJibHO 611cceKTOpHoil nJIOCKOCTH). Tor,n;a, KaK H Ha IIJIOCKOCTH (Cl\1. § 13, 

puc. 16), X3 = y4 n X4 = y3. TaK KaK IIJIOCKOCTh A 1A21\1 u1IeeT ypaBHemre 

X3m4 - X4m3 = 0 (m; -· KOOp,n;1rnaTbl TO'IKlI 1\1), TO lI30rOHaJibHa5I eil 

IIJIOCKOCTh OTHOCHTeJibHO pe6pa A1A2 n11eeT ypaBHeHue m3y3 - m 4 y4 = 0. 
CJie,n;oBaTeJihHO, ypaBHeHII5I II30rOHaJieil ,LJ;JI5I Bcex IIJIOCKOCTeil A;Aj JW 6y

,Ll;JT TaKHMH miYi = mjyj (i,j = 1,2,3,4). :::ha CHCTeMa lll\JeeT O'IeBlI,LJ;HOe 

perneH11e Yi = .2_. lfraK, BCe rneCTb H30rOHaJieil HMeIOT 06rn;y10 TO'IKY 
m; 

N(~ ~ -1 ~) D 
' ' ' . m1 m2 m3 m4 

To'IKH NI H N Ha3hIBaIOTC5I ( 63aU.M'HO) uao2o'Ha.11,'b'H'bt.Mu OTHOCHTeJihHO 

TeTpa3,n;pa (T). Ilpeo6pa3oBaHtte Jvl -+ N rrpocTpaHCTBa, Ha3hrnaeTc5I uao-
201-ia.fl,'b'H'bt.M npeo6pa306a'HUe.M npOCTpaHCTBa, 3a,n;aHHblM TeTpa3,n;poM (T). 

B1rncTe c ,LJ;OKa3aTeJihCTBOM TeopeMhI 06 H3oroHaJibHhlX TO'!Kax MhI rro

JIJ'IHJIH cpopMJJihI H3oroHaJihHOro rrpeo6pa3oBaHH5I B 'HOp.Ma.fl,'b'H'btX noopdu-
'Hamax: 

1 
y; = x;' i = 1,2,3,4. (4.17) 

XapaKTepucTHKa u3oronanhHoro npeo6pa3oBaHH5I aHanornqHa xapaKTepn

CTHKe H30TOMHqecKoro rrpeo6pa30BaHH5I. 

§ 25. I'unep6oAu'liecK;ue 'liemeepK;U np.flM'blX 

25.1. Onpe.n,enettHe H KpHTepHii rHnep6oJIH'lecKoii 'leTaepKH 
npstMbIX. EcJIH ,n;anbI ,n;Be cKpern;uBaIOrn;nec.H rrp.HMbie a n b, TO ,D;JI.H Ka)K

,n;o:lt TOqKn NI rrpocTpancTBa, He rrpnHa,n;Jie)Karn;eu 3THM rrp51MhIM, cyrn;e

CTByeT e,n;HHCTBe1rna51 rrp.HMa51, Jie)Karn;a.H B O,D;HOH IIJIOCKOCTH c Ka)K,D;OH H3 

,n;aHHhIX np.HMhIX u npoxo,11;51rn;a.H qepe3 ,n;anHyIO TOqKy NI. TaKo:lt np.HMott, 

oqeBu,n;Ho, 51BJI.HeTc51 JIHHH.H nepeceqenu.H nJIOCKOCTett CM, a) rr (M, b). 
IlycTh ,n;aHhI Tprr rronapno cKpern;nBa10rn;nec.H rrp51Mhie. l1epe1v1ern;a51 Toq

Ky M no O,D;HOil: H3 HHX, noJiyqaeM 6eCKOHeqHoe MHO)K€CTBO np.HMbIX, Ka)K

,n;a.H H3 KOTOpbIX Jie)KHT B 0,LJ;HOll fIJIOCKOCTH c Ka)K,LJ;OH HX Tpex ,n;aHHbIX 

IIp51MbIX. cho MH0)K€CTBO BC€X o6rn;HX C€KJIIl;HX Tpex ,n;aHHbIX nonapHO 

CKpern;nBa10rn;nxca np.HMhIX 5IBJI51eTc.H 2unep6o.11,oudo.M (n. 11.4, p11c.12), ec

JIH TplI ,n;aHHbie rrp.HMbie He napaJIJieJihHbI 0,LJ;HOH IIJIOCKOCTlI, H 5IBJI5!€TC.H 
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cunep6oftu"lec1m.M napa6oftouiJo.M (nr. [5], c. 69), ecm1 OHll rrapa.II.rre.rrbHbI 

0,IJ;HOM IIJIOCKOCTll. 

IlycTb ,n:aHbl '!eTbipe rrorrapHO CKpeUIIIBalOUilleC51 rrp51Mbie U1, U2, U3, U4. 

Tor.n;a, Boo6llle roBopR, cyll!eCTByeT He 60.rree ,n:Byx rrp51111h1x, rrepeceKaIO

UillX Ka:lKAfIO 113 ,n:aHHbIX 'IeTbipex rrpRMbIX. B ca1110M .n;e.rre, Tpll rrorrapuo 

CKpeUI11BalOUilleC5! IIp51Mbie U1' U2' U3 orrpe,n:eJI51IOT nmep60.rro11.n; 11.JIH :lKe 
r11rrep60.rr11qecK11il: napa60.rro11.n; ( ftU'Heii"lamyio 1waiJpu'/\',y), ,n:.rr51 KOTOpbIX 0H11 

51BJI5IIOTC51 o6pa3YIOUI11Mll o,n:Hoil: cep1111 ( ce111eil:cTBa). B 06llle11r c.rryqae np51-

Ma51 U4 He Jie:lKllT Ha 3TOH KBa,IJ;pl!Ke 11 Il03TOllIY MO:lKeT HMeTb c KBa,n:pHKOH 

He 60.rree ,n:Byx o6Uil!X TO'IeK. ~Be o6pa3yIOUIHe BTOpoil: cep1111, npOXO,ll;51Uille 

qepe3 3TH TO'IKll, nepeceKaIOT BCe '!eTbipe Ilp51!1!bie Ui. 0,n:HaKO ec.rr11 np51-

Mbie Ui l!MeIOT oco6oe B3allMHOe pacIIOJIO:lKemre B rrpOCTpaHCTBe, TO o6UillX 

ceKYll!llX IIp51MbIX MO:lKeT 6bITb 11 6ecKOHe'IHOe MHO:lKeCTBO. 9TOT oco6bill 

c.rryqafi yKa3aH TeopeMoil: lllaJI51 1. 

TeopeMa Illa.iu1. ECftu cyw,ecmeyiom mpu np.R.1v1i1:>te v1, v2, v3, '/\',a:>teda.R 
ua '/\',Omop'l:>tX nepece'/\',aem da'H'H'l:>te "lem'l:>lpe np.R.M'l:>le u 1, u2, u3, u4, mo 6C.R'/\',a.R 
"lemeepma.R np.R.Ma.R v4, nepece'/\',aiow,a.R mpu iJa'H'H'l:>te np.R.M'l:>ie u 1, u2, u3 
nepece'/\',aem u "lemeepmyio np.R.Myio u4 ( uftu napa./1,./1,eft'b'Ha eu). 

l1tta'Ie roBop51, eCftu cyw,ecmeyiom n.Rm'HaiJv,am'b mo"le'/\', nepece"le'HU.R 
"lem'l:>tpex np.R.M'l:>tX c "lem'l:>tp'b.M.R iJpy2u.Mu np.R.M'l:>t.MU, mo cyw,ecmeyem 
u wecm'HaiJv,ama.R mO"l'/\',a nepece"le'Hu.R (KoTopa51 11ro:lKeT 6bITb 6ecKoHe'IHO 

y.n;a.rreHHOll - Heco6cTBeHHOH). 

~ 0 K a 3 a T e JI b c T B o. ~Jl5I ,IJ;OKa3aTeJibCTBa o6o3Ha'Il!M TO'!Kll rre

pece'IeHH51 rrp51MOil: v 1 c rrp51MbIMll u 1, u2, u3, u4 cooTBeTCTBeHHO 'Iepe3 A1, 

A2, A3, A4, np51MOil: v2 - B1, B2, B3, B4, np51MOil: V3 - C1, C2, C3, C4 rrp5!-

110il: V4 c np51MbIMll u1, u2, u3 'Iepe3 D 1, D2, D 3 (pnc.42). ~oKa:lKeM, 'ITO 

v4 nepeceKaeT U4 B HeKoTopoil: TO'!Ke D4 . Ilo TeopeMe Mette.rra51 .D:JI51 Kocoro 

'!eTbipexyro.rrbHHKa A1A2B2B1 11 n.rrocKOCTH, onpe.n;e.rr51eMoil: np51MbIMll u4 

l! V3, l!MeeM: 

(4.18) 

~JI51 Toro :lKe 'IeTbipexyro.rrhHl!Ka 11 n.rrocKOCTll (u3, v4 ) Teope11<ia MetteJia51 

.n;aeT: 

(4.19) 

1 lll a JI b MuweJib (1793-1880) - <PpaHizy3CKttfi MaTeMaTHK " HCTOpttK MaTeMa

THKll, qJieH IIapmKCKoli, ITeTep6yprcKoli, BpIDcceJibCKoli " BepJIHHCKOli aK8AeMttli. 

ITocTpottJI CHHTeTttqecKyJO npoeKTHBHyJO reoMeTptttt, co3,n;aJI HOBOe HanpaBJieHtte -

BblqllCJIHTeJibHYIO reoMeTpll!O. 
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Pnc. 42 

IlpnMemrn: em;e pa3 TeopeMy MeHeJiasr K TOMY )l{e qeTbipexyroJihHHKy, 

rrepeceqeHHOMy IIJIOCKOCTblO (u3, V3), IIOJiyqaeM: 

A1A3 A2C2 B2B3 B1C1 _ l 
A3A2 . C2B2 . B3B1 . C1A1 - . (4.20) 

IlepeMHQ)l{HM rroqJieHHO paBeHCTBa (4.18) H (4.19) H pa3,ll;€JIHM Ha (4.20): 

(4.21) 

cho paBeHCTBO corJiaCHO ,ll;OCTaToqHoMy ycJIOBHIO TeopeMbI MeHeJia5.I, rrpH

MeHeHHOH K qeThipexyroJihHHKY A1A2 B2B1, 03HaqaeT, qTo TOqKH D1 , D2 , 

A4, B4 Jie)l{aT B o.n;HoH: rrJIOCKOCTH, T. e. rrpHMhie u4 H v4 Jie)l{aT B o,n:HoH: 

IIJIOCKOCTH H, CJie,n:oBaTeJihHO, rrepeceKaIOTCH B HeKoTopon ToqKe D4 (HJIH 

rrapanJieJihHhI). D 
11TaK, no ,n:oKa3aHHOi1 TeopeMe IllanH, ec.n,u cyw,ecmBywm mpu np.R.M'bte, 

nepece'/Caww,ue datt'H/bte "l.em'btpe nonaptto C'ICpew,uBaww,uec.R np.R.M'bte, mo 
ma'/Cux np.R.M'btX cyw,ecmByem 6ec'ICO'He"lttoe .M'HO;)!CecmBo. l..JeTBepKy rrpH

MhIX, paCIIOJI0)1{€HHbIX TaKHM o6pa30M, Ha3hIBaIOT zunep60J1.U"leC'ICOU "lem
Bep'ICOU np.R.M'btX. 9TH IIp5.1Mbie 5.IBJI5.llOTC5.I o6pa3yIOll!HMH o,n:HOH cepHH JIH

HeH:qaTOH KBa,n:pHKH. 

25.2. AHaJIHTH"leCKHe KpHTepHH rHnep6oJIH"lecKoii qeTaepKH 

npBMbIX. KpoMe KpHTepHH Illan.H HMeIOTC.H em;e KpHTepnn rnrrep6oJiwi:e

CKOH qeTBepKH rrpHMhIX rrpH 3a,n:aHHH rrpHMhIX ypaBHeHH.HMH. Mx rroJiyqnJI 

93 



HeMeU,KHll reoMeTp 0. fepMec B 1856 ro,n,y. IlpHBO,LJ;HM HX 6e3 ,LJ;OKa3aTeJib

CTBa. 

,[(m:i Toro, qTo6hr qeTbrpe rrp.51Mhre, 3a,ri;aHHb1e ypaBHeHH.51MH 

X2 X3 X4 

ai2 ai3 a14 

X1 X3 X4 
= 

a21 a23 a24 ( 4.22) 
X1 X2 X4 

a31 a32 a34 
) 

X1 X2 X3 

a41 a42 a43 

COCTaBJI.51JIH rurrep6onuqecKyIO qeTBepKy, Heo6xo,ri;mvJO H ,LJ;OCTaTOqHo, qT06bI 

orrpe,ri;eJIHTeJib 

0 a12 a13 a14 

az1 0 az3 az4 
(4.23) 

a31 a32 0 a34 

a41 a42 a43 0 

6hIJI CHMMeTpHqeH (aij = aji)· 
EcnH rrp.51Mhre CB.513aHbI c HeKoTopbIM TeTpaa,ri;pol\1 ypaBHeHH.51MH B ero 

rpaH.51X, TO KpHTepHfi fepMeca MO)KeT 6hITb CcPOPMYJIHpOBaH TaK. 

,[(JI.51 Toro, qTo6b! qeTbipe rrp.51Mhie, pacrrOJIO)KeHHhie B rpaH.51X TeTpaa,ri;pa 

H HMeIOIU,He B HHX ypaBHeHH.51 

E!.+ 
C12 

X3 X4 -+-
C13 C14 

=0, 

~+ 
C21 

~+E!.+ 
C31 C32 

~+~ 
C23 C24 

=0, 

= 0, 
(4.24) 

~+E!.+ =0 
C41 C42 

HMeJIH rHrrep6oJIOH,LJ;aJihHOe pacIIOJIO)KeHHe, Heo6xo,ri;HMO H ,LJ;OCTaTOqHo, 

qT06bIOilpe,ri;eJIHTeJib 

0 C12 C13 C14 

C21 0 C23 C24 
(4.25) 

C31 C32 0 C34 

C41 C42 C43 0 

6bIJI CHMMeTpHqeH. 

25.3. IlpHMepbI rHnep6oJIH'IeCKHX '!eTBepoK npaMbIX. CornacHo 

TeopeMe illan.51 ,LJ;JI.51 ,LJ;OKa3aTeJihCTBa Toro, qTo paccMaTpHBaeMa.51 qeTBepKa 

Ilp.51MhIX .51BJI.5leTC.51 rHrrep60JIHqecKofi, Heo6xo,ri;HMO OTbICKaTb TPH HX o6IIJ,HX 
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ceKyIIJ,IIX. c 3TOll u;eJihlO 110,II,6.1;tpaeTC5I 11pOeKTIIpOBamie (u;eHTpaJibHOe IIJIII 

11apaJIJieJibHOe) Ha 11JIOCKOCTh TaK, 'IT06hI TPII II3 3TIIX 11p5IMhIX 11pOeKTII

poBaJIHCh B TpoiIKy 11p5IMhIX 11JIOCKOCTH, 11epeceKalOIIJ,HXC5I B O,II,BOll TO'!Ke. 

TipnBe,II,eM llpm.repbI. 

TipnMep 1. B TeTpa3,n:pe o6IIJ,ero BII,II,a BhICOThI He 11epeceKaJOTC5I. 0Hrr 

11epeceKalOTC5I B 0,II,HOll TO'!Ke JIIIIllh B OpTOIJ;eHTpII'IeCKOM TeTpa3,II,pe (T. 2, 
rn. 6, § 6). 

B mempa3Jpe 06w,e20 euaa 6'btCOffi'bl o6paaywm 2unep60.!lU'l/,ecx:yw 'l/,em

eepx:y ( TeopeMa III Teiittepa). ,IJ,eiICTBIITeJihHO, TPH BhICOThI TeTpa3,II,pa, 

BhIXO,II,5IIIJ,IIe H3 BepmrrH 0,II,HOll rpaHrr, opToroBaJihBO 11pOeKTrrpyIOTC5I Ha 3TY 

rpaHh B Tprr ee BhICOThI. Tiep11eH,II,HKYJI5Ip K ,II,aHHoiI rpaHrr B ee opTou;eHTpe 

11epeceKaeT 3TII Tpn BhICOThl TeTpa3,II,pa H 11apaJIJieJieH '!eTBepTOii: BhICOTe. 

TaKnM o6pa3oM, '!eThrpe 11ep11eB,II,IIKYJI5Ipa K rpaH5IM TeTpa3,n,pa B nx op

Tou;eHTpax Jie)l(aT B 0,II,HOll 11JIOCKOCTH C Ka)l(,II,Oll H3 BhICOT TeTpa3,II,pa. Tio 

TeopeMe Illa.rr5I BhICOThl TeTpa3,n,pa 5IBJI5IIOTC5I o6pa3yJOIIJ,HMII O,II,HOll cepnn 

rn11ep60Jion,n:a, KOTOphriI n Ha3hmaeTC5I 2unep60.!louJo.M B'btcom. Ko BTopoii: 

cepnn ero o6pa3yJOIIJ,IIX 11prrHa,II,Jie)KaT yKa3aHHhre 'IeThrpe 11ep11eH,II,HKYJI5Ipa 

K rpaH5IM B HX OpTOIJ;eHTpax. 

r(e'Hmpo.M 2unep60.!louaa e'btcom (T. e. u;eHTpoM ero CHMMeTpnn) mempa-
3Jpa RB.!l.Remc.11, e20 mo'l/,x;a Mo'HDtCa (c.r.r. [5], c. 209). B caMOM ,II,eJie, u;eHTp 

rn11ep60JIOH,II,a BhICOT paBHOy,II,aJieB OT ,II,Byx ero llapa.rrJieJibHhIX o6pa3yro

Ill,HX - BhICOThI TeTpa3,II,pa H 11ep11eH,II,HKYJI5Ipa K COOTBeTCTBYIOIIJ,eit rpaHH 

B ee OpTOIJ;eHTpe. chH o6pa3yIOIIJ,He Jie)l(aT B 11JIOCKOCT5IX, 11pOBe,II,eHHbIX '!e

pe3 ,II,Be BepmHHhI Arr B TeTpa3,II,pa ABCD 11ep11eB,II,IIKYJI5IpHo pe6py CD. 
Tio3TOMy u;eHTp rn11ep60JIOH,II,a ,II,OJI)KeH Jie)l(aTb B 11JIOCKOCTH, 11pOXO,II,5IIIJ,e:li: 

'Iepe3 cepe,n:nHy pe6pa AB 11ep11eH,II,HKYJI5IpHo pe6py CD. A TaKne meCTh 

11JIOCKOCTeit 11epeceKaIOTC5I B TO'!Ke, KOTOpa5I H Ha3bIBaeTC5I TO'IKOit MOH)l(a 

TeTpa3,n:pa. 

IlpHMep 2. flp.R.M'bte, X:aDtCJa.R U3 X:OmOp'btX coeJU'H.Rem eepWU'HY mem
pa3Jpa c v,e'Hmpo.M ox:pyDtC'Hocmu, enuca'H'HOU e npomueono.!lODtC'HY'/O 2pa'H'b, 
o6paaywm 2unep60.flU'l/,ecx:yw 'l/,emeepx:y np.R.M'btX. 

,IJ,eitcTBHTeJihHO, 11YCTh Ji - u;eHTphr OKPY)l(HOCTeit, B11ncaHBhIX B rpaHn 

TeTpa3,II,pa ABCD. Ifa TO'IKII D 11p5IMhre AJr, B.h, CJ3 11poeKTrrpyroTc5I 

Ha rpaBh ABC B Tpn 11p5IMhre, 11epeceKaroIIJ,nec5I B O,II,HOit TO'!Ke, 'ITO JierKo 

11pOBep5IeTC5I 110 Teope111e "lleBhI ,II,JI5I TpeyroJihHHKa ABC. EcJirr Ar, Br, 
Cr - 11poeKu;rrrr u;eHTpOB Jr , Jz, h Ba 11p5IMhie BC, CA n AB, To 110 

GBOitCTBY 6ncceKTpHChI yrJia 

AB1 . CA1 . BC1 = DA . DC . DB = l 
EiC A1B C1A DC DB DA . 

Tip5IMa5I DDr (Di -TO'!Ka 11epece'!eHH5I 11p5IMhIX AA1,BBr,CCr) 11epe

ceKaeT Ka)l(,II,yJO H3 11p5IMhIX AJ1, B)z, CJ3 n n111eeT o6IIJ,yro TO'IKY D 
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c <JeTBepTOH rrpaMo.H DJ4 . AttaJIOrIPIHhU-IIJ: rrpoeKT11posamrnM11 113 sep
IIIllH A, B, C rroJiy'laeM eru;e TPH o6ru;ue ceKyru;11e rrpaMbIX AJ1 , Bh, Ch, 
DJ4 . 3Ha<JHT, OHM HMeIOT rrmep6oJiott,n;aJihHOe pacnoJio)Kemre. 

IlpHMep 3. llpR.M'bte, coeouxRww,ue eepwuxu mem-pa3iJpa c mO'l/,'X:a.Mu 

Jle.Myaxa npomueono.1w:>1C1i'btX 2paxeil (§ 10), o6paaywm 2unep60J1,u'l/,ecx;y10 

'l/,emeepx;y. 

,ll,oK83aTeJibCTBO <PaKTH'leCKH He OTJIH'laeTCR OT rrpe,D;hI,D;yID;ero. 
Ilpu:r-.rep 4. JipR.M'bte, coeOU1iR'IOW,Ue eepwuxu mem-pa3iJ-pa c mo'l/,'X:a.Mu 

x;acaxuR npomueonOJ1,0:>IC1i'btX 2paxeil c enucaxxoil B xe20 crjjepoil, npuxao

J1,e:>1Cam odxoil cepuu 06-paayww,ux 2unep60J1,ouaa. 

06ru;m.rn CeKyID;IIMlI 3THX IIp51MbIX 6y.n;yT npRMhie, ITO KOTOpbIM rrepece

KaIOTCR KmK,D;bie Tpll ITJIOCKOCTH, npose,n;eHHbie qepe3 pe6pa o,n;Horo Tpex

rpaHHOro yrJia 11 TO'IKY KacaHHR BillICaHHOM c<PepbI c npOTlIBOITOJIO)KHOH 

3TOMY pe6py rpaHhIO. Onyru;ettHhie no,n;po6ttocTH socrroJIHHT 'lHTaTeJih. 

§ 26. OpmoJLocu'lleC'});Ue mempa3dp'bt 

26.1. TeopeMa IIITeiittepa 1• ECAu npR.M'bte Pi, npoeedexxue 'l/,epea 

eepwu1i'bt mem-pa30-pa A 1A 2A3A4 nepnexiJux;yJl,Jl,p1io coomeemcmeexx'bt.M 

2IJa1iRM dpy2020 mem-pa30-pa B1B2B3B4, nepecex;awmcR e ooxoil mo'l/,x;e, mo 

np.RM'bte qi, npoeedexxue 'l/,epea eepwuxu emopo20 mem-pa30IJa nepnexoux;y

Jl,;ipxo coomeemcmeex1i'bt.M 2-pax.R.M nepeo20, max;:>1Ce nepecex;awmc;i e oiJxoil 

ffiO'l/,X:e. 

,lI, o Ka 3 a Te JI h c TB o. PaccMOTpHM nJIOCKOCTh a, onpe,n;eJiettttyIO 

,n;syMa npaMbIMH P1 u P2. Otta nepnett,n;11KyJiaptta rpattaM /31 u /32 BToporo 
TeTpa.3,n;pa, II03TOMY nepnett,n;nKyJiapua u pe6py B3 B4 ux nepece<Jettna. 

3tta'lnT, pe6po A1A2 nepsoro TeTpa3,n;pa nepnett,n;nKyJiaptto pe6py B3B4 
BToporo. Ha paBHhIX octtosattnax, Ka)K,n;oe pe6po AiAj nepsoro TeTpa.3,n;pa 

rreprreu,n;nKyJiaptto pe6py BkBu BToporo (,n;Jia scex mecTH nap p83JIH'lHhIX 
HH,n;eKCOB i lI j). 

PaccMOTpMM Terreph, HarrpnMep, ,n;Ba rrepnett,n;nKyJiapa ql H Q2 H3 sep
IllMH B 1 H B2 BToporo TeTpa.3,n;pa Ha cooTBeTCTBeHHhie rpattn a 1 n a2 

rrepsoro. Ilo ,n;oK83aHHOMy pe6po B1B2 nepneHMKYJIRptto A3A4, II03TO
My qepe3 B 1B2 MO)KHO rrposecTn IIJIOCKOCTh, neprrett,n;HKYJI51pHyro A3 A4 , 

a 3Ha<JMT, H rpatt51M a 1 n a 2. B 3TOH ITJIOCKOCTH ,D,OJI)KHhI Jie)KaTb npRMhie 

1lllTeHHep 5IKo6 (1796-1863)-nrneH.~apCKHH MaTeMaTHK, 0,11,HH H3 TBop~OB 
npoeKTHBHOH reoMeTpHH, qJieH BepJIHHCKOH. AH. BwJI npcxl>eccopoM MaTeMaTHKH 
B BepJIHHCKOM yttnsepcHTeTe. 
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Qi H Qz, II09TOJ\IY OHH rrepeceKaIOTC51. TaKHM o6pa3oM, mo6h1e )],Ba rrepneH

,ll,HKyJrnpa Qi u Qj nepeceKaIOTC51. ilocKOJihKY OHH He l\IOryT JJC)KaTb B O)J,HOH 

IlJlOCKOCTII, TO Bee OHH nepeceKaIOTC51 B O,llJIOll TO'!Ke. 0 
)],Ba TeTpa9,ll,pa, y,ll,OBJieTBOp>IIOHIIIe )J,OK33aHHoii Teope111e 1Ure1rnepa, 

Ha3bIBaIOTC51 opmoJ1,02U"ieC'l'ZU.MU, a TO'!KH nepece•remrn yK33aHHhIX rrepneH

,lJ,HKYJI>IpOB - opmOJ1,02U"ieC'l'ZU.MU '11,eumpa.MU. 
I1pu111epo111 naphl opTOJioru'!eCKHX TeTpa9)J,pOB CJIY)KIIT )J,antihlll TeT

pa9,l],p H TeTpa9)J,p, BepnnrnaMH KOTOporo cJiy)KaT u:eHTpbI OKpy)KHOCTefi, 

omrcaHHbIX OKOJIO rpaueii ,l],aHHOro TeTpa9)J,pa, TaK KaK rreprreH)J,IIKYJI5IpbI 

K rpaH>I!II TeTpa9,ll,pa B u:eHTpax 9Tnx OKPY)KHOCTeti rrepeceKaIOTC51 B u:eHTpe 

omrcaHHOii c¢epbr TeTpa9,l],pa. 

26.2. Koco opToJior11•rncKHe TeTpa3,l].pbI. 0606H1emreM )J,OK33aH

HOfi TeopeMhI llheiiHepa 5IBJI5IeTrn cJie,lJ,YIOHla>I TeopeMa Heii6epra 

(1886 r.). 
Ecj/,u nepne1lOu7qJJ1,.flp'bt Pi, npoeeoe1l'li'bte ua aepwuu mempa3opa 

A1A2A3A4 ua coomsemcmae1ln'bte 2pauu f3i mempa3opa B 1B 2B 3B 4, 06-
paaywm 2unep60J1,U"iec'!'Zyw "iemaep'!'Zy, mo :Jmu.M :J1Ce csoucmso.M 06J1,aoawm 
nepneuou'!'ZyJl,Rp'bt Qi, nposeoe1l1l'bte ua aepwuu smopo20 mempa3opa 1-ia 
coomeemcmae1lu'bte 2pauu ai nepao20. 

)], 0 K a 3 a T e JI h c T B o. Ilp51!11bie Pi orrpe,ll,eJI5IIOT nmep60JIOII)J,, Ha 

KOTOpOM Jie)KaT BepurnHhI A;. IlJioCKOCTH ( A4, PI), ( A4, P2), ( A 4 , p3) rre

peceKamTc>I no np511110ii g, rrpoxOMH1eli qepe3 aeprnnHy A4 n 5IBJifIIOH1eiic.H 

06pa3yIOH1eli BTopoii cepnII 9Toro rnrrep6oJion)J,a. IlycTb d1, d2 , d3 - pac

CTO.HHII.H OT npOH3BOJibHOii TO'!KH Ilp5IMOH g )J,O rpaHeii a1) a2, a3 TeTpa9,ll,pa 
di d2 d3 

A 1A2A3A4. 0THornetrn.H d
2

, d
3

, di He 3aBHC.HT OT Bbr6opa TO'!KH Ha rrp5!-

MOii g. 8TH OTHOIIIeHH.H, B3.HTbie COOTBCTCTBeHHO )J,JI.H TO'IeK nepece'!emrn 

np>IMOii g c rrp>IMbIMH p1, P2, p3 paBHbI 

OTKy)J,a 

sin(~) 
sin(~)' 

d3 _ sin (p2,{i;) 
di - sin(~)' 

sin(~) sin(~) sin(p2,{i;) _ l 
sin(~)sin(~)sin(~) - · 

(4.26) 

l'vleTO)J,0111 OT npOTlIBHOro )J,OKa3bIBaeTC51, qTO BbillOJIHCHHe 9TOro COOTHO

wemrn .HBJI>IeTc.H iJocmamO"i1l'bt.M ,ll,JI5! Toro, 'fT06b1 cyH1eCTBOBaJia npRMa.H, 

npoxo,ll,mu;a.H qepe3 A4 n rrepeceKaIOH1a5! 'feTbipe rrp.HMbie p;. 
IIo 06H1eMy caoii:cTBY yrJIOB l\Ie)K,ll,Y np.HMbIMII II nJIOCKOCT>IMH yrJibI 

(z;;,a;) n ( ;;;:?J;) paBHbI )J,JI.H Ka)K)J,Oii napbI Hepamib!x HH)J,eKCOB i, j. CJie

,lJ,OBaTeJibHO, )J,JI.H TeTpa9)J,pa B1B2B3B4 B cnJiy (4.26) 6y,ll,YT BbIIIOJIH.HTbC.H 

qeTbipe cooTHOIIIeHH.H TaKoro BII,n,a )J,JI.H Ka)K,n,oro TpexrpaHnoro yrJia. Ha 
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OCHOBaHHH )J,OCTaTQL!HOCTH 3THX paBeHCTB cyrn;eCTBYIOT 'IeTbipe rrpsn.Jhre, 

Ka)K)J,a.H H3 KOTOphrx rrepeceKaeT rrp.Hllihrn qi. D 
,1.J:Ba TeTpa3,[J,pa, o6Jia)J,aIOrn;lle )J,OKa3aHHhil\J CBOHCTBO!ll, H!33hIBaIOTC.5! '/CO

CO opmO.!t02U"tEC1'U.MU. Ilp:nMepo!ll rrapbl KOCO opTOJIOrH'IeCKHX TeTpa3,[J,pOB 

.HBJI.HeTC.51 )J,aHHbIH TeTpa3,[J,p H TeTpa3,[J,p c BepIIIHHaMH B OCHOBaHH.HX ero 

BhICOT. Ilo )J,OKa3aHHOH TeopeMe Heli6epra cne.rryeT, 'ITO nepnexau,,.yJ1,.f!

p'bt, onyw,exx'bte ua 6epwu·n aaxxo20 mempa3apa na coomBemcmBe'li'H.'bte 

n.!tOC1'ocmu, 1'a:>1eaa.f! ua 1'0mop'btx onpeae.!t.f!emc.f! mpe.M.f! oc'H.oBa'liu.f!.MU 6'bt

com aa'/i'/i020 mempa3apa, o6paayem 2Unep60.!tU"tEC1'Y'IO "temeep1'y. 9TH!IJ )Ke 

CBOHCTBOM o6Jia)J,aIOT rrepneH)J,llKYJI.Hphr, onyrn;eHHbie ll3 Bep1mrn )J,aHHOro 

TeTpa3,[J,pa Ha COOTBeTCTBeHHbie rpaHH TeTpa3)J,pa c BepIIIllHal\JH B OpTOIJ;eH

Tpax rpaHeli )J,aHHoro TeTpa3,1J,pa. 

§ 27. ll Oj/,.flp1-we coomeemcmeue 

omHocumeJ1,'bHO crfiep'bl 

27.1. IlOJUipHrui: IlJIOCKOCTh TO'IKH OTHOCHTeJibHO.ccpepbl. 0606-

ill;HM Ha npocTpaHcTBO pe3yJihTaThI § 18 T.I (c.132-135). To'IKH A a B 
Ha3hIBaIOTC.H no.!tRp'lio conpR:>1eexx'bt.MU omxocume.!t'b'liO crfiep'bt w(O, R), ecnn 

(4.27) 

Ha IIJIOCKOCTH MHO)KeCTBOM TO'leK B, noJI.HpHo conp.H)KeHHhIX c TO'IKOii A 
OTHOCHTeJibHO OKpy)KHOCTH, .HBJI.HeTC.51 np.H!IIa.51, rrepneH)J,HKYJI.HpHa.H Ilp.51-

lllOH 0 A, Ha3hrnaeMa.H non.Hpoli TO'IKH A OTttocnTeJibHO OKpy)KHOCTH. Ec

JIH nnocKOCTh rroBopa'InBaTh oKoJio rrp.Hl\IOH OA, To OKPY)KHOCTh orrmneT 

c¢epy w, a rroJI.Hpa TO'IKH A-nnocKOCTh a, rreprreH)J,nKyJrnpHyIO OA rrpn 

coxpaHeHHH ycJIOBH.51 (4.27). 9Ta IIJIOCKOCTh Q Ha3hIBaeTC5! no.!t.f!p'liOU n.!tOC-

1'0Cm'b'IO mo"t1'U A omxocume.!t'b'liO crfiep'bt w. 
,ll;JI.51 IlOCTpOeHH.H IIOJI.HpHOH IlJIOCKOCTH ,Ll,OCTaTO'IHO )J,JI.H )J,BYX ce'leHHH 

c¢ephI, co.n;ep)Kaw;nx np.11MyIO 0 A rrocTpOHTh H3BecTHhI!IJH cnoco6a111n rro

JI.Hphr TO'IKH A OTHOCHTeJihHO noJiy'leHHbIX oKpy)KHOCTe:iI. 0Hn n orrpe.n;e

JI.HT noJI.HpHyIO rrnocKOCTh a TO'IKH A oTHOCHTeJihHO c¢ephl w. 
EcJIH TO'IKa A Jie)KHT BHYTPH c¢ephr, TO ee rromipHa.H nnocKOCTh He ne

peceKaeT c¢epy. EcJin TO'IKa A - BHemmrn TO'IKa OTHOCHTeJihHO c<fJephI, TO 

ee noJI.Hptta.H rrJIOCKOCTh co.n;ep)KHT OKPY)KHOCTh / - MHO)KecTBO Bcex TO'leK 

KacaHn.H KacaTeJibHhIX npsrMhIX K c<fJepe, npoxo)l;.Hrn;nx qepe3 TO'IKY A ( cM. 

[5J, c.141). 9Ta OKpJ)KHOCTb 'Y HBJrneTCH o6rn,e:H OKpy}KHOCTbIO c¢ephl w 
n c<fJepbr c .n;nal\rnTpOM 0 A. Ecnn A E w, TO nnocKOCTh a KacaeTcH c<fJephr w 
B TO'IKe A. 
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YcJioBIIe ( 4.27) nom1pttoii conpRlKenttocTH TO'IeK A H B OTHOCHTeJII>HO 

c¢epl>I CH!ll!IIeTpH'IHO OTHOCilTeJibHO 3THX TO'leK, H8.'ibJBae!l!blX nO.f/,10Ca.Mu 
CBOHX nomipHblX IIJIOCKOCTeii. 9To HMeeT CBOII!ll IIpR!llbU.I CJie)J.CTBIIeM TaK 

Ha3I>IBaeMoe c6oilcm6o ( npuxu,un) 63au.Mnocmu noj/,10co6 u no.f/,J1.p: eC.f/,u 
mo"t'X:a A .fl,e:>1eum 6 nO.f/,J1.pnoil nJ1,oc-x;ocmu mo"t'X:U B, mo mo"t-x;a B .fl,e:>1eum 
6 no.!!J1.pnoil n.!loc-x;ocmu mo"t'X:U A. 

27.2. ABTOIIOJIHpH&Ili TeTpa:;,.n;p. IlocTponM TeTpa:;i,n:p ABCD, B KO

TOpOM Ka:lK)J.aR rpanb CJiy:arnT IIOJIRpnoii IIJIOCKOCTbIO npOTlIBOIIOJIO:arnoii: eii 

BepIIIHHbl n, CJie)J.OBaTeJII>HO, Ka:lK,D;aR BepIIIIIHa eCTb IIOJIIOC npoTIIBOIIOJIQ)K

HOll eii rpattn. On Ha3blBaeTrn a6monOJl,J1.p1-t'b£.M mempa3dpO.M oTHOCnTeJII>HO 

)1.a1rnoii ccpepI>J. 

IlycTI> A - npOII3BOJII>HaR ToqKa, OTJIH'IHaR OT IJeHTpa c<jJepbI II ne 

Jie)KaIII,aR na neii. B noJrnpnoii nnocKOCTII a TO'IKH A B03h!IIe!II neKoTopyro 

TO'IKY B n nocTpOHM ee nonRpnyro nnocKoCTh (3, Tor)J.a A E (3. Ha npR!IJOil 

an (3 B03hMeM TO'IKY C II nocTpoIIM ee nonRpy 'Y· TaK KaK CE a II CE (3, 
TO A E 'Y l1 B E (3. llocKOJihKY TO'IKII A, B, C tteKoJIJIHtteaptthI, TO HX no

JI.Hptthle nnocKOCTll IIMeIOT e,n;HHCTBettnyro o6III,yro ToqKy D, RBJI.HIOIII,yioc.a 

nonrocoM nnocKOCTH ABC. lhaK, TeTpa3)1.p ABCD o6na,n;aeT 3a)1.aHHhIM 

CBOHCTBOM, T. e • .HBJrneTC.H aBTOIIOJI.HpHbl!ll TeTpa3,n;pO!ll OTHOCHTeJibHO ,n;an

HO:lt ccpepbI. 

Il,eHTP 0 ccpepbl .HBJI.H€TCH opT01JeHTpOM aBTOilOJI.Hpttoro TeTpaa,n:pa 

ABCD, TaK KaK no caoficTBY nonHptto:n nnocKOCTH OA .l o, OB .l (3, 
OC .l "(, OD .l (ABC). llo3TOMY a6mono.!lJ1.ptt'bl.il mempa3()p Jt6.fl.H,emcJ1. 
opmov,exmpu"teC'X:UM. Ka)K,n;a.H H3 II.HTH TO'leK 0, A, B, C, D cJiy)KHT opTo-

1J€HTpOM TeTpa3,n;pa c BepIIIHHa!llll B 'leTbipex OCTaJibHbIX. 

27.3. IloJIHpHoe COOTBeTCTBJie OTHOCHTeJI&HO ccpep&I. ,LI,attna.a 

ccpepa 3a,n;aeT B npocTpaHCTBe B3al1MH0-0,D;H03Ha'IHOe COOTBeTCTBlle Me)K)].y 

TO'IKaMll ll IlJIOCKOCTRMH: TO'IKa - ee non.apnaH IlJIOCKOCTh, H o6paTuo: 

IIJIOCKOCTb - ee noJJroc. HcKJIIO'lenHeM .HBJI.HIOTCH 1J€HTp ccpepbI JI ee ,n;Ha

MeTpaJibHhie IIJIOCKOCTH, KOTOpbie ne H!l!€IOT COOTBeTCTBeHHhIX 3JleMeHTOB. 

0TCIO,n;a B03HHKaeT B3aHMH0-0)1.H03Ha'IHOe COOTBeTCTBIIe Me)K)].y IIpHMhl!llll, 

ne Jie)J(aIII,HMH B ,n;IIaMeTpanbHhIX nnocKOCT.Hx: npaMoil, coe,JJ;IIn.HIOIII,eii ,JJ;Be 

TO'IKll, OTBeqaeT Up.HMM KaK JIIIHH5I nepeceqenII.H IIOJIRpHbIX IIJIOCKOCTe:il: 

3TllX TO'leK. 9TO COOTBeTCTBHe Me)K)].y 3JI€M€HTallm npocTpaHCTBa Ha3hIBa

eTC5l no.!!J1.p'H.'bt.M coom6emcm6ue.M omnocumM'b'H.O crfiep'bL. 
TeTpa3,n;py KaK 'leTBepKe sepIIIHH CTaBHTC5I B cooTBeTcTBIIe TeTpa3,n;p 

KaK 'leTBepKa IIX IlOJI.HpHblX IlJIOCKOCTeil. 9TH ,n;Ba TeTpa3,ll;pa Ha3bIBaIOTC5l 

no.f/,J'l.pno conpR~eJ-tJ-t'bL.MU oTnOCIITeJihHO ccpepI>I. B qacTnocTII, Ka:lK)J.I>Iil 

aBTOnom1pHblll TeTpa3,n;p IlOJI5IpHO COIIpH)KeH caM ce6e. 

Bl>Ip83HM IIOJIHpnoe COOTBeTCTBHe B np5IMOyrOJibHblX )1.eKapTOBblX KOOp

,n;1rnaTaX. IIycTh ,n;ana c¢epa x
2 +y2 + z 2 = R2 

H TO'!Ka A(a1, a2, a3)· To'!Ka 
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B(b1, b2, b3 ) ee ITomrpuon ITJIOCKOCTH o, Jie:lKarn,a51 ua ITp5!Mo:ti OA, mmepnra 

TO'IKe A OTHOCHTeJibHO ,n;auuoli c¢epbr. flo ¢opMyJial\1 mmepcm1 (cM. [5], 
c. 150) 

b R
2 

a; . l 2 3 2 + 2 2 
i = --, i = , , , r,n;e a= a 1 a 2 + a 3 . 

(]" 

Ypamremie ITJIOCKOCTH {3 110 To~rKe B n uop1rn.rrbHOl\1y BeKTopy 

Hl\IeeT BH,[\ 

KOTOpoe ITOCJie ITO,[\CTaHOBOK bi H yITporn,emrn 6y,n;eT TaKHl\l: 

a1x + a2y + a3z = R2
. ( 4.28) 

TaKHM o6pa3ol\1, TO'!Ke A(a1, a2 , a3 ) cooTBCTCTByeT llJIOCKOCTb ( 4.28), n 06-

pa.THO. 

Ecm1 ypaBHeHne TIJIOCKOCTH 3a,[\auo B o6hI'IHOl\I BH,[\e 

U1X + U2Y + U3Z + V = 0, V =fa 0, 

TO ITpHBe,n;el\J ero K BH,D,y ( 4.28), Yl\JHO)KHB ero H8. ..\ =fa 0 H ITOTpe6oBaB, 
R2 

'IT06br -..\v = R2
. Tor.n;a. npn ..\ = -- ,n;a.uuoe ypaBHe1rne ITJIOCKOCTII 

v R2 
npnMeT HY:lKHbili BH,L\ (4.28), r,[(e ai = ..\ui = --ui· 

v 
CJie,[(OBa.TeJihHo, ITOJIIOCOM TIJIOCKOCTH u 1x + u2y + u3z + v = 0 5!BJI.si:eTc.H 

TO'lKa 

( 4.29) 

§ 28. I'unep60JLouda.11/b?-l'bLe mempa3dpbL 
28.1. TeopeMa Illa.TISI. Ec.rtu npJt.M'bte, coeduttJt'IOW,ue coom6emcm6ett

tt'bte 6epWU'/i'bL a6yX mempa3apo6 ABCD u A1B1C1D1 o6paaywm 2unep60-
./l,U"iec-x:yw "temBep-x:y, mo u npR.Mue nepece"tettuR coomBemcmBetttt'btX 2pa

neu 3mux mempa3apo6 ma-x::>1ee o6paaywm 2unep60.11,u"iec-x:yw ""em6ep-x:y. 

Ji; o Ka 3 a Te JI b c TB o. HanoMHIIl\I, 'ITO Bee IIJIOCKOCTH, Ka.m:,L\MI H3 

KOTOpbIX ITpOXO,[\HT 'Iepe3 0,[(HY H TY .m:e TO'IKY nmep60JIOH,[\8. II COOTBeT

CTBeHHO qepe3 O,L\HY H3 o6pa3yIOlll,HX 0,ll;HOH ero cep1rn, nepeceK8.lOTC.H ITO 

O,Ll,HOH Ilp.HMOH, a HMCHHO ITO TOH, KOTOpa.H .HBJI.HeTC.H o6pa3yIOill,eH .n;pyro:ti 

cepHH, npOXO,[\.Hlll,eH 'Iepe3 ,[\aHHyIO TOqKy. 

,Il;JI.H ,[\0Ka3aTeJibCTBa ,[\OCT8.TO'IHO HaHTH ne Menee Tpex np.HMbIX, Ka.m:

,n;a.H H3 KOTOpbIX ITepeceKaJia. 6br Bee qeTbipe paCCl\"taTpHBaeMbie IIp.HMbie 

rrepece'!enn.H cooTBeTCTBeHHbIX rpaneli TeTpa3,L\pOB. IlycTb TIJIOCKOCTb ABC 
rrepeceKaeT pe6pa D1A1, D1B1 , D1C1 ,L\pyroro TeTpaa,[(pa cooTBeTCTBenno 
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B TO'IKax P1, P2, ?3. no npe,nh1,rryrn,el\1y 3al\1e'-ramno IIJIOCKOCTII D1A1A, 
D 1B 1B, D 1C1C nepeceKaIOTC5I no o;:i:nofr npRMOH p. Cne1:i:onaTeJihIIO, npH

Mhie AP1 , BP2 , CP3 nepeceKaIOTC51 B O).l,HOH TOqKe, a Hl\Ienno B ToqKe BCTpe

qn np5IMOH p c IIJIOCKOCTb!O ABC. no TeopeMe )1,e3apra COOTBCTCTBCHI!ble 

cTopouhI TpeyroJihHIIKOB ABC n P1 P2 P3 nepeceKaroTCH B Tpex TO'-IKax Q1, 

Q2, Q 3, Jie:amrn,nx Ha o;:i:non np5Il\IOTI. KpoMe Toro, 3TH ToqKn, O'IeBn,ri:uo, 

npnna,nJie)KaT COOTBCTCTBCHHO I!p5Il\Ibll\l Li' l2' [3 nepecw1eHII5! IIJIOCKOCTeli 

BCD n B1C1D1, ACD n A1C\D1, ABD n A1B1D1 . TaKHl\I o6pa.'10l\I, 

npRl\Ia5I Q 1 Q2Q3 nepeceKaeT npRl\Ibie l 1, !2, h u, Kouequo, npaMy10 [4, 

nocKOJibKY Jie)KuT c ne.H B O).l,no.H IIJIOCKOCTH ABC. 
Ananorwrno HaXO).l,Hl\I ern,e Tpn npRl\Ibie, Ka)K,naR H3 KOTOpbrx nepeccKa-

eT Bee qeTbipc npaMbre l;. D 
06pam'Ha.li meope.Ma HMeeT MCCTO II CJie,rryeT II3 ,LJ;OKa3aHJIOH Ha OCHOBa

mrn UOJI5Ipnoro COOTBCTCTBII5I (,nJIR npOII3BOJibHOH ccpepbl). 

)],Ba TeTpa3,npa, 06Jia,na10rn,ue ,I(OKa3aHHhll\l CBOIICTBOJ\I, Ha3bIBaIOTC5! 2'U

nep60J1,0UOaJl,'b'H'bl.MU mempa3opa.Mu. 
28.2. IloJHipHo conpsi:)KeHHhie TeTpa3,LJ,phI. /{ea noJ1,.1ip'Ho conp.!i

J!Ce'H'H'blX mempa3opa om'HocumeJ1,'b'HO cifjepu 2unep60J1,ouoaJ1,'b'H'bt. 

)], o K a 3 a T e JI h c T B o. CnaqaJia pacCl\IOTPIIl\I Tpn rpauu TeTpa3,ri:pa 

ABC D. Hx noJIIOCbI OTHOCIITCJibHO ;i,auuon ccpepbI onpe).l,eJialOT neKOTO

pyIO IIJIOCKOCTb (]" II HCKOTOpbIH TpeyroJibHHK, KOTOpbIU nwrnpno COI!p5I)KCH 

OTHOCHTCJibHO OKPY)KHOCTII nepeceqemrn ccpepbl c IIJIOCKOCTblO (]" c TCJ\l Tpe

yrOJibHHKOM, KOTOpbI:fi noJiyqaeTC71 npn nepeceqemnr Tpex B35IThIX rpanen 

C IIJIOCKOCThIO O". no TeopeMe nmoKKepa (n. 11.3) 3TH TpeyroJibIIHKH rOJl;IO

JIOrHqfibI. no3TOMY Tpu IIJIOCKOCTII, Ka)K,I(a5I H3 KOTOpbIX npOXO)l;IIT qepe3 

pe6po paccMaTpnBaeMoro Tpexrpannoro yrJia u IIOJIIOC npoTimonoJIO)KHOfI 

ero rpaun, nepeceKaIOTC71 no O)l;HOH np5Il\IOH. 

TaKHM o6pa30M, qepe3 Ka)K,rry10 Bepunrny ,n;Byx IIOJI7ipno conpa)KeHHbIX 

TeTpa3)l;pOB ABC D n A1 B 1 C1 D1 npoxo,n;HT npRMaR, rrocTpoeuHaa yKa3an

HhIJ\I cnoco60l\I. HarrpIIMep, rrpRMaR, npoxo,n;Rrn,aR qepe3 A, npnna,n;Jie)KIIT 

Tpel\I IIJIOCKOCTRM ABB1 , ACC1 , ADD1 u nepeceKaeT npHMbie BBi, CC1, 
DD1 n, KOuequo, npRl\ry10 AA1 . CJ1e).l,0BaTeJibHO, IIMeeM Bcero BOCel\lb npR-

111b1x, KmK)l;aR II3 KOTOpbrX nepeceKaeT np7illibie AA1 , BB1 , CC1, D D1, KO

TOpbie II03TOMY o6pa3yIOT ruuep60JIUqecKy10 'ICTBepKy. no Teopel\Ie IliaJI71 

TeTpa3,n;phI runep6oJion,n;aJibHhI. D 
B qacTHOCTII, ecmr O,Ll;HH II3 TeTpa3,n;poB BIIIICaH B ccpepy, TO IIOJI5Ip

HO COIIp5I)KeHHbIM c HIIM 6y,n;eT TeTpa3,n;p, o6pa3oBaHHblll KacaTeJibHbll\III 

nJioCKOCTRllIII K ccpepe B ero Beprnmrax. On Ha3brnaeTc5I mmi2e'H1~uaJ1,'b'H'bt.M 

mempa3iJpo.M ,n;na )J;attuoro Bnucammro B ccpepy TeTpa3,n;pa. 

no ,n;oKa3anuon TeopeMe BC.!i'KUil mempa3dp 2unep60J1,oudaJ1,e'H co ceou.M 

ma'HZe'H ~ uaj/, 'b'H 'bl.M mempa:Jdpo.M. 
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§ 29. Tempa3Up'bl Me6uyca 1 

I111rnHe111 A. lVIe6uyca Ha3bIBaIOT ,n,Ba TeTpa3,n,pa, Ka.lK,n,hril H3 KOTOpbIX 

O,ll,HOBpe111eHHO BIUICaH H orrncaH OKOJIO ,n,pyroro. y ~urTaTCJUI llJO.lKeT B03-

lUIKIIYTb COl\1H€Hlle B cyureCTBOBamrn TaKllX ,ll,BYX TeTpa3,IJ,pOB. Qqeub npo

CTYIO ll uarm1,n,uy10 napy TeTpa3,n,poB Me6nyca llJO.lKHO noJiy"IIITb c no11JO

IIIhlO napaJIJieJienllne,.u;a. 

Pttc. 43 

Pa306be111 Bepnrn:tthl napaJ:IJreJiemme,n,a ABCDArBrCrDr Ha ,n,Be rpyn

IlhI, nanpHMep, ABCAr n BrCrDrD (pnc. 43). JierKo npOBepHTh, "ITO 3TH 

,n,Be "!eTBepKn TO"IeK HBJIHJOTCH BepIIInHa11rn naphr TeTpa3,n,poB Me6nyca. 

fpaHH.llIII 3TIIX TeTpa3,IJ,pOB HBJIHIOTC}! )J,Be rrapbl rrapaJIJI€JibHhIX rpaHefi 

napaJIJieJienHne,JJ,a II ,JJ,Be naphr ero ,JJ,Har01raJihHhIX ce"IeHHfi. Bcero TaKlll\J 

cnoco60111 MO.lKHO noJiy"IIITb "!eTblpe napbI TeTpa3,n,poB Nie6uyca. 

IIocTpo11.11I napy TeTpa3,n,poB Me6nyca, ocHOBhmaHch na TeopeMe llla

JIH o r11nep60JI11"IeCKOfi "IeTBepKe npHllihrx (§ 25). Bo3h111e111 npOII3BOJihHhrti • 

TeTpa3,n,p ABCD. qepe3 BepIIIHHY A npoBe,n,eM IIJIOCKOCTh w, KOTopaH rre

pece"!eT IlJIOCKOCTII a2, a3, Q4 rpauefi TeTpa3,n,pa no IIpHll!hilll, IIpOXO,ll,HUIHl\1 

qepe3 TO"IKY A. Ha Ka.lK,n,ofi H3 3Tllx rrpHMhIX Bh16epe111 cooTBeTCTBeHHO no 

TO"!Ke Br, Ci, Di, KOTOphre ue 6hIJIH 6hr KOJIJimreapnhr (pnc. 44). Mbr no.ny

qJIJIII qeThrpe qeTBepKH KOllmJiauapnhrx ToqeK: 1) ABCDi, 2) ABCrD, 3) 
ABrCD, 4) ABiCrDr. 0603ua"!IIM "!epe3 Ai TO'IKY nepece"!eHIIH IIJIOCKO

CTefi BrCrD, BrCDr, BCiDr. vh1ee111 eure TpH Y.eTBepKII KOll!IlJiauapHb!X 

TO'leK: 5) ArBrCrD, 6) AiBrCDr, 7) ArBCrDr. )J;oKa.lKeM, 'ITO TO'IKa Ar 

1 M e 6 H y c AarycT (1790-1868) - HeMel\KHll reoMeTp H acTpottoM, O,LIHH H3 octto

aonoJIO)KHHKOB Teoprm reoMeTpH<ieCKHX npeo6pa3oaam1ll, TOnOJIOrHH, TeOpHH BeKTOpOB 

H MHoroMepttoll reoMeTpHn. Baen 6apH11ettTpH<iecKHe H npoeKTHBHble KOOp,LIHHaThI. 

Pa6oTan B Jielln11HrCKOM yHHBepcHTeTe. 
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PHc. 44 

Jie:>KHT B nJIOCKOCTH BCD. ,n_n51 3Toro paccl\loTpm.1 c1eTb1pe np5Il\Ib1e: A1B, 
AB1, C1D, CD1 H .n;pyrne qeTb1pe npHMbJe A1B1, AB, C1D1, CD. flp5Il\Jb1e 
A1B1, AB, C1D1 nepeceKalOT Bee qeTb1pe np5IMbie nepBotl: LJeTBepKH m160 
IIOTOMy, qTO Hl\!elOT no o6m;eil: TOqKe, m160 IlOTOMy, qTo JimKaT B O)l;HOil: 

IlJIOCKOCTH corJiaCHO IlOCTpoeHHblM ceMH qeTBepKal\I KOl\JIIJiaHapHbIX ToqeK. 
flo Toil )Ke rrpttqnne rrp5Il\mH CD rrepeceKaeT npH111h1e AB 1 , C 1 D, CD i , 
a 3uaq1n, no TeopeMe illa.JIH rrepeceqeT H npHMYIO AiB. CJie,n.oBaTeJibHO, 

ToqKa A1 Jie)KHT B rrJIOCKOCTH BCD. TaKHM o6pa30M, nocTpOeHhI ,n;Ba TeT

pa3,n;pa ABCD H A1B1C1D1 TaKHX, qTo Ka)K,D.a5I Bepnmua nepBoro Jie)KHT 

B COOTBeTCTBy10m;eil: rpaHH BTOporo H uao6opoT, TO ecTb 3TH TeTpa3,D.pbl 

o6pa3ylOT napy TeTpa3,n.poB Me611yca. 

§ 30. Tempa3dp u crfiepa 

30.1. AHaJior TeopeMbI IIacKaJIH. II.1wc1wcmu, onpeae.riRe.M:bte mo"l

icaMu nepece"lettUR c<fiep'bt C mpeMR pe6pa.MU mempa3opa; cxoaRW,'ILMUCR 

6 oattou eepwutte, nepece'K;a'/Om npomuBonoAO:>tettue 2pattu no npRMuM, 
o6paay'IOW,UM 2unep60Au"leC'K;Y'/O "lemeep'K;y. 

,n o I< a 3 a T e JI h c T B o. To'!KH rrepece'!emrn c¢epb1 c pe6paM11 TeT

pa3,n;pa ABCD 0603na'!11l\I corJiacuo pnc. 45. PaccMoTpHM rnecn1yroJibHHK 

103 



D 

Puc. 45 

A2B1B3C2C1A3, Jie)KaII~Hfi B rpairn ABC TeTpa3,L1;pa. On mrncan B OKpy)K

nocTb nepeceqemrn c¢ephI c rrJIOCKOCThIO ABC. Ilo Teopel\1e IlacKa,.,151 ,ll;JI51 

mrncauuoro rnecn1yroJihHIIKa (CM. !4], c. 76) na O,ll;IIOfr Hp51MOH l J1.C)KaT 
TOqKII 

Pi = (A2A3) n (B3C2), P2 = (B1B3) n (A3Ci), P3 = (C1C2) n (A2B1). 

3TII TO'IKll npHHa,ll;JIC)KaT COOTBCTCTBCHHO IIp51!1lbIM nepeceqemrn TIJIOCKO

CTCH BCD H A2A3A4, CAD H B1B3B4, EDA H C1C2C4. CJie,L1;0BaTeJihHO, 
rrp51l\Ja51 l 51BJI51eTc51 o6rn;efi ceKy~err 3THX Tpex np5111IhIX, a ona nepeceKaeT 

H rrp51111y10 (ABC)n(D1D2D3), IIOCKOJibKY JIC)KHT c ne:fi B 0,ll;HOH TIJIOCKOCTH 

ABC, T. e. 51BJI5leTc51 o6rn;e:fi ceKyrn;err qeTbipex np51MhIX, yKa3annh1x B ycJio

BHH TeopeMhI. Ha paBHhIX ocnoBaHH51X cyrn;ecTBYIOT ern;e TPH anaJiornqHhie 

np51Mbie B ocTaJihHhIX Tpex rpaH51X ,L1;a1rnoro TeTpa3,ll;pa. CorJiacno TeopeMe 

lllaJI51 (§ 25) paccl\IaTpnBaeMa51 qeTBepKa np5il\JhIX 51BJI5leTc.a rnnep6omrqe

CKo:fi. 0 
B TeTpa3,ll;pe, noJI51pno conp.a)Kenno111 ,L1;annmw TeTpa3.ll:PY ABCD, 

pe6pa1rn CJiy)KaT lllCCTb np51!1IbIX nepeceqeJIH51 KacaTCJibHbIX IlJIOCKOCTe:fi 

K c¢epe B 12 TOqKax nepeceqen1151 c¢epb1 c pe6pa!1In TeTpa3,ll;pa ABCD. 
IloJI51pHoe COOTBCTCTBIIe nepeBO,ll;IIT rnnep6oJrnqecKyIO qeTBepKy np51MbIX 

B rnnep6oJinqecKyIO qeTBepKy. Ilo3TOMY noJiyqael\J ,ll;BOHCTBeHHYIO Teo

peMy: ec.n,u mo"l'ICU nepece"lettuJ! mpoe'IC '/Cacame.n,'btt'blX 'IC crjjepe n.n,oc'/Cocmeu, 

npoeedetttt'btX "lepe3 pe6pa oottou 2pattu mempa3dpa, coeduttum'b c npomueo

no.n,o:>tett'bt.MU 3mu.M 2pattJ1.M eepwutta.Mu, mo no.n,y"letttt'bte "lemupe np.fl.M'bte 

06pa3y10m 2unep60.n,u"lec'/Cy10 "lemeep'ICy. 
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30.2. TmK,n;ecTBO ,LI.JUI TeTpa3,n;pa Hero onHcaHttoii ccpephI. Ecnn 

OKOJIO TeTpa3,n:pa A1 A2 A3 A4 omrcana ccj:>epa n np51Mbre GA; (G --- ~eHTpon,n: 
TeTpa3,n:pa) nepeceKaIOT ccj:>epy BTOpH'-IHO B TOqKax B;' TO Hl\IeeT l\ICCTO 
COOTHOillCHIIe: 

(4.30) 

,IT, 0 K a 3 a T e JI b c T B 0. Ilo TeopeMe 0 CTenerrn ToqKn OTHOClITCJibHO 

ccj:>epbI (Cl\!. [5], c. 146) ,il;Jl51 TOqKu G Hl\!CCl\I: GA;. GB; = OG2 - R2
' OTKy,n:a 

TaK KaK 

(Tal'lf :JKC, C. 104), TO 

IloCKOJibKY 

GB; GA;GB; OG2 - R 2 

GA; GA; GA; 

4 

OG2 = R2 - __!_ '"°"' 2 16 L,, aij 

4 

i,j=l 

GA; GA; ---'-- = 
R2 - OG2 1 ~ 2 

16 ~aii 

L 2 12:: 2 GA = - a-
i 4 iJ 

j=l 

(Tal\I :JKe, c.104), TO TO:JK,n:ecTBO (4.30) ,n;oKa3ano. D 
30.3. AHTHnapaJIJieJibHhie ceqeHM.SI TeTpa3,n;pa. IlpoBe,n:eM qepe3 

BeplllHHhI A, B, C TeTpa3,n:pa ABCD ccj:>epy F, nepeceKa10uzy10 pe6pa DA, 
DB, DC coOTBeTCTBenHo B To~1Kax P1, P2 , 

?3. Tor,n:a nnocKOCTh P1P2P3 napanneJibna D 
KacaTeJihnofr IIJIOCKOCTH B ToqKe D K onn

caHnofr OKOJIO TeTpa3,n:pa ccj:>epe. )J,mr ,n:oKa-

3aTeJibCTBa 3Toro cj:>aKTa ,n:ocTaToqno 3aMe

THTh, qTo np51Mhre P1P2, P2P3, P3P1 coOTBeT

CTBenuo napanneJihHhI npaMhIM nepeceqeHH51 

KacaTeJihHOH IlJIOCKOCTH ll IlJIOCKOCTeH rpa

. Hefr TeTpa3,n:pa. Ha p1rc. 46 n306pa:JKena cj:>:n

rypa, nonyqeHna5I B nnocKOCTH DAB. 
TpeyroJibHHK P1P2P3 Ha3hIBaeTC5I an

munapaMe.tt'b'li'bt.M ce"lenue.M TeTpa3,n:

pa OTHOCHTCJibHO Bepl!llIHhl D. Ilp51Mble 

P1P2, P2P3, P3P1 TaK:JKe Ha3hIBaIOTC5I anmu-
napaMe.tt'b'li'bt.MU COOTBeTCTBCHHO np51Mbll\I 

AB, BC, CA. 
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Paccl\IOTpHM o,n;no csoficTBO cTopm1 TpeyroJiblIIIKa P1 P2 ?3. IlycTh 

DA=a, DB=b, DC=c, AB=c1, CB=a1, AC=b1 

II s - cTeneHb TOqKH D oTuocnTeJihHO ccpepbI F, T. e. 

DPi ·a= DP2 · b = DP3 · c = s., 

OTCIO,D;a 

DP1 DP2 DPa s 
b-:c = ~ = ~ = abc · 

Ifa rro,n;oforn TpeyroJihHIIKOB ABD u P1 P2 D cJie,n;yeT 

b 
DP1 = P1P2 · -. 

ci 

yqIITbIBa.11 3TO paseHCTBO II ,n;Ba el\IY anaJioruqHbIX, uaXO,Ll;Ill\l: 

P1P2 P2Pa PaP4 s 
c · ci = a· a1 = b ·bi = abc · 

(4.31) 

IhaK, OJ/,U'H'bt cmopon anmunapaJ/,J/,eJ/,'b'H020 ce"tenu.n mempaaopa nponopv,u
onaJ/,'b'H'bt npoua6eOenu.n.M OJ/,U'H e20 npomu6onoJ1,0;JtC'H'btX pe6ep. 

Ilo3To111y anmunapaJ/,J/,M'b'H'bte ce"tenu.n mempaaiJpa omnocumM'b'HO 6cex 
e20 6epwun noiJo6tt'bt .Me;JtCiJy co6ou. 

3aaa"iu x; 2Aaae 4 
4.1. EcJIH ,n;Ba TeTpa3,n;pa rOMOJIOrnqHbl OTHOCHTeJibHO TOqKII s II IIJIOC

KOCTII a' TO IlOJI.llpHbie IIJIOCKOCTII TOqKII s OTHOCHTeJibHO 3TIIX TeTpa3,n;poB 

rrepeceKaIOTCB no rrp.Hl\IO:ti, Jie:>KaII1ei1 B IIJIOCKOCTII O', II IlOJIIOCbl IIJIOCKOCTII a 
KOJIJIJIHeapHbl c TQqKOfi s. ,lLoKa:>KHTe. 

4.2. EcJIH µ -rrOJI.HpHM IIJIOCKOCTb TOqKH lvl OTHOCIITeJlbHO TeTpa.3,n;pa 

A 1A2A3A4, µ 1 -noJI.HpuaB rrJIOCKOCTb ToqKu A1 oTuocuTeJihHO TeTpa3,n;pa 

lvl A 2 A3A4, µ 2 - rroJI.HpuaB rrJiocKocTb TOqKn A2 oTuocIITeJihHO TeTpa3,n;pa 

A 1 A-1 A3A4, µ3 u µ4 - eII1e ,IJ,Be auaJiorIIqHhIM o6p8.30l\l 11ocTpoeHHb1e rrJioc

KOCTII, TO TeTpa3,n;pbI AiA2A3A4 II µ1µ2µ3µ4 rOMOJIOrllqHbI OTHOCHTeJibHO 

TOqKII lvl II IIJIOCKOCTII µ. ,lLoKa:>KIITe. 

4.3. EcJIII ,n;sa TeTpa3,n;pa roMoJiorIIqHhI ,n;By111.H crroco6aMII ( 20MOJ/,02U"t
'H'bt 06a:>ICO'bt), TO IIJIOCKOCTb rrepsofi rOl\WJIOrIIII IIpOXO)J,IIT qepe3 ueuTp 

BTOpo.l1 ro1110Jiorm1, a IIJIOCKOCTb BTOpott rQll.IOJIOrIIII rrpOXO)J,IIT qepe3 IJ,eHTp 

rrepBofi. ,lLoKa:>KIITe. 

4.4. EcJIII rrpHMbie, coe,IJ,nmnoIII,IIe cooTBeTcTBeHHh1e sep1mIHhI ,IJ,Byx 

TeTpa3,I!,pOB, 51BJIHIOTC51 CTOpoHal\m KOCoro qeTbipexyrOJibHUKa, TO np.HMbie 

nepeceqenH.H rrap COOTBeTCTBeHHbIX rpattefi TaK:>Ke 51BJ15IIOTC51 CTOpoHal\m 

Kocoro qeTbipexyroJihHIIKa. ,lLoKa:>I<IITe. 
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4.5 B Ka)K,n:otl rpam1 TeTpa3,n:pa Bh16pa1-rn rrpon3BOJibHaH TO'lKa n rro

cTpoetta TO'!Ka, CHl\IMeTpH'-IHaH BbI6paHHOil OTHOCHT8J1bHO ue1ITpon,n:a rpa
HH, B KOTOpofi oaa pacnOJIO)KeHa. ,Il,oKa)KHTe, '-ITO u;eHTpon,n: 'IeThipex HC

XO,IJ;HhIX TO'leK H u;eHTpOH,IJ; CIICTel\Ibl qeTbipex IIOCTpoeHIIbIX TO'leK CHl\IMeT

pwmhI OTHOCIIT8JibHO l~eIITpon,na TeTpa3,npa. 

4.6. ,II:oKa)KlITe, 'lTO II3 l\Ie,nnaH TeTpa3,n;pa l\IO)KHO rIOCTpOIITb KOCOH 

'1eTbrpexyroJibHHK, CTopOHbI KOToporo naparrJieJlbHhI 3TIIJ\I l\Ie,n;nanal\I. Hafi

,n:nTe OTHOlllemre ofrhel\Ia TeTpa3,n:pa, BepIHlIHbl KOToporo COBIIa,n:aIOT c Bep

lIIHHa:t1!H 3Toro 'leTbipexyrOJihHHKa, K o6bel\Iy ,namroro TeTpaa,n:pa. 

4.7. ,Il,oKa)KHTe, 'ITO ecJin II5!Th pe6ep AB, AC, AD, BC, BD TeTpa3,n:

pa ABCD nepnen,n:11KyJrnpHbI coOTBeTCTBenao IUITH pe6pal\1 A1 B 1 , A1 C1, 

AiD1, BiC1, BiD1 TeTpa3,n:pa AiBiCiDi, TO n llleCThre pe6pa CD n CiDi 
nepIIeH,n:HKyJrnpHbI. 

4.8. ,Il,oKa)KHTe, 'lTO ecJIH IIJIOCKOCTH, IlpOBe,n:eHHbie qepe3 pe6pa o,n:

HOI'O TpexrpanHoro yrJia IIepneH,n:HKYJI5!pHO K COOTBeTCTBYIO~lIM rpaH5!l\l 

,n:pyroro, nepeceKaIOTC5! IIO IIP5!l\IOH, TO H IIJIOCKOCTH, IIpOBe,n:eHHhie qepe3 

pe6pa BTOporo TpexrpaHHoro yrJia IIepIIeH,n:HKYJIHpHO K COOTBeTCTBYIO~lll\I 

rpaH5!l\I nepBoro, TaK)Ke IIepeceKaIOTC.H no np.Hl\IOH. 

4.9. ,Il,oKa)KHTe, 'ITO ecnn ,n:Be BbICOTbI TeTpa3,n:pa IIepeceKaIOTC.H, TO 

u ,n:Be ,n:pyrne TaK)Ke nepeceKaroTC.H. 

4.10. ,Il,oKaMHTe, 'ITO ecJIH P; - opToronaJibHhie IIPOCKU:HH BepllIHH A; 
,n:amrnro TeTpa.3,n:pa Ha 11pOH3BOJibHYIO IlJIOCKOCTb, TO IIeprreH,n:IIKYJI.HpbI, 
npoBe,n:eHHhie H3 TO'l.eK P; Ha COOTBeTCTBeHHbie. rpam1 3TOrO TeTpa.3,n:pa, 

o6pa3yIOT rnIIep6onuqecKyIO qeTBepKy IIp.HMbIX. 

4.11. Ecnn B rpatt.HX TeTpa3,n;pa ABCD 3a,n:anhr cooTBeTCTBeHHO TO'IKH 

Ai, Bi, C1, Di II np.HMhie AA1 , BBi, CCi, DDi rnnep6onon,n:aJihHhI, TO 

runep6onoH,n:aJihHbI rapMOHH'lecKne IIOJI.HpbI TO'-IeK Ai, Bi, Ci, Di OTHOCH

TeJibHO COOTBeTCTBeHHbIX rpaHefi. ,II:oKa)KHTe. 

4.12. B ccpepy BnHcan TeTpaa,n:p ABC D. Ilpm.rag AG ( G - u;eHTpou,n: 

TeTpa3,n:pa) nepeceKaeT BTopuqno ccpepy B TO'lKe Ai. Hafi,n:uTe 3aBnc11-

l\IOCTb l\Ie)K,n:y ,IJ;JIHHal\rn pe6ep TeTpaa,n:pa, eCJIH TO'lKa G ,n:ennT xop,n:y AA1 

nonoJial\r. 
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I'.tia6a 5 

MempufliecK:ue saeucu.Mocmu e mempa3ape 

§ 31. To'l/,x;a JI e.Mya'Ha mempa3dpa 

31.1. Onpe;:r,eJiem.rn TO<JKM JleMyatta TeTpa::>;:r,pa OCHOBaHo Ha Ta

Koit Teoper-re. 

TeopeMa. Ee.flu 6 x:a:HCiJou 2pa1iu a:; npou3eO.llb'lio20 mempa3opa ABC D 
63.ama mo"t'X:a U;, paccmo.anu.a om rwmopou do pe6ep 3mou 2panu o6pamno 
nponopv,uo'lia.llb'libt rJ.1tu'/ia.M npomuBono.1to:JfC'li'btX u.wt pe6ep mempa3iJpa, mo 
np.fl.M'bte AUi, BU2, CU3, DU4 nepecex:aemc.a 6 oiJ'l-lou mo"tx:e K. 

9Ta TO'IKa K Ha3hIBaeTC5I mo"tx:ou Jle.Mya'lia ,n;aHHoro TeTpa3,n;pa 

ABCD . 
.lI. 0 K a 3 a T e JI h c T B o. 0603Ha'IHM )l;JIHHhl pe6ep TeTpa3)l;pa 

DA=a, DB=b, DC=c, BC=a1 , CA=bi, AB=ci. 

Pacc1110TpHM rpaHh ABC. Ecmi. d1 , d2 , d3 -- paccToaHHa OT TO'IKH U4 ,n;o 

pe6ep BC, CA, AB cooTBeTCTBemm, TO aid1 + bid2 + c 1d3 = 2S (rAe 

s - IlJI0111,a,I.i;h TpeyrOJihHHKa ABC). Ilo ycJIOBMIO Bbr6opa TO'IeK ui m.1ee111 

t t t ( ai bi C1 ) 
di = ~' d2 = b' d3 = ~· Ilo3TOMY ---;;- + b + ~ t = 2S, OTKy,n;a 

28 
t = b . Bap1rn;eHTpn'IecKne Koop;::i;nHaTbI TO'IKH U4 OTHocn-

( 
al 1 C1) -+-+-
a b c d 

TeJihHO TpeyrOJibHIIKa ABC paBHbI ,\ = h: (i = 1, 2, 3), r;::i;e h; -- ,n;.ITIIHbI 

28 2S 28 
BbICOT ::>Toro TpeyroJibHIIKa: h1 = -, h2 = -b , h3 = -. BbIITOJIHIIB Bee 

ai 1 C1 

Heo6xo,n;IIMbie no,n;cTaHOBKH, 6y,n;eM IIMeTb: 

a1 b1 Ci a1 bi c1 

Ai = ka' ,\z = kb' ,\3 = kc' r,n;e k = ---;;- + b + ~. 
CJie)l;oBaTeJibHO, Henop~rnpoaaHHhie 6apmJ,eHTpH'IecKne KOOp)l;1maTbI TO'IKH 

U4 OTHOCHTeJihHO TpeyroJihHHKa ABC paBnhr: 

ai bi Ci 
Ai : ,\z : ,\3 = - : -b : - = a1 be : abi c : abc1, 

a c 

no3TOMY oTHOCIITeJihHO TeTpa3,lJ,pa ABC D TO'!Ka U4 m.reeT KOOp,JJ,nnaThr: 

U4(aibc: abic: abci: 0), 

T. e. OTJIH'IHbie OT HYJI5I KOOp;:J;HHaTbl rrpOIIOPI!HOHaJibHbI rrpOH3Be;::i;eHH5It-1 
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,n:JimI pe6ep rpaHeti, cxo,rr.~nn;nxc51 B Bep1mrne D TeTpa3,n:pa. TaKHM o6pa3oM, 

U1(0: ab1c: abc1: a1b1c1), 

U2(a1bc: 0: abc1 : a1b1c1), 

U3(a1bc: ab1c: 0: a1b1c1), 

U4(a1bc: ab1c: abc1 : 0). 

(5.1) 

Bapm:i;eHTpll'IeCKHe Koop,n:HHaTbI To'IeK U; roBop5IT o TOM, 'ITO 3TH TO'IKII 

5IBJI5IIOTC51 npoeKII;Il5ll\III II3 BeplIIIIH TeTpa3,Llpa ABC D Ha rrpoTHBonoJIO)K

Hbie rpaHn TO'IKH K c Koop,n:1rnaTaMII: 

(5.2) 

,Il;oKa3aTeJibCTBO 3aKOH1IeHO. 0 
TiorryTHO ,n:oKa3aHo, ~1To ne'1wp.Mupo6a'li'li'bte 6apuv,e'limpu"lecr;;ue 1wopau

nam'bt mo"l1'U Jie.Myana K mempa9apa omnocume.l!'b'liO 9mo20 mempa9apa 

pa6'1i'bl npou3eeae'/iUR.M a.1tu'li pe6ep coomeemcmBy'/OW,UX zpaneii. 
31.2. CnoHCTBa ToqKH J1eMyaHa. lfa ,n:0Ka3aimoti TeopeMbI n Koop

,n:IIHaT (5.2) Hl\Ieel\l CJie,n:y10ui;IIe CJie,r:t;CTBH51. 

CJie)J.CTBHe 1. To"l1w JieMyana mempa9upa ecm'b v,enmp 20.Mo.1to2uu 

mempa9iJpoe ABCD u U1U2U3U4, 2ae mO"i1'U ui .Ae:J!Carn 6 2pa'HRX mem
pa9Upa ABCD u yua.1te'li'bt om pe6ep coomBemcmByiow,eil 2panu na pac
cmoR'liU,H,1 o6parn'liO nponopV,UO'/iQ.!t'b'li'bte a.1tu'lia.M nporn'U60nOJtO:JIC'li'blX pe6ep 
mempa9upa. 

Ha ocn0Ba1rnu TeopeMbI cnnycoB fl:JI5l TeTpa3,n:pa (Cl\!. [5J, c. 99) l\IO)l{HO 

IIOKa3aTb, 'ITO 6apnII;elITpH'IeCKile KOOp,1:t;1rnaTbI TO'IKll JleMyana TeTpa3,n:pa 

rrponopII;HOHaJibHbI c1rnycaM IliTay,n:Ta rrponmorroJimKUbIX Tpn3,n:poB TeTpa-

3,r:t;pa. 
CJie,ZJ,CTBHe 2. Bapuv,enmpu"iecr;;ue r;;oopuunam'bt rnO"l"l\:U Jle.Myana 

mempa9apa nponopv,uona.1t'b'li'bt cuttyca.M Illmayama npomueono.1to:J1C'li'btX 

mpexzpann'btx y2Aoe 9mo20 mempa9apa. b 
a c 

Hopl\rnpyeM B-Koop,r:t;HHaThI (5.2) n rrpirnJie'IeM c!>opr-ryny S = 
4

R mro-
III;a,r:t;H TpeyroJibHHKa. Tor,n;a 

i = 1,2,3,4. (5.3) 

i=l 

CJie)J.CTBHe 3. Bapuv,enmpu"lec-;;;ue r;;oopaunam'bt mo•tx:u Jle.Myana 
mempa9apa nponopv,uonaA'b'li'bt npou3eeaenu,H,M nAow,aaeil 2paneil mem
pa9iJpa u pauuycoe or;;py:J1Cnocmeil1 onucattn'btX or;;o,;io 9rnux 2paneil. 

PaccT051HH51 :i:; TO'IKH K ,n;o rpaHeti paBHbI 

S;R; 3V 3V 
Xi = Aih; = -- . -s = -Ri, (5.4) 

µ i µ 

r,n:e µ = S1R1 + S2R2 + S3R3 + S4R4. 
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Cne,n;CTBHe 4. PaccmO.fl'H,UJI, mO'l/,'/CU Jle.Mymta rnempa3apa ao ew 2pa
'lte'U nponopv,uo'ltaJ/,'b'lt'bt paauycaJvt 011:py::HC'ltocmeil, onuca'lt'lt'btX O'IWJi,O ;;1mux 
2pa'lteil. 

31.3. ConyTcTeyro~aSI rMnep60JIM'iecKaSI 'ieTBepKa npSIMbIX. 
,Il;Jrn cpaBHemnr co cBoi1:cTBOJ\J TO'-leK U; H3 II. 31.1 pacc1110Tpm11 TO'-IKH 

L; B rpam1x TeTpa3,JJ,pa ABCD, paccT05IHH5I KOTOphIX ,JJ,O pe6ep cooTBeT

CTBy1011~efi rpaHII nponopv,uo'/taJl,'b'/t'bl ,Ll,.TUIHallJ IIpOTHBOIIOJIO.>KHbIX HM pe6ep. 

BbmOJIHn111 Bee paccy.>K,JJ,eHH5I n BhPUicJieHH5I anaJiorn'-IHO II. 31.1 ,JJ,JI5I rpaHn 

ABC n 3annrne11-I no anaJiornn pe3JJihTaThI ,JJ,JI5I ocTaJihHhIX rpanei1:: 

L1(0: cc1: bb1: aa1), 

L2(cc1 : 0: aa1 : bb1), 

L3(bb1 : aa1 : 0: cc1), 

L4(aa1 : bb1 : cc1 : 0). 

Ilp5IMbie AL1, BL2, CL3, DL4 n11ie10T 6apm.1;eHTpII'-!ecKne ypaBnennR: 
X2 X3 X4 

cci = bbi = aai 
Xi X3 X4 

cc1 = aa1 = bb1' 
Xi X2 X4 

bb1 = aai = cci 
Xi X2 X3 

aai = bbi = cci 

(5.5) 

CornacHo KpnTepnro fep111eca (cM. rr. 25.2) ;;1mu npR.Mue 06pa3y10m 2unep-
60J1,U'l/,ec11:y10 'l/,em6ep11:y. 

§ 32. 06r>eM mempa3apa 

32.1. <I>opMyJia Mott)Ka. ECJ/,U b1, bz, b3 - aJ/,U'/t1Jl 6u.Meaua'lt mem
pa3apa ABCD, mo e20 o6r>e.M V pa6e'lt 

1 
V = 3b1b2h6.(G), (5.6) 

2ae A(G) cuttyc lllmayama mpex2pa'lt'lto20 y2j/,a (c 6epumttoil 6 v,ettmpou
oe G mempa;;>apa), o6pa306a'lt'lt020 6UMeaua'lta.MU. 

,II; o Ka 3 a Te JI h c TB o. IIycTh A1 , B 1 , C1 -cepe,LI,HHhI pe6ep BC, 
CA, AB ,JJ,am10ro TeTpa3,JJ,pa. TaK KaK 

TO 
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TiocKOJihKY u,eHTpou.n G -- cepe.nmrn 6HMeLI;llaH, TO no ¢opl\lyJie illTay,n:

Ta ( Cl\J. [5], C. 97) 

CneLI;OBaTeJihHO, 

1 
V = 16VcA 1 B 1 C 1 = 16 · 48 b1b2b3Do(G), 

T. e. n111ceM ¢op11yJiy (5.6), BnepBhIC rroJiy'Iem1y10 Mon)Ke111 1 B 1809 roLI;y. 

0 
32.2. 'l>opMyJia BemP-nm DAHOM rpam1. Tio ¢op111yJie npoeKu,Hfr 

,n:na rpaHu ABC TCTpa3,IJ,pa ABCD (ci,.1. [5], c. 53) n11ee111: 

54 = S1 cos( BC)+ S2 cos( CA)+ S3 cos( AB). 

Ilo ¢op111yJia11 )J,ocTopa (TaM )Ke, c. 97) 

V = ~S S sin(BC) = ~S S sin(CA) = 35 5 , sin(AB) 
3 1 4 a1 3 2 4 b1 3 3 4 CJ ' 

OTKy,n,a 

2 Va1 
38154 = sin(BC)' 

2 
YMHO)Kn111 nepBOHa'IaJihHoe paBeHCTBO Ha 3s4 u BhmoJinn111 rro,n;cTaHOBKH: 

~S~ = Va1 ctg(BC) + Vb1 ctg(CA) + Vc1 ctg(AB). 

0TCIO,n;a noJiy'laCl\l llCK01IYIO ¢opMyJiy: 

v - 3 si ( 7) 
- 3 a1 ctg(BC) + b1 ctg(CA) + c1 ctg(AB) · 

5
· 

IlpH11Ie'IaTeJibHO, 'ITO Bee BXO)l;5IIJJ;IIe B Hee BCJIH'lHHbl CB5!3aHbI c OLI;HOll 

rpaHhIO ABC ,n:anHoro TeTpa3,n;pa ABC D. 
32.3. 'l>opMyJia ,lJ,BeHaAIJ.aTH BeJIH'IHH. J(o1'a:JICe.M, 'l/,mO 

4 

V2 = 
1
1
8 
~Sf (l? - R?), (5.8) 
i=l 

2iJe Si - nJWw,aiJu 2paneil mempa3dpa ABC D, Ri -- paiJuycu 01'py:J1Ci-to

cmeil, onucai-ti-tblx 01'0.1w 3mux 2pai-te1l, l; - paccmoRi-tuR om u,enmpo6 3mux 

01'py:J1C·1wcmeil.. iJo npomu6ono.1W:J1C'lt'blX eepwui-t mempa3dpa. 

)], 0 Ka 3 a Te JI b CT B 0. IlycTh 0i - u,enTpbl yKaaaHHhIX 0Kpy:>KIIO

CTei1, 0 - u,eHTP orrncannoi1 c¢epb1, 00; = di· Tor,n,a H3 TpeyroJihHHKa 

1 Mo H >K racrrap (1746-1818) --¢paHizy3CKH>i reoi.1eTp 11 o6mecTBetttthiii .n,eaTeJib, 
'lJWH IlapmKcxoii AH, TBope11 tta•rnpTaTeJibHOii reoMeTplrn. lhzeeT Ba)Kttb1e OTKpbITttH 
B .n,mp¢epett1111arrbttoii reoMeTp1111. ,Qpy)KlfJI c HarroJieoHOM, y'laCTBoBarr B ero noxo,!l,e 
B Er11neT. 
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A 

D 
B 

c 

Puc. 47 

AGO; (pHc. 47) ttaxo,IJ,mr: 

lT = R2 + dT - 2Rd; cos(;r - 'Pi), 

r,IJ,e 'Pi - yroJI Me:iK,i.J,Y BbICOTOH hi H rrp5IMOH AO, pamihIH BHenrneMy yrJiy 

rrpn Bepnnrne 0 paccJVraTpHBaer-mro TpeyroJibHHKa, TaK KaK h; rrapaJIJieJih

na QQi. 3aMCTHB, qTO 

h; - d; H R2 - R? = d?' cos 'Pi = --R- . . , 

HaXO,i.l,UM 

lT - RT= 2dih;. 

,Il,aJiee rroJiy'IaeM: 
4 4 4 

L SJ(lT - RT)= 2 L Sldihi = 2 L(S;hi) 2 ~'. 
i=l i=l i=l ' 

4 d 
IIocKOJibKY S;h; = 3V, a L h' = 1, rroJiy'rnM 

i=l i 

4 

L SJ(lT - RT)= 2. 9V2
, 

i=l 

OTKy,IJ,a II CJie,IJ,yeT ,i.l,OK8.3bIBaeMa5I cpopMyJia (5.8). 
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CJie,Ll,CTBHe 1. Ec.!!u mo"l'K:U A, B, C, D Ae:J1Cam e odHoil n.1wc'K:ocmu, 

mo 
4 

L s;(zz - Rz) = o. (5.9) 
i=i 

CJie,Ll,CTBHe 2. Ec.!!u ABCD ·- napaJ1J1,e.1w2pa.M.M,, mo ece S; paBH'bl, 

no:Jmo.My 

12 z2 z2 z2 R2 R2 R2 R2 
i + 2 + 3 + 4 = i + 2 + '3 + 4. 

BcJieACTBIIC cnl\n.reTpIIII OTHOCIITeJibHO TO"IKH rrepecwreHH5I AHaronaJieil 

rrapaJIJieJ1orpa1-.11\ra 1 Hi-.reei-.1: 

3nacrIIT, 

T. e. cy.M.Ma 'K:Badpamoe paduycoe O'K:py;;1ei;,ocmeil, onucaHH'blX O'K:OJID deyx 

1-tepaei;,ux mpey20J!t>HU'K:OB, Ha 'K:omopue pa36ueaemc.H, napaJ1,J!eA02pa.M.tvl 

dua20HaJ!.H,.Ntu, paei;,a cy.M.Me 'K:Badpamoe paccmo.H,HU1t om v,ei;,mpoe :Jmux 

o'K:py:>tCHocmeil oo npomueono.;io:JtCuux eepwuu napa.!!Ae.!!02pa.M.Ma. 

32.4. Bb1pruKeHHe o6'heMa TeTpa3,L1,pa B 6apH1IeHTPH'-IeCKHX KO

Op,Ll,HHaTax. IlycTb 6apl:llJ;eHTpncrecKa5I CHCTei-.ra KOOPAIIIIaT 3aAaHa 6a3HC

Hbll\l TeTpa3APOl\I AiA2A 3 A 4 II A 4 Ai = e; (i = 1, 2, 3). TeTpa3AP ABCD 
3aAaH 6apm.1,ettTpHcrecKn11m KOOPAIIHaTaMn CBonx Bepmmi: A(ai, a2, a3, a4), 
B(bi, b2, b3, b4), C(ci, c2, c3, c4), D(di, d2, d3, d4)· TorAa B a<Pc:Pmmol\r 6a-

3Hce (e:1) e:i, e3) ci-.rernamroe rrpOII3BeACHHC (DAD B DC) IIllICCT Bbipa::>Ke

HIIe (ci-.1. [5], c. 231): 

ai - di a2 - d2 a3 - d3 

(DA DB DC)= (e:1e:ie3) bi - di b2 - d2 b3 - d3 (5.10) 

Ci - di C2 - d2 C3 - d3 

Pacci-.10TpIIM ABa paBHbIX orrpeAem1TeJI2: 

ai a2 a3 a4 ai a2 a3 1 

bi b2 b3 b4 b1 b2 b3 1 

C1 C2 C3 C4 CJ C2 C3 1 

di d2 d3 d41 di d2 d3 1 

qT06br y6eAIITbC5I B HCTIIHHOCTH 3Toro paBeHCTBa, ,LJ:OCTaTO"IHO K IIOCJICA

neMy CTOJ16i.1,y rrpn6amITb TPII rrepBbIX. A BTOpoti: H3 3THX orrpeAeJIHTeJieti: 
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paBeH orrpe,D,emITemo (5.10), '-!TO ycMaTpirnaeTc51Bhl'HITamre!II113 Tpex rrep

BhIX CTpOK '-!eTBepTOH CTpOKI1. YhaK, 

a1 a2 a3 a4 

(DADE DC)= (e1 e1 e3) 
bi b2 b3 b4 

(5.11) 
Ct C2 C3 C4 

di d2 d3 d4 

CJvrelllaHHOe IIpOI13Be,Il,eHl!C (e1 e1 e3) eCTb ofrbel\l OpUe'/imUp06a'/i'/i020 rrapaJI

JieJieIIIIIIe,IJ,a, IIOCTpoeirnoro Ha 6a311CHbIX BeKTOpax e;. EcJm ero npU'li.f!m'b 

3a edU'liUU,y U3Mepe'HU.f! o6~eM06, TO IIOJIY'Illlll OKOH'-laTeJihHO: 

a1 a2 a3 a4 

1 b1 b2 b3 b4 
VABCD = 6 

Ct C2 C3 C4 

d1 d2 d3 d4 

r,IJ,e TeTpa3,.o;p ABC D paccMaTp11BaeTc5! opuettmupoBa'HiHiblM. 

§ 33. 3aeucu.Mocmu Me;}f(;()y y2Jia.Mu, 

B'blCOma.MU u 6UB'blCOmaMU 

(5.12) 

33.1. YrJihI Me)f(.n;y npOT:UBOIIOJIO)f(HhIM:U pe6paM:u TeTpa9,n;pa. 

,l1.JI51 mo6hrx 'IeThrpex TO'-leK A, B, C, D HllieeT 111ecTo H3BecTnoe BeKTopttoe 

paBeHCTBO 

BC·AD+CA · BD+AB· CD= 0. (5.13) 

EcJI11 o6o3tta'-!11Tb yrJihI l\;Ie:iK,Il,Y cKpelll,11BaIOlll,H!IIUC5! pe6paM11 TeTpa3,D,pa 

ABC D cooTBeTCTBCHHO ttarrpaBJ!eH115JM BXO,ll,RIIIIIX B 3TO paBeHCTBO BeK

TopoB - - -!31 =(BC, AD), f32 =(CA, BD), (33 =(AB, CD), 

TO ero MO)KHO rrpe,ll,CTaBHTb B TaKO!ll BII,IJ,e: 

aa1 cos (31 + bb1 cos !32 + cc1 cos (33 = 0. 

Ha ocHoBaHHH ¢opllIYJihI CepBya ,D;JI51 o6'bel\la TeTpaa,n;pa n11recM: 

81 aa1 sin !31 = 02bb1 sin 82 = 03cc1 sin /)3. 

(5.14) 

(5.15) 

}fa IIOCJIC,ll,HHX ,ll,BYX 3aBUCU!IIOCTCH rryTeM ,D;CJICHH51 IIOJJY'-!aeM COOTHOilICHIIe: 

ctg (J1 + ctg /32 + ctg f33 _ O (5.16) 
~ 8;- ~-' 

r,IJ,e 01, 02, 03 - ,IJ,JII1Hbl 6HBbICOT TeTpa3,IJ,pa. 
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Bh1pa3n111 Kocm1ycw yrJIOB (Ji qepe3 ,LJ;JIHHhI pe6ep TeTpa3,n;pa. TaK KaK 

2BC ·AD= 2(AC ·AD - AB· AD)= bf+ a2 
- c2 

- (cf+ a2 
- b2

), 

TO IIOJIY'IHl\I 2aa1 cos ,81 = b2 +bf - c2 - cf' OTKy,n;a 

b2 +bi - c2 
- ci 

cos,81 = 
2 

. (5.17) 
aa1 

TipOil3Be,n;eHHH ,Ll;JIHH npOTHBOilOJIO)KHb!X pe6ep TeTpa3,n;pa nponOplJHOHaJih

Hhl npOH3Be,n;eHHHl\I CHHYCOB IIpOTHBOilOJIO)KHhIX ,LJ;ByrpaHHhIX yrJIOB TeTpa-

3,n;pa (c111. [5], c. 99), Il03TOllIY OTHOIIIeHne (5.14) ,n;aeT TaKOe CJie,LJ;CTBHe: 

sin(BC) sin( AD) cos ,81 +sin( CA) sin(BD) cos ,82 + 

+ sin(AB) sin( CD) cos,83 = 0. (5.18) 

3a11ieTnM, 'ITO TO)K,n;ecTBa (5.13) n (5.14) cnpaBe,n;mIBhI H ,LJ;JIH mo6oro 

'leTbipexyroJihHHKa ITJIOCKOCTH. 

Hano11rnH11r, 'ITO ,LJ;JIH KOCnHycoB yrJIOB npoTHBOITOJIO)KHhIX pe6ep n11ie

IOTCH eIIJe Bbipa)KeHlrn: qepe3 KOCHIIYChl H cunychI ,Ll;ByrpaHHhIX yrJIOB TeT

pa::i,n;pa (rn111 )Ke, c. 88): 

,8 
_ cos(AB)cos(CD) - cos(BD)cos(AC) 

cos 1 - sin(BC) sin( AD) · (5.19) 

33.2. ,Ll;JIHHa 6HBbICOTbI. lfa ¢op111yJihI CepBya o6'heJ.Via TeTpa::i,n;pa 

uaxo,n;n111 

02 = 36V2 
1 a2ai sin2 

f31 ' 

r,n;e 01 -- ,Ll;JIHHa 6HBhICOThl TeTpa::i,n;pa. IlpHBJieKaH (5.17), naxo,n;n111: 

. 4a2a2 - (b2 + b2 - c2 - c2)2 
sm2 ,a1 = 1 1 1 

4a2ai 

fl03TOll!y 

02 = 144V
2 

1 4a2ai - (b2 +bi - c2 - ci) 2 · 
(5.20) 

33.3. 3aBHCHMOCTb Me)K.z:zy BbICOTaMH H 6HBbICOTaMH. TiycTb ,n;au 

TeTpa::i,n;p ABCD H BeKTOph! DA= a, DB= b, DC= c o6pa3yIOT npaByro 

TpO:tiKy. TipHBJie'!el\l BeKTOpbl 

n1 = c x b, n2 =ii x c, n3 =bx ii, n4 = (b - ii) x (c - ii). 

Tor,n;a jn;j = 2S; H 

(5.21) 

BeKTophI 
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onpe)l,em110T ttanpaBJiemrn 611BbICOT TeTpa3,ll,pa. l1x Mo.rrymr paBHbI 

Jr1I = aa1 sin,61, Jr2I = bb1 sin,62, Jr3J = cc1sin/33. 3aMeT111\1 1 'ITO 

r1 = (c - 6) x (-a) = n2 + n3 = -(n1 + n4), 

r2 =(a - c) x (-b) = n3 + n1 = -(n2 + n4), 

r3 =(ii - a) x (-c) = n1 + n2 = -(n3 + n4). 

CorJiactto cpopMyJie CepBya 6V = Jr1 J81, n03TOMY 

36V
2 

-2 (- - )2 (- - )2 
~ = r 1 = n1 + n4 = n2 + n3 , 

1 

OTKy)l,a 

11 aHaJIOrl1'-IHO 

CJimKHB nocJie,n;1rn:e TpM paBeHCTBa, noJiy'-lael\l: 

'ITO 3KBMBaJieHTHO 
1 1 1 1 1 1 1 

82 + 82 + 82 = h2 + h2 + h2 + h2. 
1 2 3 1 2 3 4 

33.4. Cne,n;cTBJHI. 113 paBeHCTBa 

4 

L Sf = 36V
2 

( 8\ + ;2 + ;2)' 
i=l 1 2 3 

npunm.mH Bo BHMMattue cpopMyJiy CepBya, noJiy'-laeM: 

4 

4 L: sf= (aa1 sin,61)2 + (bb1 sin,62)2 + (cc1 sin,63)2. 
i=l 

(5.22) 

(5.23) 

(5.24) 

9To paBeHCTBO reoMeTpM'-IecKM 03HaqaeT, qTo cyM.1vta x:Bai)pamo6 nj/,ow,aoeu 
2panei1 mempa30pa paena cy.M.Me 11:eaopamoe mpex nenapaMM'b'lt'btX 2panei1 
onucanno20 011:0Jw ne20 napaMe.1tenuneoa. 

116 



Ifa cpopMyn (5.22) BIIµ:rro, 'lTO dJl . .fl paBe?-lcrnBa 6116'/Jlcorn rnernpa3dpa 

?-leo6xoiJu.Mo u iJocmarnO''t?-lO, "IT06hr 

(5.25) 

0cB060)K,IJ;a5!Cb OT neKTOpOB II ~'l,CJrn: 3Tll paneHCTBa Ha 9V2, no.rryy:ae1i: 

cos(AD) + cos(BC) = cos(BD) + cos(AC) _ cos(CD) + cos(AB) (5_26) 
h2h3 h1h4 hih3 h2h4 - h1h2 h3h4. 

Ilo"IJ1e1rnoe ,n;ene1rne paBencTBa 

S4 = S1 cos( BC) + S2 cos( AC) + S3 cos(AB) 

na 3V ,n;aeT 3aBHClll\.IOCTb l\.JC)K,Il;Y ,n;nyrpaHHbHIH yrna1m II BbICOTal\.m: 

1 cos(BC) cos(AC) co~(AB) -= + +--'----'-
h4 hi h2 h3 . 

(5.27) 

lfa ,I\Byx Bbipa)KeHIIll (5.17) II (5.19) ,I\J15! cos/31 ll aHaJIOrIIY:HbIX HJ\.! 

Bbipa)KCllllll ,IJ;Jrn cos /32 H cos ,63 HaXO,I\Hl\.I, "ITO BCJIH"IlIHa 

b2 b2 2 2 + i-c -Ci =-2K. 
cos(BD) cos(AC) - cos(AB) cos( CD) · 

r,n;e 

K = aai 
sin( AD) sin( BC) 

CCi 

sin(BD) sin( AC) sin( CD) sin(AB) 

f!OCT05!HHa ,I\J15! ,n,aHHOro TeTpa3,'l,pa. 0TCID,ll,a m.ree11 COOTHOllICHIIe: 

a2 + ai + 2aa1 ctg(AD) ctg(BC) = b2 +bi+ 2bb1 ctg(BD) ctg(AC) = 
= c2 + ci + 2cc1 ctg(CD) ctg(AB), (5.28) 

BnepBbIC nonrrennoe B p e Till Han ,n, e po M (1841). 

§ 34. Caoucmaa mo'll'KU Jlrou.1rbe mempa3dpa 

To'IKa JlIDIIJihe onpe,n,en5!CTC5! KaK TaKa5! TO'{Ka, ,I\J15! KOTopon cy1mra 

KBa,n,paTOB paCCT05!Hllll ,ll,O rpaHen ,n;a1rnoro TCTpa3/Wa MHHIIMaJlbHa (Cl\!. 

[5], c. 172--175). Bapn!IenTpIIY:CCKHe Koop,n,mraTbI 3Tofr TOY:KH nporrop!IHO

HaJihHbI KBa,n;paTal\.I IIJlOilia,IJ;Cll COOTBCTCTBYIDilIHX rpatren ,n;amroro TCTpa-

3,ll,pa. PaccMOTpHM ,n,pyrne CBOHCTBa TOY:KH Jlronnhe 1. 

i J1 IO n JI b e CnMOH (1750--1840) -- urnell~apcKnll MaTeMaTnK-ITeJlaror, 'IJleH Bep

JIHHCKoll n I1eTep6yprcKoll AH. EMy ITpnHaJIJie)!{aT pa60TbI ITO Teopnn MnoroyrOJihHH

KOB H MHOrorpaHHHKOB, TeOpHH sepo>ITHOCTell, ITO p><,1:1aM ITOKa'3aTeJihHb!X H TpHrOHO

MeTpHqeCKHX cPYHK~Hll H AP· 
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34.1. AttaJior TeopeMbI IlIJieMHJibxa. Tpu n.1wc1wcmu, K:aatCda.f! 
ua 'lwmop'blX npoxooum 'l/,epea 6wvteouatty mempa3opa u cepeoutty co
omeemcmeyiow,eil 6ue'blcom'bl, nepeceK:aiomc.f! e mo"lK:e Jhou.l!'be dai-ittoco 
mempa3iJpa. 

,n: 0 K a 3 a T e JI b c T B o. 0'-IeBII_z:J,HO, _z:J,OCTaTO"'IHO )J;QKa3aTb, 'ITO ce

pe.LJ;lIHbl ,n;syx rrpOTlIBOITOJIQ)KHbIX pe6ep, cepe,n,11na COOTBCTCTB8HHOU ll]IJ 

6IIBb!COTb1 lI TO"'IKa JlIOHJibe Jie»::aT B O,ll.HOH IlJIOCKOCTlI. gJI51 3TOro Bbl'UIC

Jllil\J 6apnu,eHTplI"'I8CKIIe KOOp~i;mraThI ToqeK p lI Q' B KOTOpbIX 6HBbICOTa 

nepeceKaeT pe6pa AB n CD TeTpa3,n;pa ABCD. Hop11U1posaHHb111m B-Ko

op,n,nnaTa11rn TO"'IKlI p 5JBJI5110TC51 OTHOUICHlI51 o6'be!IJOB OplICHTHpOBaHHb!X 

TeTpa3-1l,pOB PBCD, APCD, ABPD, ABCP K o6'heMy V .n;amroro TeTpa-
--- 1 - - - -

3.n;pa. l1l11enno, >. 1 =(BP BC BD) 
6
V. ITpe,n;cTam1111 BP= BD+ DQ+QY 

- --1 - -
Tor.n;a >-1 = (BD x BC)PQ 

6
V. TaK KaK PQ II F3, To noJIO:tKHllJ PQ = µF3, 

BCJie,ll,CTBHe •1ero 

>-1 = 6~µ(n1f"3). 
AnaJIOrII"'IHO noJiy1rnM .A2 = 6~µ(ii2F3). 0'-ICBH,ilHO, ,\3 = A4 = 0. C 

paBHbillJ npaBOM nepBbie ,ll,Be KOOp,ll,HliaTbl TO"'IKlI Q paBHbl nymo, a TpCTbH 

lI "'I€TBepTa51 paBHbl COOTBCTCTBCHHO 

µ (- - ) -
6
V n3r3 u 

Tor.n;a nenopMnpoBaHHhil\llI KOOp-1J,HHaTa11rn cepe,n;HHhI 6nshICOThJ PQ 6y.n;yT 

"'IHCJia: 

ii1F3, ii2F3, -n3r3, -n4r3. (5.29) 

IT 
- 1 

OCTORHHbIH MHO:tKHTCJib 6Vµ onyIIJ,en, IlOCKOJibKY OH necyIIJ,CCTBeH ,ll,JIH 

,Ll,OKa3aTeJibCTBa. 3a,ll,aqa CBO,ll;HTC51 K )J,OKa3aTeJibCTBY paBeHCTBa nymo 

orrpe,ll,eJIHTeJrn, cocTaBJie1rnoro H3 KOOp,ll,IUiaT pacc11raTp1rnae111bIX TO"'IeK: 

ii1 F3 ii2F3 -ii3f3 -n4F3 
-2 
ni 

-2 n2 -2 
n3 -2 n4 

1 1 0 0 

0 0 1 1 

CorJiacno rr. 33.3 sepno paseHCTBO r3 = ii1 + n2 = -(n3 + n4), IT03TOll1Y 

rrocJie rro,n;cTaHOBKlI orrpe,n;eJIHTeJib rrpnnn11raeT s11,n;: 

~+~~ ~+~~ ~+~~ ~+~~ 
-2 n1 

-2 
n2 

-2 n3 -2 
n4 

1 1 0 0 

0 0 1 
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:lb nepBofi CTpOKil Bbl'.J.Telll BTopy10, a 3aTe:M II3 rrepsoro CTOJI6ua BbI'ITCl\! 

BTOpo:ti, Il3 TpeThero ·~- qeTBepThifI, IIOCjJe <Jero paseHCTBO HYJ1!0 orrpe,n;em1-

TeJI.H 6y,n;eT O'IeBH)1,HbIM. 

Tp11 rrJlOCKOCTII, Ka)f{,JJ,aB 113 KOTOphIX rrpoxo,JJ,IIT <repe3 6Inre,JJ,HaI-Iy H ce

pe,n:11Hy COOTBCTCTBCHHOfI 6HBbICOThI, pamrorrpaBHhJ. CJie,JJ,oBaTCJibHO, TO'IKa 

JlIOIIJibC 6y,JJ,eT Jie)f{aTh II B OCTaJihHbIX ,JJ,BYX IIJIOCKOCTHX. 0 
34.2. To'iKa J110:nJibe :n 6:nBbICOTbI. To"l-x;a JJ10uJ1.be mempa3iJpa Jte

:>ICUm 6 nJtoc-x;ocmu, onpeiJeJte'/i'liOU cepeiJu'H.a.Mu eco 6us'btcom. 
,II, o Ka 3 a Te JI h c TB o. Ilo aI-Ianorun c (5.29) 11am1IIIeM 6apm~eH

TpH'ICCK11e (neuop11mpoBaHI-Ihle) KOOp,n;HI-IaThI cepe,JJ,IIH ,JJ,pyrnx ,JJ,BYX 6IJBbI

COT H COCTaBill\l orrpe,JJ,CJIHTCJib H3 KOOp)J,IIHaT yKa3aHI-IhIX 'ICTbrpex TO'ICK: 

-n1r1 n2r1 n3r1 -n4r1 
n1r2 -n2r2 n3r2 -n4r2 
n1r3 n2r3 -n3r3 -n4r3 

-2 n1 -2 n2 -2 n3 -2 n4 
B o6o3Ha<Jemrnx B rr. 33.3 

f1 = n2 + n3, f2 = n1 + n3, f3 = n1 + n2. 

HcnOJib3Y.H (5.21 ), nony<JaeM: 

-r1 + r2 + f3 = 2n1, f1 - r2 + r3 = 2n2, 
r1 + r2 - r3 = 2n3, f1 + r2 + r3 = -2n4. 

(5.30) 

B cocTaBJieHHOM onpe)J,CJIHTeJie K nepBofI cTpoKe npu6aBHM BTopy10 n Tpe

Th!O. EcJIII y<JeCTh pasencTBa (5.30), To 3Jiel\leHThI rrony<reuuofr nepBOH 

CTpOKH OKa3hIBaeTC.H nponopu;IIOHaJibI-Ibil\lll COOTBCTCTBCHHbil\l 3JICMCHTaM 

<reTBepTOH CTpoKn. A TaKoii onpe,lJ,eJlnTeJib paseu uymo, II03TOMY pacc1v1aT

pnBael\Ihre 'ICTbipe TO<JKU KOl\IIIJianapHbJ. 0 

§ 35. fl36pm-t'l-l'bte uepaaeucmaa u 31',CmpeMy.M/bt 

c IJ;CJlblO IIpUJIQ)KeHIIfI IIMeIOiu;UXC.H pe3yJihTaTOB peIIIIll\l HeCKOJibKO 3a

)1,a<J. 

3 a ,JJ, a 'I a 1. qeBnaI-IbI AiP, npoxo,D;.Hru;nc <repe3 TO<rKy P, nepeceKaIOT 

rpaun ai TeTpa3,n;pa A 1A2A3A4 B TO'IKax Pi· ,Il,OKa3aTh, 'ITO 

4 -- 4 --L ~; ~ 12, II A;P ~ 81. (5.31) 
i=l ' i=l PP; 

A;P A;P; 4 A;P 
P e III e H n e. Qqesn,n;uo, = + 1 = =, 11 rro3TOMY L = + 4 = 

A·P PP; PP; i=l PP; 
= L ' '. 8T11 OTHOIIIeHIIB noJIWKHTCJihHhI (To'IKa P BHYTPII TeTpa3,l1,pa). 

PP; 
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Cornacno nepaBencTBy (9.2) II3 [5] (c. 160) 

(t AiPi) (t PP;) ? 42_ 

i=l p Pi i=l A;P; 

B cuny (4.5) BTopaH cyMJ\Ia paBHa e,I.1,:nm1u,e, n cne,n,oBaTenhno, rrepBaH 

cyl\11\Ia HC MeHhUie 16, OTKy,D,a CJIC;tyeT rrepBoe II3 .JJ:OKa3bIBael\IbIX Hepa
BCHCTB (5.31). Ha ocnoBamrn nepaBcHCTBa KoIIIII (c!II. [5], c. 159) m1eel\r: 

4 --

II A;P ~ 414 • 124 = 34 = 81. 
pp 

i=l ' 

PaBeHCTBO IIMeeT MeCTO JIIIIIIb B cnyqae, Kor,n,a BCe OTHOUieHIUI paBHbI, T. e. 
Kor,n,a TO'lKa p comia,n,aeT c ll,CHTpOU,ll,OJ\I TCTpa3JJ,pa. 

3 a ,n, a 'la 2. ,lLoKa3aTh, 'ITO JJ,JIH mo6oro TeTpa3JJ,pa A 1 A2A3 A4 mreeT 
lVIeCTO nepaBeHCTBO (B o6rn;enpnHHTbIX o6o3Ha'ICHirnx) 

R2 4 a2 

-:(2 ? I: h;~ , i < j. 
i,j=l J 

(5.32) 

Pe III e u n e. Bocnonh3YCMCH cpopl\rynoii (1.35), cornacno KOTopoii JJ,JIH 

11,CHTpOB 0 lI J 01mcannoii lI BIIHCaHHOll ccpep TeTpa3JJ,pa 

rJJ,e 

II03TOMY 

4 
2 2 '°""' S; Si 2 OJ = R (,\1 + ,\z + ,\3 + ,\4) - ~ s · 3aiJ' 

3V 
Si= h:' TO 

i,j=l 

2 

OJ2 = R2 - r2 L a;i , 
h,hj 

OTKyJJ,a II cneJJ.YCT (5.32), TaK KaK OJ2 ? 0. 

i < j, 

PaBCHCTBO .n,ocTnraeTCH JIHIIIh npu coBna.n,ennn 11,eIITpoB 0 u J, T. e. 
B cnyqae paBHOrpaaaoro TeTpa3JJ,pa. 

3 a ,ll, a 'la 3. ,lLOKa3aTh, 'ITO CYMJ\Ia Bcex IIICCTII ,D,ByrpaHHbIX yrnoB 
TeTpa3,ll,pa 3aKJIIO'ICHa Me)l{JJ,y 27r II 37r. 

Pe III e H n e. CyMMa JJ.ByrpaHHhIX yrnoB Tpn3,n,pa 6onhIIIe 7r. ,lLmr qe
Tbrpex TpH3JJ.pOB ,n,aaaoro TeTpa3,n,pa ona 6onhIIIC 47r. ITpII 3TOM Ka)l{,n,hrii 
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,n;Byrpamihiii yroJI 6y,n;e-r coc'UITaH ,n;Ba)K,IJ;bI. CJie,n;oBaTeJibHO cyl\ma Bcex 

,IJ;ByrpaHHbIX yrJIOB TeTpa:7,n;pa 60JihIIIe 2:ir. 
,Ll,oKa:>Kel\1, '!TO 3Ta cyl\11\m l\IeHbIIIe 3:ir. Ha ocHOBamrn pasencTBa (5.21) 

Il3 BeKTOpOB ii:1, ii:2, ii:3, ii:4 l\IO)KHO IIOCTpOIITh KOCOfi 'IeThipexyrOJihHHK. 
YrOjJ l\le)Key BeKTopaMH n; II nj 51BJI5!eTC51 BHCIIIIUil\l yrJIOl\l 3TOI'O qe

TbipexyrOJibHHKa. c ,n;pyrofi CTOpOHbl, OH ,IJ;OIIOJIH5ICT ,n;o 7r yroJI l\Ie)K,IJ;y 

rpan5Il\HI 0:; H 0:1 TeTpa:mpa. CJiep,oBaTeJihno, yrJihI (~) paBnhI ,n;By
rpaHnhil\I yrJial\I TeTpa3,n;pa. IlepecTaHOBKOH nop51,n;Ka BeKTOpOB n; l\!O)KIIO 

nocTpoHTb Tpn pa3JIW·IHbIX KOChIX '-!eThipexyroJihHIIKa. Oun cooTBCTCTBy10T 

KOChil\l '-leTb1pexyroJihHHKal\l ABCD, ACED, ADBC TeTpa3,n;pa ABCD. 
Cy11IJ1Ia BHyTpemrn:x yrJIOB Kocoro qeTbipexyroJihHIIKa MeHbIIIe 2:ir, a ,n;JI51 

Tpex KOCbIX qeTbipexyroJibHIIKOB OHa MeHhille 6:ir' npH 3T01\1 Ka)f(_D,hill yrOJ1 

6y,n;eT coc'-!HTaH ,n;Ba pa3a. 3na'rnT, cyl\Il\Ia scex ruecTII ,n;syrpaHHbIX yrJioB 

TeTpa::i,n;pa l\Ienhme 3:ir. 
3 a ,n; a q a 4. B TeTpa::i,n;p A 1A2A3 A4 c rrJiom;a,n;hIO S rroJinon rrosepx

HOCTH Bm1caua c¢epa. HafiTH l\IaKCIIMaJihHoe 3Ha'-reu11e IIJIOlila.n11 ce'-leun51 

TeTpa3,n;pa IIJIOCKOCTblO, napaJIJieJibHOH O)];IIOH II3 ero rpanefi II Kacaiom;ei1C51 

Bnnca1rnoil: c¢epbI. 
P e Ill e u n e. IlycTh CJ -· rmolila,IJ;h ceqemrn. Tor,n;a 

TaK KaK S;h; = Sr = 3V, TO 

a 

Si 

(hi - 2r)2 

hr 

= S;(hi -2r)
2 = S·(l- 28;) 2 = 4S;(S-2S;)

2 

(J h2 ' s 482 

' 
3Ha'-!enne IIJIOlila,n;n (J ,Il;OCTIIraeT l\IaKCIIllIYMa rrpII l\IaKCill\laJihHOl\1 3Ha'-!eHHII 

'-!IICJIHTeJI51 noJiyqeuuoii ,n;po61I. CyMl\ra coMHO)f(IITeJiefi '-IIICJIIITeJI51 pasua 

4S; + (S - 2S;) + (S - 2S;) = 2S, 

T. e. noCT05IHHa. CorJiacuo HepaBeHCTBY Komn npoII3Be,n;eirne l\IaKCHl\IaJibHO 

rrpn paBeUCTBe ero COl\IHO)KilTeJiefi, T. e. I!pH ycJIOBHII 4S; = s - 2S;, OTKy,n;a 
1 2 1 

S; = 6s, a Tor,n;a u = 
27

s. fpanh c nJiolila,IJ;hIO S; = 6s cooTBeTCTByeT 

BhICOTe h; = 6r TeTpa::i,n;pa. 

3 a ,n; a q a 5. B rrpaBHJibIIOil: TpeyroJibuoil: rr11pa1'm,n;e 6oKoBa51 rpanh 

Hl\leeT 3a,n;aunyro I!OCT05IHHYIO IIJIOlila,IJ;b H uaKJIOHena K I!JIOCKOCTH oc

HOBaHH51 rro,n; yrJIOl\l a. Ilpn KaKOM 3Ha'-lemm 0: paCCT05IHHe OT I.1,enTpa 

OCHOBaHII51 rrnpaMII,IJ;hI ,n;o 60KOBOfi rpanu 6y,n;eT uau60J1blIIIIM? 

P e ru e u II e. IlycTb S -- IIJIOlila,IJ;h 6oKosoi1 rpann, x - ,n;JIIIua YKa3an

uoro rrepnen,n;MKYJI5Ipa. Tor,n;a no ¢opl\1yJie npoeK11,nfi ITJIOlila,IJ;h ocnosann51 

paBna u = 35 cos a, no3T01\IY o6'heM V rrnpal\IH,IJ;hI paBen V = 3x · &s = xS, 
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IlOCKOJlbKY )J,mIHa BbICOTbl K 60KOBOH rpaIUI paBHa 3x. fio cpopMyJie ,l],OCT0-
2 sin a: 

pa V = 3scr-a- (a-· pe6po ocnoBamrn). Ifa paBencTBa er= 3Scosn = 
= ~a2 v'3 cJie)J,yeT a2 = 4\1"3Scosn. Tor)J,a naxo)J,rn.r: 

. 2 2 5 3 

V
2 _ 5 4 sm a: cos a: _ . 2 - ;;; - ;;; sm a cos a. 

v3Scosa: v3 

0'!eBH)J,HO, X 11-IaKCHMaJibHO rrpu l\IaKCHlllaJibHOlll V 2 , T. e. IlpH MaKCIIl\JaJib-
. 2 2 sin2 n sin2 n . 2 HOM y = sm ncosn. Paccl\IOTpnu y = -

2
- · -

2
- · (1 - sm n).Cy1'111ra 

u sin2 a sin2 a: . 2 COl\IUO)KHTeJieII -
2
- + -

2
- + ( 1-sm a) = 1 rrocTOHHHa. Cne)J,oBaTeJibHO, 

2 sin2 a: . 2 
y MaKCHMaJibHO rrpn ycJJOBHH -2- = 1-sm Q paBeHCTBa COl\IHO)KHTCJJell:, 

OTKy)J,a sinn =JI, tg2 a= 2. 

3aiJa't/,U x; 2J1,aee 5 
5.1. 0KoJio TeTpa3)J.pa orrucan rrapanJJeJierrIIrre)J,. ,Ll.oKa)KHTe, '!TO TO'IKa 

MoH)Ka )J,am1oro TeTpa3)J.pa ~mmieTcH u;errTpOl\1 ccpepbI, orrIIcanrroll: oKoJJo 

TeTpa3)J,pa c BepumHaMH B Tex Bepumuax rrapaJJJ1eJiemme)J,a, KOTOpbie He 

51BJI51IOTC51 Bepuurna111u ,n:aunoro TeTpa3,n:pa. 

5.2. ,Ll.oKa:>KHTe, 'ITO cy111111a KBa)J.paTOB paccT051HHii OT TO'IKII MoH)Ka 

TeTpa3,n:pa )J,O ero BepIIIHH paBHa Y'I8TBepeHHOMY KBa)J,paTy pa)J,nyca OIIII

caHHOii OKOJIO Hero ccpepbI. 

5.3. ,Ll.oKa)KIITe, 'ITO II3 1118)1,IIaH TeTpa3)J,pa MO)KHO IIOCTpOIITb KOCOti 

qeTb!pexyroJibHIIK, cTopOHbI KOToporo rrapaJIJieJibHbI 3TIIM 111e,n:naHall:!. Hall:

,n:nTe OTHOIII8HIIe o6'beJlla TeTpa3,n:pa, BepIIIIIHbI KOToporo COBila)J,aIOT c Bep

IIIIrna11m 3TOro 'IeTbipexyroJibHIIKa, K 06'be111y ,n:auuoro TeTpa3)J,pa. 

5.4. ,Ll.oKa:>KIITe cooTHOIIIem1e ,Il,JIH TeTpa3,n:pa A1A2A3A4 
4 4 

~"" _!._ _ "" cos(A;Aj) 
L.,, h2 - L.,, ' i < j. 2 . i . . hkhu 
i=l i.1=l 

5.5. 'llepe3 TO'IKy, Jie:tKamy10 BHyTpn TeTpa3,n:pa, rrapaJIJieJibHO ero rpa

H51M rrpoBe,n:eHbI 'IeTbipe IIJIOCKOCTII, ua KOTOpbIX T8Tpa3)J,p BbICeKaeT Tpe

yrOJibHIIKII c IIJIOIIJ;a)J.51MII Si II KOTOpbie BbICeKaIOT ua rpaH51X T8Tpa3,n:pa 

TpeyrOJibUIIKII c IIJIOIIJ;a,ll;51MII CTi· ,Ll.oKa)KIITe, '!TO 

t ff:= 3, 
i=l v 8; 

t~· =l, s, 
i=l 

( S; -· rrJiorn;a,n:II rpaueii TeTpa3,n:pa). 
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5.6. Ha qemmHax A;P TOqKIJ P, B35ITOti BHYTPH TeTpa3,npa A1A2A3A4. 
3a,z:i;anhr TOqKn N; TaKIIe, 'ITO A;N; : A;P = l : 3. 1..J:epe3 TOqKn N; rrpoBe,ne
Hhr mmcKOCTII. rrapaJIJieJibHbie rpana11 a;. EcJIH s; · - IIJIOilla,IJ;H IIOJ'Iyqemrhrx 
ceqerrnti:, Vi --- ofrhel\rhI oTceqeHHhIX TeTpa3,npoB, TO 

t ~=l, 
i=l v S; 

4 

2:01;= W. 
i=l 

,Il,oKa:tKHTe. 
5. 7. ,Ll,aHa c¢epa n ,z:i;Be TOqKn A n B mre ee. PaccMaTpnBaroTrn BCCB03-

MO:tKHhre TeTpa3,nphI ABXY, orrncaHHhJe OKOJIO ,z:i;aHHOfi c¢epbr. ,Il,oKa:tKHTe, 

qTo cyl\1Ma yrJIOB Kocoro qeThipexyroJihHIIKa AX BY rrocTomrna. 

5.8. ,Ll,oKa:/lrnTe, '-ITO ,z:i;Jia TeTpa3,npa ABCD nMeeT MeCTO HepaBeHCTBO 

CD2 + BC2 + BD2 < 4R2 + AB2 + AC2 + AD2
. 

5.9. ,Ll,oKa:tKnTe, qTo ,n:Jia TeTpa3,ri;pa ABCD mreeT MecTo HepaBeHCTBo: 

AB·CD 
r < 2(AB +CD). 

5.10. ,Il,oKa:tKHTe, qTo cyl\rMa rnecTH yrJioB, no,n KOTOpbIMII BHAHhI pe6pa 
TeTpa3,npa II3 rrpOII3BOJibHOii BHyTpeHHeti: TO'-IKII, 60Jibllie 371". 

5.11. IlocTpOeHbI TOqKIJ, IIHBepcHbie Tpe111 Bepwmia!II TeTpa3,npa c IJCH
TpOM IIHBepnrn B qeTBepToii Bepmmre. ,Ll,oKa)l(HTe, qTo yrJihI rroJiyqeHHoro 

TpeyrOJibHIIKa He 3amIC5IT OT Toro, KaKa5l BepmnHa 5IBJI5leTC5l IJCHTpO!ll 

HHBepcnu. 
5.12. TpII rpaHH napaJIJieJierrIIrre,ri;a rrp1rna,n:Jie)l(aT rpanaM TeTpa3,npa 

ABCD 06be11ra V, a ToqKa nepeceqeHIIa Tpex ocTaBmnxrn rpaHeti 3Toro 
rrapaJIJienennrre,ri;a JIC)l(IIT B qeTBepToti: rpaHH TeTpa3,npa. Hati:,n:IITe 11raKcn

l\IaJihHO B03MO)l(Hbiti: o6be!ll napaJIJieJienune,na. 

5.13. Bhrpa3IITe paccToaHne OT BepIIIHHhI TeTpa3,npa ,ri;o IJCHTpa Bnucan

noii: B Hero c¢epb1 "Iepe3 ,nJJMHhI pe6ep n TIJIOI!Ia,ri;u rpaHeiI. 

5.14. Bhrpa3HTe ,nnIIHY 6ucceKTpncbr Tpexrpaimoro yrJia TeTpa3,npa qe

pe3 ,IJ;JIHHhI ero pe6ep u IIJIOillaAM rpaueti:. 
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I'.;iaBa 6 

CneU;Ua.!l/b?-t/ble mempa3dp'bl 

TeTpa3.IJ,pbI 'IaCTHbIX BH.IJ,OB ( cneu,naJibHhIC Tecrpa3.IJ,phl) ecTeCTBeHHO 06-

Jia.IJ,moT BCCl\IH CBOHCTBal\rn, H3JIO:tKeHHbll\III B )J,BJX rrpe)J,bl)J,ylll,IIX rJiaBax 4 
H 5 0 rrpmI3BOJibHb!X TeTpa3.IJ,pax. 0.IJ,naKO na rrpaKTHKe npHXO)J,IITCZ! HC

IIOJib30BaTb opTOIJ,CHTpII'ICCKHl't, paBnorpal!Hblll, H30)J,IIUal\nI'ICCKHH, H30I'O

naJibHblll TCTpa3~WbI, a TaK:tKC TCTpa3.IJ,p, Ill\!CJO!ll,Hll KacaTCJibHYJO c<J?epy 

K pe6pal\l, H oco6emm npZil\royroJibHbifr H rrpaBIIJihHbrfr. KpaTKO oxapaKTe

prcyel\r 3TH BH.IJ,hJ TeTpa3,n:poB. 

§ 36. 3aMe'l(ameJl/b1-l'bte cifjep'bt opmo'UieHmpu'l(eC'K',OCO 

mempa3dpa 

B rnaBe 6 (§ 6) TOJ\ra 2 )..\ano orrpe,I.\eJieHne opTou,etITpnqecKoro TeTpa3)..\

pa KaK TeTpa3JJ,pa, Hl\!CJO!ll,ero opTOil,CHTp, H )J,OKa3aHbl ero xapaKT8pIICTlI

<I8CKHe CBOMCTBa: opTOrOHaJibHOCTb rrpOTlIBOIIOJIO:tKHbIX pe6ep, paBeHCTBO 

CJJ\IM KBa.IJ,paTOB IIX ,ll;JII1H, paBeHCTBO 6Hl\IC)J,Han, rrepece<1enne rreprreH)J,HKY

JIZ!pOB K rpaHZIM B HX I~CHTpOH)J,aX, COBrra,n:enne opTOil,8HTpOB rpaneii c oc

HOBaHH5l:l\fl1 COOTBCTCTBYJO!ll,HX BbICOT T8Tpa3JJ,pa. IlpO,I.\OJI:tKHM II3JIO)K8HIIe 

.IJ,pyrnx CBOllCTB opTOIJ,CHTpnqecKoro TCTpa3.IJ,pa. 

36.1. IlepBa.H ccpepa 9iiJiepa 1• Bo BCZIKOl\I TeTpa3.IJ,pe 6nMe.IJ,nattbI 

nepeceKaIOTCH B u,ettTpon,n,e n JJ,C.IIHTC5l: HM nononal\I. Ta1< 1<a1<, KpoMe Toro, 

B OpTOIJ,CHTpnqecKOl\I Te'rpa3JJ,pe 6nMe)J,HaHbl paBHbI, TO cepe)J,IIHbI BCex 

pe6ep TeTpa3)J,pa JIC)KaT na O)J,HOfl c¢epe <I>1 c Il,CIITpOM B Il,CHTpOH)J,e 

TeTpa3,I.\pa. IIocKOJihKY c<J?epa <I> 1 coJJ,ep:tKHT cepe,n:nHbI pe6ep, TO otta ne

pece1<aeT rpann no OKpy:tI<nocTHl\I )J:CBZITH ToqeK 3Tux rpaneti (cM. [4] § 6). 
Ilo3TOMY 'lia crjjepe <I>1 AeJ1Cam wecm'b oc'/i06a'/iuu B'btcom cpa'lidl (oc'lioBmmu 

6uB'bicorn) u 06e'lia<Jv,am'b mo"ie'K, oeJi.Rw,ux nonoAa.wi ompe3'KU :Jmux B'btcom 
om oprnov,e'limpo6 zpa'lieu c)o 6epwu'li. 

C¢epy <I> 1 na3hIBaIOT nepBou crfiepou 9uAepa, mm crjjepou 24 mo"ie'X: 

opTOIJ,CIITpII'ICCKOI'O TeTpa3JJ,pa. 

18 ii. JI e p J[eottap,IJ; (1707-1783) -- BbI,IJ;a!Oli\11HC51 pa3HOCTOpOHHl1tt Y'leHbIH ·-- l\IaTe

MaTHK, cj:rn311K, Mexam1K, acTpOHOl\I. Po,IJ;HJJC>I B lliBeii.u,apm1. B 1726--17 41 u 1776--
1783 ro,IJ;ax pa6oTaJI B TieTep6yprcKoii. AH, ocTaJibHOe speM>I B BepJJ11He, He npephIBa>I 

cs>1311 c ITeTep6yproM. EMy np11Ha,IJ;JJe)f(aT 6oJJee 850 nay<IHbIX pa6oT rro Tpy,·weii.llIHM 

sorrpocal\! l\IaTel\IaT11KH, c\:nt3HKH, nasurau,HH. BhIJI O,IJ;HH•l 1!3 TBopu,oB cospel\JeHHoii. 
,IJ;HcP¢epeHU,l1aJibHOH reoMeTpH11 
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36.2. BTopaH cct>epa 9ibxepa. IlpMH5IB opToue1np H TeTpa3,L1,pa 3a 

Ha<JaJIO BCKTopoB, paccMoTpllM TO'IKY E, orrpe,L1,eJme11rym BeKTopoM 

- 1 - - - -
E = 6(A1 + A2 + A3 + A4)· (6.1) 

- l - - -
Ecm1 C; -ue1npoII,L1, rpaHII a;, TO C; = 3(Aj + Ak +Au)· 3tta'rnT, 

- - -1- - - -
EC;= C; - E = 6(Aj + Ak +A,. - A;). (6.2) 

PaccMoTpHM TO'IKH D;, ,Ll,CJI5lll1He oTpe3KH BbICOT TCTpa3,Ll,pa OT opTOIICH

Tpa H ,Ll,O nepunrn B OTHOUieHHH 1 : 2, C'IHTa5l OT opTou,ettTpa. TaK KaK 
- 1 -
Di= 3Ai, TO 

(6.3) 

IlocKOJihKY Ai(A1-.ih) = 0 ,L1,JI5I nm6oii: Tpoii:KH pa3JIII'IHhIX MH,Ll,eKcon i, j, k 
(B c11ny opTorouaJihHOCTH HA; ll AJAk), TO 

Ai · A2 = Ai · A3 = A1 · A4 = A2 · ;\3 = A2 · A4 = A3 · A4. (6.4) 

c yqeTO!ll 3TllX paBCHCTB HaXO,Ll,IIM: 

EC;= ED;= 3~l2 , r,L1,e l2 =A~+ A~+ A~+ A~. 
TaKHM 06pa30111, Boce111b TO'ICK G;, D; ne:acaT na O,Ll,HOH cclJepe 4>2 c u,en-

1 
TpoM E M pa,L1,IIycm.1 p = 5 l. 

Ha cc:Pepe <I>2 ne:acaT opToueuTphI Hi rpaueil: TeTpa3,Ll,pa. B caMoM ,L1,ene, 

nocKOJihKY ECi = -EDi, TO TO'IKH Ci 11 Di cyTh .n;11aMeTpaJihno npoTn

nonoJio:acHhie TO'IKM c¢ephl <1>2 . B CMJIY Toro, 'ITO yrnhI C;H;Di np5IMhie, 

TO'IKH Hi nmKaT ua 3Toii: c¢epe. 

l'ITaK, v,ettmpoumi u opmov,ettmp'bt ipaneu opmov,ettmpu"-teciww mempa-

3apa, a max::HCe mo"-tx:u, aMJl,w,ue ompes-x;u 6'btcom om opmov,eumpa mempa-

3<}pa ao 6epWU'li 6 omttoweuuu 1 : 2, .11,e:J1Cam tta oJ'lioii crf>epe, tta3'bt6aeMOU 

emopoii crfiepoii 9ii.11,epa, U.!/,U crfiepoii 12 mo"te'X: opmov,enmpu"tec'X:ow mem

pa3<}pa. 

J1erKO npOBCpllTh, 'ITO BTOpa.H c¢epa 9il:nepa OpTOII,CHTpH'ICCKOro TeT

pa3,Ll,pa roMOTeTH'IHa ero OTIHCaHHOH c¢epe npH ro11JOTCTlllI c u,eHTpO!ll 
1 

B u,eHTpOH,Ll,e C n Ko3¢¢nn,ne11To111 k = - 3. 
1 

3aMeTnM, 'ITO pa.n;nyc R = 2z orrnca1rnoil: c¢ephI BTpoe 6onhme pa,Ll,IIyca 

BTopoil: c¢eph1 9il:nepa. 

36.3. TpeTb513aMe<JaTeJibHa.H cct>epa. B opmov,enmpu"-tec-x;o.Jvt mem

pa3ape cepeautt'bt U; ompe3'X:OB om eepwutt A; ao opmov,ettmpa H M:J1Cam 

ua crj)epe <1>3 c v,ettmpo.M e v,ettmpoude mempa3apa u paauycoM, paBtt'btM 

no.11,06utte paduyca onucan'>toii crfiep'bt. 
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)J,eiicTBHTeJihHO, rrpII Ha'laJie H BeKTopoB BeKTOphI tJi YKa3aHHhIX cepe-
1 -

,ll;HH oTpe3KOB paBHhI cooTBeTCTBenno 2 Ai. Tio3To111y 

- 1 - - - -cui = 4(Ai -Aj - Ak - A,,), 

OTKy.n;a c Y'leTOlll (6.4) rroJiy'rne111: 

-2 1 -2 -2 -2 -2 1 2 cui = l6(A1+A2+A3+A4)= 161. 

9To H .D;OKa3hrnaeT, 'ITO TO'IKH U; Jie)KaT Ha o.n;noil c¢epe c ~ettTpOlll G 
1 l 

H pa.n;nyc0111 4z, KOTOphIH paBeH rroJioBnne pa.n,nyca R = 2z onncanHoi1 
c¢ephI. 

36.4. PacnoJIO)Kemrn u;eHTpOB ccpep 9H:nepa. Ecm1 0 - ~eHTP 

OIIHCaHHOi1 c¢epbI, TO 

- 1- - - -
OH= 2(0A1 + OA2 + OA3 + OA4), 

- 1- - - -
HO= 2(HA1 + HA2 + HA3 + HA4), 

(6.5) 

(cM. [5], c.109). 0Tcro.n;a cJie.n;yeT, 'ITO BeKTOphI HO, HG, HE KOJimrneap
HhI. Tio3TOMY opmou,ettmp H u u,ettmp E smopoil crfiepu 9il.aepa Jte;)!Cam tta 
np.R,.M,oil OG 9il.aepa mempa;,i)pa, npu"leM 

HE : EC : GO = 2 : 1 : 3, 

---111 
HO : HG: HE= 2' : 4 : B = 6 : 3 : 2. 

CJieACTBHe. Opmou,ettmp mempa;,c}pa cosnaiJaem c ew mo"l1wil Mott
;)!Ca, max: x:ax: G -cepeiJutta OH. 

§ 37. Opmot1ieHmpu'l(,ec-x;uu mempa3dp 

c dey.M.fl coenaew,u.Mu eepw,uHa.Mu 

37.1. 3a,n;aHHe H 9JieMeHTbl BblpO)KAeHHOrO opTou;eHTpH'<IeCKoro 
TeTpa9Apa. PaccMoTpHM opTo~eHTpH'IecKHii TeTpa3,n;p ABCD, y KOTO
poro Bepurnna D coBirn,n;aeT c C. Tor.n;a np.HMa.H CD 3annMaeT noJIO)Ke
HHe KaCaTeJibHOH t B TO'!Ke c K OTIHCaHHOH c¢epe, npI:I'!eM np.HMa.H t 
nepneH,ll;HKYJI.Hptta AB. Pe6po AD coBna.n;aeT c pe6poM AC, pe6po BD -
c BC, rpatth ABD- c rpattbro ABC. CJie.n;oBaTeJihHO, pe6pa AC M BC 
opTOrOHaJihHhI. 

Ilo9TOMY opmou,ettmpu"lecx:uil mempa;,i)p ABC D c iJsy.M.R, cosnaswu
.Mu sepwutta.Mu C u D (KOTOphI:li MhI 6y,n;eM Ha3hIBaTh B'btpo;)!Caetttt'bt.M 
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A 

Pnc. 48 

opmo'4e'Hmpu"tec'ICU.M mempa3iJpo.M) .MO:JIC'HO 3aiJam'b 'X:a'IC np.R.Moy20Jt'b'H'btil 
mpey20Jt'b'HU'I\, ABC c eepwu'lta.Mu 'Ha iJa'lt'HOil crfiepe, npu<tte.M eepwu'lta C 
np.R.Mo20 y2Jta c<ttumaemc.R iJeoil'Hoil (pnc. 48). 

TaK KaK B paccMaTpttBaeMOM TeTpa::i,l\pe CD = 0, AD = AC, 
BD = BC, TO paBeHCTBO cyMM KBa,l\paTOB npoTHBOTIOJIO:iKHhIX pe6ep 

npttHttMaeT Btt,l\: AC2 + BC2 = AB2 , 'ITO Henocpe,l\CTBeHHO BH.LJ;HO tt3 

npH110yronhnoro TpeyroJihHHKa ABC. ,ll,ByrpaHHhie yrnhI rrpn: pe6pax AC 
n: AD, BC I:! BD HBJIHIOTCH cooTBeTCTseuuo CMe:iKHhIMH, ,n;ByrpaHHhiil: 

yron npI:I pe6pe CD HBJIHeTCH yrno11 Me:iK,zzy TIJIOCKOCT5IMH (BC, t) = a 1 
n: (AC, t) = a 2, a yron npI:I pe6pe AB paBeH uynro. Ilo::iT0111y cos( AD) = 
= - cos( AC), cos(BD) = - cos( BC), cos( AB) = l ll paBeHCTBO npOH3Be

.n;eHHil: KOCHHYCOB npOTllBOTIOJIO)KHbIX .JJ;ByrpaHHbIX yrJIOB npHHHMaeT Bn:,n;: 

- cos(AC) cos( BC) = cos( CD), 'ITO HaXO)J;HTCH B COOTBeTCTBHH c 3aBHCI1-

MOCTbIO Me)K,zzy KOcn:uycaMI:I ,n;ByrpaHHhIX yrnoB TpI:I::i.n;pa npI:I sepIIII:IHe C, 
B KOTOpOM O)J;I:!H TIJIOCKI:!H yroJI npHMOit 

B ,n;Byx rpaHHX BbipO)K.JJ;eHHoro opTor.i;eHTpI:IqecKoro TeTpa::i,n;pa ero pe6-

pa o6pa3yIOT TpeyrOJibHI:!Kll, Ka:iK,LJ;hlil: I:!3 KOTOpbIX I:!MeeT )J;Be COBTiaBIIII:!e 

BepIIIHHbI (§ 14), O.n;n:H n:3 Hn:x onpe,n;emieTC.H xop,n;o.11 AC n: KacaTeJibH0.11 t, 
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A E B 

Puc. 49 

)J:pyrou -- xop)J:on BC H KacaTeJibHOI1 t. Onucmm'bl.MU m;;py;HC'liocm.fi.Mu oKo

JIO 3TIIX TpeyrOJibHHKOB 5IBJ!5flOTC5f ceqemrn )J:aHHOll c¢epbl lJ:BYMR I!JIOC

KOCT5fl\!II a2 II a1' OI!pC)J:eJI5ICl\!bil\!II 3THl\!II )J:Byl\rn napaMH I!p5Il\lbIX. 8TH 

OKPY)KHOCTH HMeIOT 06n1y10 KacaTeJibHYIO t B TO<IKe C. 
0)J:Hou H3 6u,;,ter)ua'/i paccl\laTprrnael\loro TeTpa3!];pa CJIY)KIIT cpe!J:H5f5f 

JIHHH5f l'v! N TpeyroJibIIHKa ABC, KoTopym tra!];o c<InTaTb lJ:BOilHou, a BTO

pou 6lil\1e!];Hanou - l\Ie!];Hana CE 3Toro TpeyroJibIIHKa (pnc. 49). 06e otrn 

paBHbI IIOJIOBHHe rHIIOTCHY3bI AB. To'IKa G rrepeceqemrn l'v! N H CE ecTb 

u,e'Hmpoui.J TeTpa3)J:pa. Ilpn mo601\1 na'rnsre BeKTopoB BeKTop ero paBeH 

G-=I_(A+C J3+c)=I_(A-- B ?C-). 
2 2 + 2 4 + +- (6.6) 

8To )KC CJie!];yeT Il3 06u1ef1 cPOPMYJibI ,[\JIB BeKTopa IICHTpOH)J:a IIplI c = 15. 
11,enTpOHlJ:bI G; rpaneu naxo)J:aTC5I TaK)Ke B IIJIOCKOCTH TpeyroJibHHKa ABC 
II IIMeIOT HHTepecttoe B3aHl\IHOe pacrroJIO)Kem1e c rrerITpOII!J:OM G, H3o6pa

)KCHHOe Ha pnc. 49. 
37.2. BhICOThI n opTou,eHTp. Ilepnen!];IIKyJrnp K IIJIOCKOCTH ABC 

B TO'IKe c cyTb )]:Be COBIIaBnrne BbICOTbI, !];Be !];pynre - rreprreH,[\IIKyJiapbI, 

IIpOBC,L\CHHbre II3 A H B Ha IIJIOCKOCTII a 1 H a 2 . IloKa)Kel\I, <ITO Bee B'blcom'bl 

nepece1w10mcJi B oi.J'Hoil mo"lne. ,Il;mr 3Toro rrpnl\Iel\I 3a Haqano BCKTopoB 

rrenTp 0 onncamrou c¢epb1 II paccMoTpIIM T0'1KY H c BeKTOpOl\1 

- l - - -
H = 2(A + B + 2C). (6.7) 

Tor)J:a rrpRMbie AH, EH, CH 6y1J;yT BblCOTal\III TCTpa3)J:pa. B cal\IOM )J:eJie, 

BCKTOpb1 CH II BA opToroHaJibHbl: 

(Fl - C)(A - B) =~(A+ B)(A - B) = ~(A2 
- B2

) = o, 
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TaK KaK .iP = B2 = R2 . BeKTOpbI CH n CB TaK)Ke opToroHaJibHhI: 

- -- - 1- -- -
(H - C)(B - C) = :z(A + B)(B - C) = 

1- - - - - - 1- -- -
= :z((A - C) + (B + C))(B - C) = :z(A - C)(B - C) + 

1 -2 -2 1- -+ :z(B - C ) = :zC A· CB = 0. 

Cne,n:onaTeJibHO, np5!J\-Ja5! CH nepnen,1.1,HKYJI5!pHa IIJIOCKOCTH ABC. ,II,anee, 

paccl\foTpHM np5!J\ry10 AH. IlycTh j5 - Hanpannmoru;u:ti neKTOp KacaTeJih

uo:ti t, KOTOpbIH II03TOJ\fY ,1.1,0JI)KeH y,1.1,0BJieTBOp5!Tb YCJIOBH5!J\I: 

f5. c =a, p(A - B) =a. 
BeKTOpbI j5 n AH opToroHaJibHhI: 

- - 1 - - -
p(H - A) = :zP(B - A) + j5 · C = 0. 

BeKTOpbI AH H CB TaK)Ke opToroHaJihHhI: 

(B - C)(fl - A)= 4(!3 - C)((C - A)+ (B + C)) =a. 

3tia'!HT, AH - BhICoTa TeTpa3,1.1,pa. Ananorwrno ,1.l,OKa3hIBaeTc5!, 'ITO BH 
:n CH - TaK)Ke BhICOTbI TeTpa3,1.1,pa. H TaK, BbICOTbI BbipO)K,ll;eHHoro op

T011e1ITpII'IecKoro TeTpa3,1.1,pa nepeceKaIOTC5! B opTou;eHTpe H c neKTO

poM ( 6. 7). 
,Il,oKa1'KeM, 'ITO oc'Hoea'HU.ft eucom mempa3iJpa Jl,6A.fl,'/Omc.f/, opmov,e1-1,mpa

.MU 2pa1-1,eil. ,II,n5! BhICOTbI CH 3TO o<Jen:n,1.1,no, u6o C -- opTOIJ;eIITp TpeyroJih

HIIKa ABC. PaccMoTpHM rpanh o 1. Ilpn Bh16paHHOJ\1 na<Jane 0 BeKTopoB 

Haii:,1.1,eM BeKTOp opT011,enTpa H 1 3TOH rpanu. Ecm1 0 1 -· 11,etITp OKpy)KHO

CTH, orrncaunoil: oKono BbipO)K,1.1,eHnoro TpeyrOJihHHKa BCD, TO cornac

HO (2.11) 01H 1 = 01B + 201C. Tor,1.1,a 

OH1=001+01H1 =001+01B + 201C = 001 + (010 +OB)+ 

+ 2(010 + OC) =OB+ 20C - 2001, 

11n11 B npHH5!TO:ti 3an11cn: fl 1 = B + 2C - 201 . ~ho6br y6e,1.1,11TbC5! B KOJIJIII

ueapuocTII To<JeK A, H, H 1 , paccl\roTpHJ\I BeKTOpbI 

II 

fl-A=!(-A+B)+C 
2 

- - 1-- - - - - -
H 1 - H = :z(-A + B) + C - 201 = (H - A) - 201. 

Ho neKTOpbI fl - A H 201 opToroHaJihHhI IIJIOCKOCTII o 1 11 II03TOMY 

KOJIJI:nneapub1. Cne,1.1,oBaTeJihHO, IIX pa3HOCThIO 5!BJI5!eTC5! KOJIJIHneapHbIH IIM 
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BCKTop, T. e. H - A II H 1 - H KOJIJinneapHbI H ToqK11 A, H, H 1 JIC)l(aT 

na o,,:i;noil np51111ot'1. Ananornqno ,n;oKa3hmaeTC7I KOJIJIIIHeapnocTb TO'ICK B, 
H, l-h 

KaK BII,ll;HJ\l, ;:I;JI51 BbIPO*;:I;eHnoro opTOIICHTpwwcKoro TeTpa01;:i;pa BbIIIOJ1-

HYIIOTC51 CBOHCTBa HCBbipO)l(;:J;elIHOro. 0)].HaKo OHH HY:lK)].aIOTC51 B CIICIIIlaJib

HOll npoBepKe. Hanp1111ep, nponepKa rroKa3brnaeT, "ITO CYliICCTBYIOT Tpn 

3a11eqaTCJibHhre c¢epbr, pacc110Tpem1b1e B npe)].bI,D:YliICllI rraparpa¢e. 

§ 38. Ceoucmea pae'!-lo2pa1-l1-lo20 mempa9opa 

B rnaBe 6 (§ 7) BToporo TO!lra 6r,rnn pacc110Tpenb1 xapaKTepncTnqe

CKHe CBOMCTBa 3TOro CIIeIIHa.TibHOro TCTpa01,n;pa, Hl\Ie!OliICI'O ITO orrpe;:i;enemno 

paBHbIC TpeyrOJibHIIKII rpaHeil: paBeHCTBO ,[\mm npoTHBOIIOJIO)i(HbIX pe6ep, 

COBrra;:i;enne 6IIBbICOT c COOTBCTCTBYIOliIHJ\!ll 6Hll!C,[\IlaHa11rn, paBHOBCJIIlKOCTb 

rpaneil, c0Bna;:i;e1rne I!etITpa orrncannoil c¢epbI c I!CIITpOII,D:O!II. 

Pacc1110Tpn111 ;:i;pyrIIe cBoilcTBa pamrnrpamrnro TeTpa01,n;pa B pamw2pa'li

'HO.Nt u mo11,'b'/w 6 pa61iOi?pa'li'ltaM mempa:Jope 6uMeo1Ja'li'bt nonap'lio opmo20-
'/iaj/,'b'/i'bt. 

,Il,et'1cTBIITeJibHO, ecm1 lvl N II PQ - 6IIMe,n:uanh1 TeTpa01;:i;pa ABC D, co

OTBeTcTBYIDliIHe napaM AB II CD, BC II AD ero npoTHBOIIOJIO)i(HbIX pe6ep, 

TO 

2M N · 2PQ =(AD+ BC)(BA +CD)= 
---- ---- ---- ---- 2 2 

=-AB·AD+DA·DC+BC·BA-CB·CD=b -bi. 

Cne,n:oBaTeJibHO, 

MN· PQ = 0 ~ b = bi. 

AuanorIIqubie 3aBHCIIMOCTII II111e10T ll!ecTo II ,ll;JI51 ,n;Byx ;:i;pyrIIx nap 6n111e,n;n

aH, OTKy,n;a Il cne,n;yeT ,ll;OKa3bIBae1110e YTBCp)i(,ll;CHHe. 

B pa6'/iaepa'li'HOM mempa:Jope v,e'Hmp enuca'/i'HOU crfiepu coenailaem c v,e'H

mpouoo.M. 06paTuo, ec11,u e mempa3ope :Jmu mo't'K:U co6naila10m, mo o'H 

pa61ia2pa1i1i'blil. 

B caMoll! ,n;ene, 6apIII!CHTpwiecKIIe Koop,n;1rnaTbI IICHTpa J BnIIcattttoli 

B TeTpa3,n;p c¢epbI rrpOITOPIIIIOHMbHbI ITJIOliia,ll;Yilll ero rpaHeli (3a,n;aqa 1.2). 
B panaorpaHHOM TeTpa01;:i;pe 3TII IIJIOliia,Ll;Il paBHbI. Cne,n:oBaTCJibHO, KaK l(mI 

TOqKn J, TaK II ,n:JIYI IICHTpoII,n;a G paBaorpauaoro Tecrpa01,n;pa ABCD cyM11ra 

BCKTOpon BepIHIIH A + B + C + D = 0. Ilo3To111y 3TII ToqKII coBrra,n;aIOT. 

06paTuo, ecmr ToqKn J II G coBua,n:aIOT, TO paBeHCTBa A + B + C + [j = 0 
II Si A+ S2B + S3C + S4D = 0 ll,OJI)i(Hbr BbIIIOJIHRTbCYI o;:i;uoBpeMeuno, qTo 

B03J\10)KH0 Tor;:i;a H TOJibKO TOrl(a, KOr)],a BCC S; paBHbl, T. e. Kor,n;a TCTpa3lJ.P 

paBHOrpaHHblll. 

130 



ITpe,I1,bI,I1,ym,ee paccy)K,ll,emre 1..ro)KHO IIO'ITH JJ:OCJlOBHO rroBTOpIITb ,ZJ,mI 

TO<IKll HIDHJibe TeTpa3,ll,pa (cl\!. [5], c. 172), 6apHIJ;eHTpH<1eCKrre KOOp,ZJ,rrnaTbl 

KOTOpOti: IIpOIIOpIJ;lIOHaJibHhI KBa,1],paTal\J Sf IIJIOlll,a,[\eII rpaHefr TeTpa3,1l,pa. 

8To 3Ha'UIT, qTo B paB'1w2patt'liO.M u moJt'b'IW 6 paeno2panno.M mempa.1dpe 

7n0'l1W JlJOU.//,'be C06naoaem C v,enmpO'UdO.M. 

To<1Ka n MoH)Ka TeTpa3,1l,pa CHMllleTpWrna UeHTPY 0 orr11cam1or1 c¢epbI 

oTHOCHTeJibHO ueHTpon,n:a G. ITpn c0Brra,L1emm TO'reK 0 H G ona 6y,1l,eT 

COBila,[\aTb C HHJ\lll. 

}lTaK, B pa6'1io2patt'liO.M mempa3dpe coenada10m .Me:J1Cdy co6ou n.Rm'b 

aa.Me'lame.//,'btttix mo'le'K: v,e1imp11i Bnuca'linou u onucan'liou cifJep, v,e'limpouo, 

mo'l'Ka JI10u.//,'be u mo'l1w Mo'li:J+Ca. 06paTHO, npu coenadenuu 'Ka'KUX-.//,u6o 

deyx ua nux mempa3Jp .R6.J1,.Remc.R pa6tioepatitiN.M. 

§ 39. 3a.Me'ltameJLb'H/bte ccfiep'bl pam-1,02pa?-l/Ho20 

mempa3iJpa 

39.1. JleMMa. B paenozpannoM mempa3CJpe octto6atiue N; eucom'bl 

CUM.MempU"i,'11,0 opmou,e11,mpy H; 2pmtU Q:; omnocumM'b'HO v,enmpa oi onu

Ca'l-t'HOU O'KO.//,O 3mou 2pa1w O'Kpy:J+C'IWCmu (i = 1, 2, 3, 4). 
)I.eiicTBHTeJibHO, rrocKOJibKY uenTpou,n: G coBrra,L1aeT c I!eHTpo11r 0 orrII

cauuoii: c¢epbI, TO ero opTorouaJibHOii rrpoeKuneii na IIJIOCKOCTb cxi 5IBJI5I

eTC5I u;enTp O; orrucaunoti oKoJio rpaun OKPY:tKHOCTH (pHc. 50). Ifa Tpe

yroJibHIIKa AiNiGi no TeopeMe <'Paneca Hl\lee111: N;Oi = 30;G;. C ,n:pyroii 

CTOpOHbI, BO BC5IK0111 TpeyroJibHIJKe H;Oi = 3Gi0i. Ifa rrocJie,1l,HHX ):l;Byx 

cooTHOUienuii: cne,uyeT Tpe6ye111oe: NiO; = O;Hi. 

P11c. 50 

131 



39.2. Ccpepa ,n;setta,n;n.aTH ToqeK. Ha ocnoBamrn JICl\Il\IbI opTor~enTp 

rpaHH H OCHOBanue COOTBCTCTBCHHOH Bb!COTbI TCTpa3;i;pa paBHOy,1a.r1eHbl 

OT QCHTpou;i;a pamrorpannoro TeTpa3;i;pa. TaK KaK QCHTpmr;i;, com1a,n:a-

1omuil: c QCHTPOl\I BIIHCaHHOii ccpepbl, pamwy,n:anen OT rpanefi, TO B CH

JIY paBCHCTBa rpaneil: OCHOBamrn Bcex BbICOT H opTOQCHTpbI Bcex rpaneil: 

pam10y,n:a.r1eHbI OT QCHTpou:,n:a TeTpa3)J,pa. Hnaqe rosopR, 6 pamwzpa'l-t'liO.M 

memprwiJpe oc'l-to6a'li1U! B'btcom u opmov,e'l-tmp'bl zpa'l-teil Ae:J1Cam tta oiJttoil 

cifjepe F c v,e'l-tmpo.M 6 v,e'l-tmpouiJe mempa3iJpa. 

)J,oKa)KeM, 'ITO ua ccpepe F Jie)KaT cepe)J,IUihI BbICOT TeTpa3,n;pa. IlycTb 

np5I!1Ia5I HiC nepeceKaeT Bb!COTY A;Ni TeTpa3)J,pa B TO'-IKe Y;. cha TO'!Ka 

5IBJI5ICTC5I cepe)J,HHOfi BbICOTbI Ai N;. B ca1110111 )J,eJ1e, H3 pasencTBa 

3V h 
r= 4S =4=C0;, 

r,n;e h - )J,JIHHa Ka)K)J,Oll BbICOThI, s - IlJIOIQa)J,b Ka)K)J,Oll rpaiu1 TeTpa3)J,pa 

HMee111: 

h = 4r. (6.8) 

Ifa no)J,o6rrn TpeyroJihHHKOB Y;N;H; 11 CO;H;, y'lHTbIBa5I JICMMy, nony-..rae111 
1 

Y;N; = 2r = 2h, T. e. Y;C =CH;, H no3TOMY Y; JIC)KHT na ccpepe F. 
I1TaK, 6 pa6'1iOi~pa'li'liO.M mempa3iJpe opmov,e'limp'bl zpatteil, oc'liOBa'liUJ! 

u cepeiJu'l-t'bt 6'btcom mempMiJpa npu'l-taiJAeJ1Cam oiJ'l-toil cifjepe c v,e'limpo.M 

6 v,e'l-tmpouiJe mempa3iJpa, tta3'bt6ae.Moil cifjepoil iJBettaiJv,amu mo"ie'X: pa6'lio-

2panno20 mempa3iJpa. 

BhI'lIICJIH!II pa,L1;1Iyc l 3Toil: ccpepb1: 

z2 = CH'f =co;+ O;H'f =co;+ 9Cio; = 9(COf + C;Of) - sco; = 

= 9CC7 - sco; = CAf - sco;. 

l2 = R2 
- 8r2

. (6.9) 

39.3. Bttesn11caHHhie ccpeph1. B pasnorpanH0111 TeTpa3,n;pe ne cy

mecTByeT snesnncaHHhIX ccpep BToporo po)J,a (c111. [5], c.107). qeTbipe 

BHCBill!CaHHbIC ccpepbl ( J;) nepBoro po,JJ,a Hl\ICIOT paBHbIC pa,JJ,nychI 

3V 
r; = 2S' 

paBHblC Y,JJ,BOCHHOMY pa,n;nycy BirncamIOil: ccpepbl H IlOJIOBUIIC BbICOTbI TCT

pa.3,n;pa. 
TeopeMa. To"i'X:U naca'l-tu.f! D; 6'1-teBnuca'l-t'l-t'btX cifjep (J;) c coomBem

cmBe'l-t'li'bt.Mu zpa'liJ!.MU a; pa6tto2pa'l-ttto20 mempa:7iJpa J!6A.f!10mc.f! opmov,e'l-t

mpa.Mu 3mux zpa'lieil. 
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R 
h 

Ni 

Puc. 51 

H, 

2r 

J; 

J(eiicTBHTeJihHO, rrp51l\Ia51 J J; rrpoxo,ru1T qepc3 Bepnurny A;, TaK KaK 
51BJI51eTc51 mumefi rrepcceqemrn Tpex 6ncceKTopnhrx rv10cKocTe11 Tpn3µ,pa 

c Bcprrnmoii A;. cha rrp51l\Ia51 rrpoXO,LIIIT qepe3 u,e11Tp0¥I,LI G i rpanu ct;, 

TaK TaK J coBrra,LiaeT c G (pIIc. 51). Ifa rro,Liofarn TpeyroJihIUIKOB JO;G; 
OiG; JOi r 1 -- --

n J;D;G; Hl\Ieel\r: =-- = J·D· = 2 = 2, OTKy,Lia G;D; = 20;G;. 
G;Di , , r 

C ,Lipyro:H cTopoHhI, no Jiel\Il\le 3Toro rraparpa¢a GiH; = 20;G;. CJie,Lio-
BaTeJihHO, TOl.JKH D; II H; coB1ra,Lia10T. 0 

,[(aJiee, TaK KaK u,eHTp 0 om1caHHoit c¢epbI coBrra,LiaeT c u,mITpou-
. OGi 1 

,LIOl\I G, no3TOl\IY II3 Tex .1Ke TpeyroJihHHKOB rroJiyl.JaeM G;Ji = 2, OTKy,Lia 
OA; =OJ;. 

HTaK, v,eump'bt "tem'blpex eueenucatt'H'blX crfiep paeuo2pauuo20 mempa3dpa 
Ae;Heam ua onucauuoil crfiepe ·u iJua.MempaA'b'Ho npomueonoAo;Hett'bt Bepwu

ua.M mempa3dpa. 
CJie,LioBaTeJihHO, u,e1ITpb1 BHeBrrncaHHhIX c¢ep paBnorpamwro TeTpa-

3,Lipe 51BJI51IOTC51 Bcpnnrnal\m onucannoro OKOJIO Hero rrapaJIJ!CJierrnne,Lia, 

KOTOpbie He npnHa,LI.11€.IKaT 3TOJ\IY TCTpa3,Lipy. 
TeopeMa. jl,BeuaiJv,am'b mo"te~ ~acauu.n D;j ( i, j = 1, 2, 3, 4 npu i # j) 

Btteenucatt'H'btX c<fiep (J;) c nAoc~ocm.n.Mu 2paueil a; pa6uo2pauuo20 mempa-
3iJpa Ae;Heam ua onucauuoil o~oJW ue20 c<fiepe. 

B cal\IOl\l ,Lie.11e (pHc. 52), 

AiDii - J;Dii = 2 A D 2A 0 
- ' i ij = i j, Aioi JOi 

r,Lie 0 1 -- 1~eHTp oKpy:tKHOCTH, onHcamrnii oKo

Jio TpeyroJihHHKa A;AkAu. Ilo3TOMY TOl.JKa Dij 
Jie.IKHT Ha 3TOH OKpy:tKHOCTH, a 3Hal.JIIT, II Ha 
OTIIICaHHOH c¢epe. 

HTaK, crfiepa, onucauua.Ft o~oAo pa6tto2pau
uo20 mempa3iJpa, coiJep;Heum "tem'blpe v,eumpa 

133 

Puc. 52 



B'HeBnuca'H'HibtX cefjep u dBe'Hadv,am'b mO"iC'X: 'X:aca'HuJt 3mux cefjep c n.1wc1w
crn.R.Mu 'Hecoorneemcrrwem-t'btX ·u.1vi 2paueit mempa3dpa. 

HttTepecett eru,e O)l,IIH 3al\le'IaTeJibHhii1 ¢aKT. Onuca'H'Ha.R O'X:OJW paa'Ho-
2pau'Ho20 mernpa3dpa cefjepa nepece'X:aem 6'Heenucmm'bte cefjep'bt nod pae'H'bt.MU 

r 
y21w.Mu 'P, d.1t.R 'X:omopux cos i.p = R. 

gef1cTBHTeJihHO, yron rrepeceqemrn: orrucamrofi c¢ephr c BHeBm1canuoi1 

paBen yrny nepeceqemrn rpamr TeTpa3,n:pa c orrncamrofi c¢epoi1, a 3TOT 

yroJI II3l\lep5IeTC5.! yrJIO!IJ !IJe)K;-:J;y rreprreH,ZJJIKymipa11m COOTBCTCTBeHHO K rpa

Hll u K orrncauuofi c¢epe, T. e. l\Ie)K;_i:y npm-1b111m J 0 i, 11 J A;. I-fa Tpeyronb

HHKa J A; 0 j uaxo)l,nl\J 
r 

cos 'P = "R· 

§ 40. Kea3twnucm-t'H'bli1 mempaadp 

40.1. KpHTepHii cyrn;ecTBOBaHH51 ccpeph1, Kaca10rn;ewc51 pe6ep 

TeTpa3,n;pa. Haf1,n:eM neo6xo,n:n111h1e n ,n:ocTaToqubre ycnoBirn, rrpn KOTO

phrx cylileCTByeT ccpepa (S), KacaIOlila.HC.H Bcex pe6ep TeTpa3,n:pa ABCD 
B nx e'Hympe'H'HUX ToqKax. TaKyro c¢epy 6y;_i:el\J Ha3bIBaTh 'X:6a3uenuca'H'H01'l 
B ,n:aHHblll TeTpa3,n:p, a TeTpa3,n:p - KBa3IIOITIICamrbil\I OKOJIO nee. 

IlycTb )l,aI-IHhIH TeTpa3;_i:p ABCD HMeeT KBa3nBrrncannyro c¢epy (S). 
06031ra'-UIJ\I ToqKn KacaHH.H c¢epbI c pe6pal\rn BC, CA, AB, AD, BD, CD 
cooTBeTCTBeHHO A1 , B1, C1 , D 1 , D2, D3, a l; ---,n;JIHHbI oTpe3KOB Kaca

TeJibHhIX Bepnrnu OT TeTpa3,n;pa )l,O ToqeK KaCaHM.H (pnc. 53). yqllTbIBa.H 

paBeHCTBO 3TMX 0Tpe3KOB rrpn Ka;>K,[IOH Bepnn-rne, HaXO,[llll\I: 

(6.10) 

r,n;e a II a1' b H b1' c H C1 - ,[\JllIHbl rrpOTHBOIIOJIO)KHbIX pe6ep TeTpa3)l,pa. 

TaKnM o6pa30M, paee'Hcrneo cy.M.M o.1tu'H npomueono.1to;)IC'H'btX pe6ep Jt6,;i.Rem

c.R 'Heo6xoou.M'bt.M yCJtoeue.M cyw,ecmeoaa'Hu.R 'X:eaauenuca'H'HOU e mempa3dp 

cefjep'bt. 

YcJIOBHe (6.10) RBJI.HeTCR H oocmamO"i'H'bl.M, ,Zl,JIR Toro, qTo6bI TaKaR cc:Pe

pa CYlilCCTBOBaJia. gefiCTBHTeJibIIO, nycTb OKpy)KHOCTM, BIIHCaIUibie, uarrpn-

111ep, B TpeyroJibHMKH ABC H ABD, KacaroTCR OTpe3Ka AB cooTBeTCTBenuo 

B TOqKaX C1 ll c~. Tor,ZJ,a H3 yKa3aHHbIX TpeyroJibHHKOB Hl\Jeel\J: 

BC1 = ~(a1 +c1 -bi) n BC~= ~(b+c1 -a). 

B ci-rny panencTB (6.10) a 1 - b1 = b - a, no3TOMY BC1 = BC~ n 3uaqMT, 

TOqKn C1 ll c~ COBITa,ZJ,aIOT. Oen paCCl\IaTpHBaeMbJX OKPY)KHOCTefi (nep

rreU,ZJ,HKymrpbl B u;enTpax K HX IlJIOCKOCTRl\1) nepeceKaIOTCR B neKOTopofi 

TOqKe S, RBJimOlileficR r~enTpOl\J c¢ephr, KOTOpaR, cne,ZJ,oBaTeJibHO, KacaeTCR 
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c 

B 

A 

Pnc. 53 

rrnTII pe6ep TeTpa3)J;pa, Kpm.ie pe6pa CD II Ha KOTopof1, IIOH5!Tno, Jie)KaT 

3TH oKpy)KnOcTrr. Ha paBHhIX ocnoBaHII5IX, OKPY)KHOCTII, Bnrrcattnhre B Tpe

yroJihHIIKII ABC n ACD, nprrna)J;Jie)KaT O)J;HOH c¢epe, Kacaromeitca pe6pa 

AC B TO'-!Ke B1. 8TH )];Be c¢epbr 1nre10T 06my10 oKpy)KHOCTh, Bnncam1y10 

B TpeyroJihHHK ABC, Il 06my10 TO'-IKY D 1 BHe 3Tof1oKpy)KnocTII11 no3TOMY 
coBna)J;aIOT. I10J1y'-!emraa c¢epa KacaeTC.H Bcex pe6ep TeTpa3)J;pa BO BHJT

pettnrrx TO'-!Kax. 
1-haK, O.f/,.H mo20, "lmo6bl cyw,ecmeoBa.f/,a 1waauenucmt1w.H B mempa3op 

crfiepa neo6xoou.Mo u oocmamo"ltto, "lmo6'bt cy.M.M'bt e20 npomueono.fl,o:JtCn'btX 

pe6ep 6bl.//,U paett'bt. 

TeTpa3)J;p, IIMeIOlilHH KBa3IIBm1camry10 B rrero c¢epy, 6y)J;el\r Ha3hIBaTb 
1'Baauonucatttt'bt.M. I1plll\repol\r KBa3rronrrcannoro TeTpa3)J;pa HBJI.HeTc5! npa
BHJihHa5! TpeyroJihHa5! nnpaMn)J;a. 
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40.2. CBoMCTBa KBa3uonttcattttoro TeTpaa,LI.pa. lfa rrpe,1,hr,ny~ero 
/(OKa3aTeJ1bCTBa xapaKTepIICTWieCKOro CBOlICTBa (6.10) KBa3HOITHCaHHOro 

TeTpa::i;i:pa nerrocpe,n:cTBemro BbITeKaIOT cne.zzyro~ne csre,n;cTBH5I. 

1. l.I,ernp S KBa3HBmrcamrofI c¢epb1 pammy.n,anen OT pe6ep TeTpa3,zi:pa 

II IIOTOl\IY 5IBJ15IeTC5I TO'!KOH nepece'ICHH5I ocefr KpyrOBb!X KOHYCOB, OIIH

CaHHbIX oKono ero TpII3,IJ,pOB. 3na'rnT, BJui cyw,ecmBoBmm.ll x:ea3uenucai;,

i;,oil 6 mempa3Bp cifiep'bl 'Heo6xodU.MO U BocmamO"l'HO, "im06'bt OCU x:py20B'blX 

x:oi;,ycos, onucai;,i;,ux 01wJw rnpe:r2pai;,i;,ux y2.1toB mempaaBpa, nepece1w.1tuc'b 

6 oBi;,oil mo"i11:e. 

2. l.I,eHTP KBa31rnmrcam10fI c¢epbr 5IBJrneTC5I TO'IKof1 nepecwremrn ocefi 

'leTbrpex oKpy)f(HOcTcfr, Bnncamrhrx B rparm TeTpa::i,IJ,pa. CJlC,1,0BaTeJJbIIO, 

B.1t.ll cyw,ecmBoBa'HU.ll '11:6a3UBnucamtotl cifiep'bl 1ieo6xoau.11w u aocmamo"i1i0, 

"imo6u ocu 011:pyJ1C1iocmeil, snuca1i1i'btX B 2pa1iu mempa3Bpa, nepece11:a.11,uc'b 

e oBHoil mo"i?O:e. 

3. B 11,sa3uonuca1i1iOM mempa3Bpe cy.MM'bt npomusono.1toJ1Ctt'btX dey2pau

U'btX Y2.ll06 pa6U'bl. 

,Il,n5I )1.0Ka3aTeJJbCTBa pacc110TpHM Tpexrpannhrfr yron D ( S D1 D2). B cu

ny cmrMeTpHII ero ,1,ByrpaHHbre yrJihr npn pe6pax D D 1 II D D2 paBHhI. 

Il03TOMY pamihl H cyMMhl IIpOTIIBOIIOJ10)f(HbIX yrJJOB ,n:amwro TCTpa::i,n:pa, 

TaK KaK OHll COCT05IT II3 qeThipex nonapno paBHhIX 'laCTefr. 

4. Jlp.l!M'ble, coedutt.ll'/O'll{Ue mo"t'll:U 11:aca1iU.ll npomusonoJWJIC1i'btX pe6ep 

11:ea3uonucaHH020 mempa3Bpa co cifiepoil (S), nepece,.;awmc.ll B oBHoil mo"i'll:e. 

B caMOM )1.ene, ,IJ,J15I Kocoro '!eThipexyronhtrnKa ABC D 

AC1 BA1 CD3 DD1 _ l1 l2 b l4 _ l 
C1B. A1C. D3D . D1A - G. G. l;. T; - .. 

Ilo TeopeMe Menena5I TO'IKII C1, A1, D3, D1 JJe)f(aT B o,n:noil: nnocKOCTII. 

3tta'!HT, np5!Mhre A1D1 n C1D3 nepeceKaIOTC5I. Attanorn'lno ncpeceKaIOTC5I 

JII06bre ,IJ,Be II3 paCCl\IaTpHBaCMhIX Tpex IIp5!1'IhIX. TioCKOJ1hKY OHII B 0,1,HOII 

IIJIOCKOCTH Jie)f(aTh ne MOryT, TO OHII rrepeceKaIOTC5I B 0,Il,HOH TO'IKC. 

3ar-reTIIM rronyTno, 'ITO qeTbrpexyroJJhHIIK A1 C1 D 1D 3 5IBJrneTcZ! nrru

caHHhIM H IIelITp KBa3HBilHCamIOi1 c¢ephl Jie)f(lIT Ha OKpy)f(HOCTH, OIIIICaH

HOH OKOJIO 3TOro qeTbipexyroJJhHIIKa. 

5. Il.1toc11:ocmu, npoxod.llw,ue "iepe3 pe6pa mempa3Bpa u 11:aca10w,uec.ll e20 

11:sa3uenucauuou cifiepu, nepece,.;awm npomusono.1to31Ctt'bte pe6pa e wecmu 

1co.Mn.iauaptt'btX mo"i?O:ax. Oun JJe)f(aT B nonRpnoi1 rrnocKOCTH TO'IKII nepece

qenIIR npHMhIX A 1 D1, B 1 Dz, C 1 D3 OTHOCHTeJihHO KBa3HBmrcannoii ccpepbr. 

,I(oKa3aTCJ1bCTBO orrycKaer-1. 

6. Pa)l.IIyc (} KBa3HBIIIIcaunoii ccpephI TeTpa::i,n:pa paBen: 

2l1l2l3[4 
(} = 3V 

(6.11) 

136 



)], o K a 3 a T e JI b c T B o. lfa TpeyroJihHIIKa AD B 
2 b2 2 

ADE _ a + -c1 
cos - 2ab 

2 ? ? 
(l1 + l4) + (/2 + [4)- - (/1 + l2)- = 1 - 2l1l2. 

2ab ab · 
OTKy,IJ,a 

AHanorn'rno 
. 2 BDC bb . 2 CDA lib 

sm -2- = /;;:-' sm -2- = ac. 

lfa rrp5Il\IOyroJibHOro TpeyroJihHIIKa DD1 S Haxo,11,mr p = 14 tg ip, r;i,e 
1P -- yrojJ, 06pa30Bannh1n OChIO DS Konyca, ormcannoro OKOJio TPH3µ,pa 

D(ABC), c ero pe6paw1. McrroJih3yei\r Bb1pa:tKem1e tg47 'Iepe3 rrnocKne 

yrJibl 3TOI'O Tpm;i,pa (CM. [8], c. 64)' cornacno KOTOPOi\IY 

. ADE . BDC . CDA 
4sm --sm -- sin --

- 2 2 2 
tg 'P - 6.(D) 

4l1l2/3 
abc6.(D) · 

(6.12) 

TaK KaK no cpopMyJie llhay;i,Ta abc~(D) = 6V, TO rrony'rnCl\I oKon<iaTeJihHO 
Tpe6yeMoe Bbipa:tKenne (6.11). 0 

§ 41. Kea3UB1-teBnucaJt'l-l'ble c<fiepu 

Bhrncn11M, rrpu KaKIIX ycJIOBII5IX cyrn;ecTBYIOT ;i,pynie ccpepbI, Kaca10rn;n

ec51 Bcex pe6ep TeTpa::i,11,pa. IIycTb ccpcpa (I' 1) KacaeTc51 pe6ep rpaun B DC 
TeTpa3,11,pa ABCD BO BHyTpemmx TO'IKax n rrpo;i,OJI)Kem1i1: oTpe3KOB AB, 
AC, AD 3a BepIIIIIHhI B, C, D. l1crroJib3YCM rrpe)KHHe o6o3Ha'Iemrn TO'IeK 

KacaH115I (pnc. 53). B .n;auumr cny'Iae mre10T MecTo cne.n;y10rn;11e paBeHCTBa: 

AC1 - BC1 = C1, AB1 - CB1 = b1, 

AD1 - DD1 =a, BA1 + A1C = a1, 

BD2 + D2D = b, CD3 + D3D = c. 

HeTpy,11,uo npoBepuTb, 'ITO 

c1 - c = b1 - b = a - a1. (6.13) 

AnanOI'Il'IHO 3TOMy, ecnn cym;ecrny10T ccpcpbI (I'2), (I'3), (I'4) (ne o6ma

TeJihHO 0,ZJ;HOBpeMeHHO)' KacaIOill;lICC5! COOTBCTCTBCHHO pe6ep rpaue11. a2' Q3' 
0!4 BO BHYTPCHHIIX TO'IKaX II Ilp0,11,0JI)KCHIIil: OCTaJihHblX pe6ep 3a BepIIIHHbl 
3TIIX rpane:H, TO IIMeIOT l\IeCTO 3aBIICHl\IOCTII: 

c1 - c = a1 - a = b - b1, 

b1 - b = a1 - a= c - c1, 
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llo,ll,o6Ho rryHKTY 40.l l\JO)KHO .. opKa3aTh, '-ITO 3Tn ycnomrn 5IBmnoTC5l TaK)KC 

~i:ocraTo•rnhrl\rn ,LJ;JI5I cyru;ecTBoBamur yKa~mmrhrx ccpep. 

C¢epy (fi), KacaIOIIJ,.YIOCH pe6ep rpam1 o:; BO BHyTpemrnx TO'-!Kax 11 

OCTa.IIhHbIX pe6ep -- BO BH€IIIHIIX, Ha30BCl\I 'IC6a3U6'He6nuca'H'HOU B _a:aIIIIhIH 

TeTpa3,n;p c¢epo:ii 0TnocnTeJI1>rro ero BepIIIIUibI, ne rrpmra)J,Jie)Ka:u~eli: rpa

HH Ct;. 

Vlcc.rre,n.yel\I BO!IpOC, CKOJibKO ccpep, KaCaTeJihHLIX K pe6pal\J TeTpa3_a:pa 

l\10)K€T cyru;ecTBOBaTb O;J;HOBpei\femro. llycTb BhUIOJIH5leTC5l 0,Ll;HClBpel\IeHHO 

ycnomre (6.10) II o;:i:no H3 rrocne,n.mrx •reThrpex ycJIOBHii, Hanpmrcp, (6.13). 
Torµ;a cno:1Ke.m1el\1 11 BbI'-IHTanncl\I 3TIIX paBencTB rroJry•mi\1: 

a = b1 = c1, ai = b = c, 

T. e. TeTpa3,n.p 5IBJI5IeTC5l npaBUJibHOII TpeyrOJibHOll rmpal\JH,ll.OH. 

Ecmr BbITIOJIII5leTc5l o,n.HOBpCl\ICHHO yc.11omre ( 6 .10) H mo6hie ,n.Ba 113 ycno
BHit (6.13)-(6.16), TO TeTpa3,n.p 5IBJI5leTC5l rrpaBJ:UlhHbil\l n, CJie,D.OBaTeJihHO, 

BbiilOJIH5IIOTC5l II ,1l,pynre )J,Ba H3 IIOCJie)J,HIIX JCJIOBl:IH. 06panro, ecmr TCTpa-

3)J,p npaBHJ1bHhlii, TO BhlIIOJ1IIenne Bcex Il5ITH COOTHOillemril: (6.10) II (6.13)
(6.16) O'ICBH)J,HO. 

:VlTaK, npaBU.flib'H'btil mempa30p, u moA'b'ICO ou, UMeem n.flm'b 'IC6a3UB'He6-

nuca'H'H'btX crfiep. 

HaKOHC!l, CCJIH Hl\JCIOT l\ICCTO O)l:HOBpeMeHHO µ;Ba H3 COOTHOIIIe

HHfi (6.13)-(6.16), TO rrpOTHBOIIOJIO)KHbie pe6pa TCTpa3)J,pa paBHbI, T. e. 

TeTpa3,n.p 5IBJ15ICTC5! paBHorpaunhil\L Tor)J,a II )J,pyrne ;:i:Ba II3 3THX ycnoBuli: 

BbiilOJIH5!IOTC5!, HO (6.10), Boo6ru;e rOBOp5!, HC BbITIOJIH5!€TC5!. 06paTHO, 

,Ll;J15l paBHOrpaHHOro TCTpa3)J,pa COOTHOIHCHII5l (6.13)-(6.16) Hl\JCIOT l\leCTO, 

HO (6.10) He BbITIOJIH5ICTC5!. 

TaKHM o6pa30M, paB'HMpa'H'H'btil mempa30p, u moA'b'ICO O'H, UMeem "lem'bt

pe 'ICBasuB'HeBnuca'H'H'bte cr;pepu. 

Cne)J,oBaTeJihHO, MO)KCT CYII1CCTBOBaTh 1,2,4,5 ccpep, Kaca10ru;nxc51 pe6ep 

TeTpa3,n.pa. Cnrrali: cyru;ecTBoBamrn TOJibKO Tpex TaKnx ccpep neB031\IO*eH . 

. § 42. Jf3oOUrWMU'lf,eC'f{;UU mempa30p 

42.1. Onpe,JJ;eJieHHe H xapaKTepHCTH•rncKHe caoiicTBa H30,JJ;H
HaMH'-lecKoro TeTpa3,JJ;pa. TeTpa3)J,p, B KOTopol\1 paBHbI rrpon3Be,n.enn5! 

,ll.JIHH rrpOTIIBOIIOJIO)KHbIX pe6ep: 

aa1 = bb1 = cc1 , (6.17) 

Ha3hIBaeTC5! U300U'HaMU"WC'ICU.M,. 

Ifa 3Toro onpe)J,eJieHII5! II TpCTbCH TeopeMbI CHHJCOB ,11,JI5! TCTpa3;:i:pa CJle

)J,yCT, '-ITO COOTHOIIIeHH5l ( 6 .17) 3KBIIBaJieHTHbl paBeHCTBal\J rrpOH3BC,ll.CHIIil: 
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cmrycoB npOTIIB0110JI0)KHblX ,ll,ByrpaHHbIX yrJIOB TPTpa::i;:i,pa: 

sin(AB) ·sin( CD)= sin(BC) · sin(AD) =sin( CA)· sin(BD), (6.18) 

a BCJie,IJ;CTBIIe ( 5 .15) COOTHOllleHII5! ( 6 .1 7) 3KBIIBaJieHTllbl TaK>Ke CJJe,L\yIO

ill,lll\I: 

81 sin /Ji = 82 sin /h = 03 sin /.h (6.19) 

r;:r,e 01, c52' <h -- ,L\JlllHbI 6IIBbICOT, a f31, f32' /h -· yrJibI l\Ie)K,L\J' CKpern,1rna

IOII1,Hl\IHCfl pe6pa!llII TCTpa3,L\pa ABCD (cl\J. n.33.1) [fa (5.14) H (6.17) 

noJiyqael\1: 

cos ,81 + cos f32 + cos (33 = 0. (6.20) 

Bee npHBe,L\eHHhre 3aBirCIIJ\IOCTII RBJimoTCR xapa11;mepucmu"iecr.;u.Mu ,L\Jlfl 

II30,ll,IIHal\mqecKOro TCTpa::i,n,pa. ,ll;onoJIHHl\l HX ern,e 0,[I,HHM KplITCpHei\I H30-

,ll,UHal\mqecKoro TeTpa3,n:pa. 

B U3oamwMu"iecr.;oM u moJ1:b1w 6 ma11;0M mempa:Jope nepecerwwmc.H 

6 oa1wil ffiO"i'K:C np.H.Nt'bte, 1W:J/Caa.H U3 r.;omop'btX COeOU'l-i.Hem 6epwimy mem

pa3apa c ~e'limpoM or.;py:>1e1wcmu, 6nucamwil 6 npomuBonoAO:JIC'liY'IO 2pa'li'b. 

)], o Ka 3 a Te JI b c TB o. TiycTh B TeTpa3,L\pe ABCD OKpy)KHOCTH, 

BTIHCaHIIbre cooTBeTCTBeHHO B TpeyroJihHHKII ABC H ABD, KacaIOTCR ux 

o6rn,ero pe6pa AB B ToqKax C1 II D 1 . Ila CBOHCTBY 6ncceKTpHc ymoB 

AC1 bi AD1 a ( ) b1 a 
TpeyroJibHHKa CiB = ai 11 DiB = t;· B CHJIY 6.17 ai = b' T.e. TOqKJI C1 

H D 1 c0Bna,n,a10T, TI03TOl\IJ' npRMhre Ch n DJ4 nepeceKaroTcR. YKa3aHHbre 

B ycJIOBIIH <reTbipe rrpRMhie rrorrapHO rrepecCKaIOTCR, 3HaqIIT, OHH rrepece

KaIOTC.H B O):l;HOH T()qKe, IlOCKOJihKY B O):l;HOH IIJIOCKOCTH Jie)KaTb He l\loryT. 

licTHHHOCTb o6paTttoro yTBep)K,L\CHH.H Retta II3 ,n,oKa3aTeJibCTBa. D 
42.2. CaoiicTBa TO'IKH JleMyatta H30AHHaMH'IecKoro TeTpaaApa, 

B § 31 ,n,atto orrpe,n,eJieHue u HaiI,L\eHbI 6apuu,euTpHqecKne Koop,n;rrnaTbI (5.2) 

n (5.3) ToqKu K fleMyatta rrpon3BOJihnoro TeTpa::i,L\pa. )J,JIR II30,L\IIHal\lnqe

cKoro TeTpa3,L\pa :na ToqKa o6Jia,n,aeT HOBbIMH 3al\1eqaTCJibHbil\IH CBOHCT

Bal\III. 

TO"i'K:U U; (5.1) nepece"ie'/iU.H np.HM'btX, coeau'/i.H'IOW,UX BepWU'/i'bl U300U1ia

MU"iCC'K:OW mempa3apa c ew mo"i1wil K JieMya1w, c npomuBonoAO:>IC'li'bt.Mu 

2pa'li.HMU J£6A.H10mc.H mo"i1WMU K; JieMya'lia :Jmux 2pa'lieil. 

)J,efrcTBHTCJihHO, uanpHMep, ,ll,JI.H ToqKn U4 B rpamr ABC H30,L\IIHaMHqe

cKoro TeTpa3,n,pa ABC D HMeel\I 

a1 b1 C1 
a1bc: ab1c: abc1 : 0 = - : -b : - : 0. 

a c 
k k k 

Comacuo ( 6.17) a = - , b = b-, c = II03T01\IY HCHOpl\nipoBaHHbie 
a1 1 CI 

B-KOOp,L\HHaThI ToqKn U4 paBHhI 

ai bf cI 2 2 2 k : k : k = a1 : bi : er. 
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CJ:re,n;oBaTe,1bHO, TOLIKa U4 comra,n;aeT c TO'IKofI Jlel\ryana Tpeyro,1bHHKa 

ABC (Cl\1. IT. 10.2). 
CJie,n;cTBHe. Tempa3dp I<1K2K31<4 c Bepwu'lia.Al'll e mo"lx:ax Jle.Niya'lia 

2pa'lieu u3odmw.Mu"lecx:o20 mempa3dpa ABC D 20.uww2u'ie'li mem'{XL3dpy 

ABCD om'lioc·ume.11,b'liO e20 mo"lx:u I< Jle.Mya'/ia. 06pam'lio, ec.11,u np.fl.M'bte, 

coedu'li.fl'IOUJ,Ue eepwu'li'bl mempa3dpa ABC D c mo"l11:a.uu JlP.A,iya'lia npomu

eono.11,o:JIC'H.'blX 2pa'lieu, nepecex:a10mc.fl 6 od'liou mo"lx:e, mo mem'{XL3dp ABC D 
u3oou'/ia.MU'<tecx:uu. 

)J,oKa)Kel\1, 'ITO mo"lx:a Jle.1viymw U300'U'lia.Atu'iec11:020 mem'{XL3dpa .fl6.!t.flem

c.fl u,e'limpo.1w 20.1vto.11.02uu 3mo20 mem'{XL3d'[XL u e20 ma'li2em1,uaJ1.'b'H.020 mern

pa30pa. 

CorJ1acno rr. 28.2 BC51KHH TeTpa:i,-:i;p nmep6onon):J;a,1cn co CBOHl\J nnrren
u,naJibHhlM. Ilpu 3TOM ceKyllJ;IIl\IH np511\lbll\Hl HX rnnep60JIWieCKOll 'ICTBepKH 

rrp51MblX 51BJI51IOTC51 OCH KpyrOBblX KOHYCOB, BfflICaHHbIX B TpexrpaHIIbie 
yrJibl Taurenu,HaJibHOro TeTpa:i,n;pa. Ilo CBOfICTBY TO'IKH Jlel\Iyaua Tpe

yrOJibHHKa (n. 10.2) oun nepeceKaeT rpam1 O:i ):i;amroro TeTpa:i;i;pa ABCD 
B TOLIKax Jlel\1yaua rpauetl:. EcJIH TeTpa:i,n;p ABC D n30,n;1rnal\1w1ecKnii, TO 
3TH rrp51!1Jh:re nepeceKaIOTC51 B Oll;IIOH TOLIKe ~- TOLIKe Jlel\Jyaua TeTpa:i,n;pa 
ABCD. 

42.3. IlocTpoeHwe 1130,n;nHaMJP-IeCKoro TeTpa3,zwa. lf'H.Bepc1t.fl om

'/iacumM'b'H.O npou380A'b'liOU c<fiepu c u,e'limpo.1vi 6 eepwu'lie u3oou'lia.tvtU"lecx:o-

20 mem'{XL30'fXL omo6'{XL:J1Caem eepwu'li'bl npomueo.11,e:J1Caw,eu eu 2'fXL'liU e eep

wu'liu n'{XLBUA'b'li02o mpey20A'b'liux:a. 

)J,eiicTBIITeJihHO, o6pa3a11rn Bepnnrn A, B, C H30ll;Hna11nP1ecKoro TeTpa-
3):i;pa ABCD rrpn 1mBepcnn c u,enTpOl\I D aBm110Tca TO'IKH P1, P2, P3, n 

rrpn 3TOM, cornacuo ( 4.31) 

P2P3 P3P1 P1P2 s 
aa1 = ~ = cc1 = abc · 

Ha ocnoBannn (6.17) rroJiyLin111 

P2P3 = P3P1 = P1 Pz. 

06paTno, ec.11,u npeo6'{XJ,30Bam'b eepwum,i n'{XLBU.!l.'b'H020 mpey20.11.'b'/iUX:a 

P1P2P3 U'/ieepcueu om'/iocumeJt'b'H.O c<fiepu, u,e'limp x:omopO'U 'lie npu

'/iao.11,eJ1Cum n.11.ocx:ocmu mpey20A'b'liux:a, mo r1.0Ay"le'li'li'bte mo"l1i:U A, B, C 
u u,eH.mp D u'lieepcuu 06paay10m u3oou'/ia.1vtu"lec'X:uu mempa3op. 

B caMOl\J ):i;ene, no cBoiicTBaM HHBepcnn 

s 
AB= P1P2· DP1. DP2' 

II 

DP1 ·DA= DP2 ·DB= DP3 ·DC= s. 
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TaK KaK no ycnoBmo 

TO BbIIIOJIHCHHC paBCHCTB ( 6.1) npoBep.HCTCJI 6e3 Tpy,Ila. 

)J,oKa3aHHOC CBOfICTBO II03BOJIJICT npOCTO IIOCTpOIITb II30,L\IUial\m~recKHH 

TCTpa3;1;p. 

§ 43. 3aMe'l/,ameA'b'l-l'bte crftep'bt usodu'/-laMU'l/,ec1w20 

mempa3Jpa 

43.1. reoMeTpHqecKoe MeCTO BeplllHH H30Ji;HHaMHqecKOrO TeT

pa3.ri;pa, TpH H3 KOTOpbIX 3a.ri;aHbI. Hafi,n:el\r l\IHO)KCCTBO Bcex ToqeK AI, 
Ka)K,n:a5.1 H3 K0Topb1x Bl\recTe c Tpel\rn ,n:aHHhIMH ToqKal\rn A, B, C o6pa3yeT 

II30,IIIIHaJl.rnqecKIIH TCTpa:=i,i:i:p. )J,JIJI 3TOro ,l];OJl)KHbI BbIIIOJIHJITbC}l ycJIOBH5.I: 

MA 
MB 

MB 
:MC 

MHo)KeCTBO Bcex ToqeK npocTpanCTBa, Y.IIOBJICTBOp>lIOHIHX nepBmry ycno

Bmo, ecTb c¢epa AnoJIJIOHIIJI, nocTpoenHaJI ,ll;JI5.I oTpe3Ka AB II oTnoIHemrn 

~, (cM. [5], c. 70). )J,1ia111eTpo111 ee cny)KHT oTpe30K npJIMofi AB, 3aKJiro~ren
a1 
HbIH MC)K,Ily OCHOBaHHJIMH 6ncceKTPIIC BHyTpe1mero II BHCIHHero YJIOB npn 

BepIHnne C TpeyronhHHKa ABC. TaK KaK TO'IKa C y,n:oBJICTBOp5.!eT pac

cMaTpnBae110My COOTHOIHCHHIO, TO 3Ta c¢epa AnOJIJIOHlI}l npoxo,n:nT qepe3 

nee. MHO)KCCTBOM BCCX TOqeK ]VJ, Y.I\OBJICTB0p5.!IOHIHX BTOpOMY COOTHOIHe

HHIO, JIBJIJICTCJI ananorIIqnaJI c¢epa Anonnmnrn, nocTpoe1maJI ,ll;JIJI OTpe3Ka 
C1 

BC II OTHOIHeHH5.I bi II npoxo,I\5.IHiaJI qepe3 A. Ka)K,I1aJI II3 3THX c¢ep 

npOXO.LI;HT qepe3 BHyTpeHHIOIO ToqKy .n;pyroil:, II IIOTOMY OHH nepcceKaIOTCJI 

no OKPY)KHOCTH, KOTopaJI II 5.IBJIJICTCJI HCKOl\lbll\I l\!HO)KCCTBOl\I TO'ICK. 

MTaK, 2eoMempu"iec1wM MecmoM mo"ie'K',, 'K',a:J1Coa.R U3 'K',Omop'btX 06pa-

3yem C mpeM.R Oatt'li'btMU mO"i'K',aMU U300U'liaMU"ieC'K',UU mempa3ap, ecm'b 

O'K',py:>1C'liocm'b. IlnocKOCTh 3TOil: oKpy)KHOCTH nepnen,n;HKYJIJipHa nnocKOCTH 

Tpex ,n;aHHbIX ToqeK. 

Cne,n;cTBHe. Y'K',a3att'lia.Jt O'K',py:J1Cttocm'b ecm'b M'liO:JICecmBo Bcex v,e'li

mpoB U'li6epcuu, npeo6pa3y'JOW,UX BepWU'/i'bt aatt'/i020 mpey20.1t'b'/iU'tW 8 Bep

WU'li'bt npaBu.1t'b'/i020 mpey20.1t'b'/iU'K',a. 

43.2. CcpephI AnoJIJIOHHSI.. Ecm1 .n;an II30.LI;HnaMH'IeCKIIil: TeTpa:=i.n;p 

ABCD, TO na Ka)K.LI;OM H3 IHecTH ero pe6ep MO)KIIO nocTpOHTb no c¢epe 

AIIOJIJIOHHJI COOTBCTCTBCHHO OTHOIHCHHJIM pe6ep: .LI;Jl}l pe6pa AB H OTHO-
a bi b C1 

meHHJI -b = -, .LI;JI5.I pe6pa BC II oTnoIHemrn - -b , .n;mr pe6pa CD 
ai c 1 
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Puc. 54 

bi ai 
u OTI-IOllleI-Im1 ~ = b' ... 9nr llleCTb ccl>ep I-Ia3bIBaIOTC5I crfiepa.Mu AnoJ1,JW-

'HUJl, n3oµ;una1mPrncKoro TeTpa::i,n;pa (puc. 54). Ka)!{,n;azr H3 nnx rr11eeT u;eI-ITP 
O;j I-Ia pe6pe TeTpa::i,n;pa rr npoxoµ;nT qepe3 BepllIHHbr npoTnBonoJIO)!{Horo 

pe6pa. Cneµ;oBaTeJihHO, u,enmpbt crjjep Ano/!JW'HUJl, u3oauna.MU'tec1w20 mem

pa3apa cym'b mo'ticu nepece'te'HUJl, icaJ1Cao20 pe6pa n/!ocxocm'b10, nepnei-tau

icy/!Jl,pttoil npomueonMOJ/Ci-tOMY pe6py u npoxoaJl,w,eil 'iepe3 ezo cepeaui-ty. 

Hai!:,n;eM 6apuu;ettTpnqecKIIe Koopµ;mraTbI u;ettTpOB ccl>ep Anonno
mrn:. ,Ll,nzr onpe,n,eneHHOCTH jaccMoTpnM ccl>epy ArroJIJIOHnzr ,n;nzr pe6pa 

AB II OTHOllleI-IIIZI ).. = b. To'IKII P n Q, ,n;eJrn:ru;ne oTpe30K AB 
B OTHOllleHIIZIX ).. H ->., HMe!OT 6apuu;eI-ITpnqeCKHe KOOp,ll,HHaTbI OT-

HOCIIT€JibHO ,D;aHfIOrO T€Tpa3µ;pa COOTB€TCTB€HHO p (a ! b, a : b, 0, o) 
n Q (a -=_b b, a~ b, 0, 0). IIo::iToMy cepe,n;ntta 0 12 OTpe3Ka PQ mreeT KO-

op,n;rrnaTbI 012 ( a;~
2

b2 , a2 ~ 62 , 0, 0). AnaJrorH'IHO naxo,n;zrTczr KOop,n;nI-IaTbI 

,n;pyrHx u;enTpoB O;j. 

,Ll,oKa)!{eM, 'ITO wecm'b u,ei-tmpo6 oij crfiep A no./l,JW'/-tUJl, usoaui-ta.MU'tecico-

20 mempa3apa /!eJ1Cam 6 nO/!Jl,pi-toil n/!ocicocm·u mo11,icu K Jle.Myai-ta omi-to

cumM'bi-to 3mo20 mempa3opa (n. 20.3). 
9Ta nnocKOCTh mreeT ypaBirenne ( 4. 2), r ,n;e >.; -- 6apnu;etITpwrecKne 

KOOp,ll,IIHaTbI (5.2) TO'IKII Jie1iyatta: 

~+~+~+~=0. (6.21) 
a1 be ab1 c abc1 a1 b1 c1 

C yqeTOM xapaKTepIICTH'IeCKHX ycnoBnil ( 6 .1 7) 3TO ypaBJremre y,n;oBJieTBO
pzreTczr Koop,n;nttaTaMH Ka)!{µ; oil H3 TO'IeK O;j. HanpIIMep, ,n;Jrn: TO'IKH 0 12 : 

-b2 + a2 + 0 + 0 = 1 (!!:__ - .!?._) = 0 
(a 2 - b2 )a1bc (a 2 - b2 )ab1c (a 2 - b2 )c b1 a1 · 
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Tiomipim.H IIJIOCKOCTb TO'lKil J1el\ryaua 1!30,Il,IlHal\IWieCKOro TeTpa3,[\pa Ha3LI

BaeTC.H nJWC'X:OCm'b'IO Jle.Myana 3TOfO T8Tpa3,D,pa. 

lihaK, 1.{ettmp'bt wecmu crjjep Ano.1i.1ionuR uaoduna.MU"WC'X:OW mempa.7d

pa .1ie:>1Cam e eio n.1ioc'X:ocmu Jle.Myai-w u RB.11.R'IOmcJ! eepumnaAiU no.mw

co "lem'btpexcmopo'liHU'X:a, no.1iy"tenH020 npu nepece"lei-mu mempa.7dpa 3moil 

n.1wc'X:ocm'b'IO. Onn .HBJI.HIOTC.H TaK)f(e TO'!Ka11m rrepece'!e1urn cooTBeTCTBeH

HbIX pe6ep ,ri:aunoro Il3o,n,mrar.mqecKoro TeTpa3,n;pa n ero TaHreHunaJibHOro 

TeTpa3,ri:pa. 

OT11ieT11111 6e3 ,ri:oKa3aTeJihCTBa, "lmo crjjep'bt A no.1i.1wnwt usoduHa.Mu"le

c'X:ow mempa.7opa opmowua.Ji'b'H'bl ew onucattHoil crfiepe. 

43.3. CcpepbI JleMyatta. C TO'lKOii Jlel\lyaHa H3o;:i;imal\IH'lecKoro TeT

pa3,Ll,pa cB.H3aHhI Tpn ero 3aMe'!aTCJibHhre ccpepbr. 

1) TinocKOCTH, rrpoBeµ:eIIHbre '-repe3 TO'IKY K J1el\lyaua rrapaJrneJibHO 

rpaH.Hl\I H3o,n;nuaMH'lecKoro TeTpa3~1:pa, rrepeceKaIOT ero pe6pa B 12 TO'l

Kax, rrpmra,ri:Jie)f(aIIJHX o,ri:uofi ccpepe, IIeIITP KOTopofI ,ri:emrT oTpe30K OK 
B OTUOUieHHlI 1:2. cha Ccpepa Ha3bIBa8TC.H nepBOU crfiepoil Jle.Myatta. 

2) TipHMbie, rrpoBe,n;eHHbie qepe3 TO'!KY K rrapaJI.11eJibHO pe6pallI H30AH

HallIH'!ecKoro TeTpa::i,ri:pa, rrepeceKa10T ero rpaun B 12 TO'-IKax, ne*aIIJHX Ha 

o,n;Hoii ccpepe, Ha3bIBaellioii emopoil crj)epoil Jle.Myatta. lJ,eHTP 3Tofr ccpepbr 

,n;emIT OK B OTHOIIIeunu 2:1. 
3) AHnrnapaJIJICJibHbie ce'!eHH.H u3o,n;mrnM:n'lecKoro TeTpa3,n;pa, npoxo

,Ll,.HI!lHe qepe3 TO'!KY K, paBHbI ll!e)KlJ:Y co6ofr u Brn1caub1 B O,Il,HY ccpepy 

c uettTpollr K (mpemM crfiepa Jle.Mya1w). 

~oKa3aTe.ilbCTBa 3THX yTBep)K,ri:enuf1 orrycKaIOTC.H. Tipu )KeJiaHHH 'lHTa

TeJih l\IO)KeT IIOJIY'lHTb HX Cal\IOCTO.HTeJibHO. 

§ 44. 11ao2m-w.11/b1-l'bti1 mempa3dp 

44.1. Onpe~eJietttte H xapaKTepttCTH'fecKoe CBOHCTBO H3oro

ttaJibttoro TeTpa3~pa. TeTpa3,ri:p, B KoTopollI rrepeceKaIOTC.H B o,n,Hofr TO'-I

Ke rrp.HMbie, coe,ri:HH.HIOI!llle ero BepUIHHbl c ToqKal\IH KaCaHH.H npOTHBOIIO

JIO)KHbIX rpaneii c BnncannoH: ccpepoH:, na3hmaeTc.H uaowtta.Ji'b'H'bt.M. 

Tio )J;OK&'3aHHOMY B II. 42.2 TaHreHIJilaJibHbiii TeTpa3,ri:p Il30,Ll,IIHaMH'leCKO

ro TeTpa3,n;pa .HBJI.HeTC51 H30ronaJihHbIM II o6paTHO, BC51KHH H30ronaJibHbiii 

TeTpa3,ri:p 5IBJI5leTC.H TaHreHIJilaJlbHbIM TeTpa3,Ll,pOM Il30,Ll,IIHaMH'IeCKoro TeT

pa3,n;pa. 
PaccMoTpHM o,IJ,no xapaKTepHCTil'IeCKoe CBOHCTBO II30roHaJibHOro TeT

pa3,Ll,pa. TiycTb ,n;an H3oronanhHbIH TeTpa3,n,p ABC D. Ifa IIe:HTpa J BITH

caunoii B Hero ccpepbr orrycTHM rreprren,ri:HKYJIHpbr JC1 , JD1, JN Ha rpairn 

ABD II ABC II na pe6po AB, rro KOTopOlllY onn rrepeceKaIOTCR (pnc. 55). 
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c 

B 

A 

Pnc. 55 

lb npRMoyroJihHoro TpeyroJibHIIKa J D1 N Haxo.n;m.r, '-ITO 

1 (AB) 
2c1D1 = r cos -

2
-, 

r.n;e r - pa.n;nyc BrrncaHHoiI ccpephr. CJie.n;oBaTeJihHO, 

(6.22) 

TeTpa3.n;p A1 B1 C1 Di c Beprmrna!lm B TO'-!Kax Kacamrn Bmrcann011 ccpepbr 

5IBJI5ICTC5I H30)J;HHaMH'-leCKHl\I. Ilo3TOMY )J;JI5I Hero Hl\IeeT l\IeCTO COOTHOllle

HHe (6.17): 

(6.23) 

Ilo.n;cTaHOBKOH (6.22) II efi aHaJIOI'WIHbll\UI IIOJiy•rae111 COOTIIOllleirne .n;mr 

.n;aHHOI'O H3oroHaJihHOI'O TCTpa3,n;pa: 

cos (AB) cos (CD) =cos (BC) cos (AD) =cos (CA) cos (BD) 
2 2 2 2 2"2" 

(6.24) 

06paTHo, ecJin BhIIIOJIH5IIOTC5I ycJioBH5I (6.24) )J;JI5I TeTpa3,n;pa ABCD, 
TO B CHJIY 3aBHCHMOCTe}r mr,n;a (6.22) BbIIIOmrneTC5I COOTHOII1e1rne (6.23) )J;JI5I 

TeTpa3,n;pa A1B1C1D1, KOTOphrfi 6y,n;eT, CJie,n;oBaTeJibHO, u30,n;mraMH'-lecKHM, 

a TeTpa3,n;p ABC D - H3oroHaJihHhI!IL 

lfraK, coom1wwe'H.ue (6.24) .Me:J1Cdy 'K:ocu'H.ycaJvtu no1weu'H. dey2pa'H.'H.'btX 
y2Aoe Jt6/l,Jl,emcJt xapa'K:mepucmu"-1,eC'K:UM OAJt u30201-iaA'b'IW20 mempa3dpa. 
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A 

B D 

PHc. 56 

44.2. CaoiicTBo ToqeK KacaHH51 anncaaaoii ccpeph1. B Ka)K,IJ,Oii 

rpaHH TeTpa3,IJ,pa ABCD coe,IJ,HHHl\1 TO'IKY Kacann.51 nmrcaHnoii ccpepbI 

c TpeM.51 neprmrnaMH 3TOH rpaHH (pnc. 56). )J,JI.51 yrJIOB, o6pa30BaHIIbIX npH 

TO'IKe Kacarnrn B K~oii rpaHH, Hl\Ieel\J CJie,IJ,yIOlIIIIe oqeBJI,!l,Hbie paBeHCTBa: 

6AiD + tfAJj + .BA;C = 27r' 

CB;D + AB;D + ABiC = 27r' 

BC;D + ACiD + .AC;B = 27r' 

Mc + ;ID;B + AD;c = 27r. 

B CHJIY CHl\11\IeTpHH OTHOCHTeJiblIO 6ncceKTOpIIbIX IlJIOCKOCTeii .n;nyrpaHHbIX 

yrJIOB TeTpa3,IJ,pa H3 IlOJiyqeHHbIX 12 yrJIOB B rpaH.5IX 6y,IJ,yT paBHbil\IH 

Mc = .BA;C' 
ACJ5= AB;D, 
ABie= AD;c, 

.....-. .....-. 
CB1D = CA1D, 

;ffiJJ = XCiB' 
Bc;D = i3A;D. 

Y'IttTbIBa.51 3TO, npnpamrn:eM JieBhie qacTH nepBoro n BToporo, TpeThero 

H 'IeTBepToro npe,!l,hI,!l,ylillIX paBeHCTB. IlocJie IlO'IJietrnoro CJIO)KeHH.51 ,!l,BYX 

HOBbIX paBeHCTB ITOJIJ'IHM: lfA';D = ABie. 9THl\I )Ke nyTel\I npIIXO,!l,Hl\I elIIe 
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K ,LJ;BYl\I COOTHOilleHHRl\J: ffA;C = AB;D II CAiD = ACiB. 0603uaqn111 

BAiC = BD;c = Ac;D = AB;D = cp1, 

AD;B = AG;B = CB;D = 6iD = 'P2' 

ABiC = ~ = ffA;b = Bc;D = 'P3· 

TaKn111 o6pa3oM, H3 12 pacc11iaTpuBae111b1x yrJIOB pa3.11u<rnh111rn oKa3hIBaIOT

cR, TOJibKO TpH yrJia cp1, cp2, cp3. 
IlpR111bie AB1 H BA1 nepeceKaIOTCR Ha pe6pe CD. 9To 3HamIT, 'ITO 

(6.25) 

0TcIO,n;a HaXO,LJ;IIllJ: 

(AB1 ·CB1 sin cp2)(BA1 ·DA1 sin cp2) = (AB1 ·DB1 sin cp1)(BA1 ·CA1 sin cp1 ). 

Ho CA1 = CB1 = CD1, DA1 = DB1 = DC1 KaK oTpe3KH KacaTeJibHbIX 

K c¢epe, BbIXO,LJ;R~nx H3 o,n,Hoii. TO'IKII. CJie,n,oBaTeJibHO, sin
2 

ip 1 = sin
2 

ip2 

II m160 ip1 = cp2, nn6o cp1 = 7r - cp2. Ho nocJie,n,Hee paBeHCTBO ne 111o:iKeT 

Hl\JeTb l\JeCTa, TaK KaK TO'IKII Kacamrn 5IBJI5IIOTC5I BHyTpeHIIHMH TO~IKal\m 

rpaneii. II eCJIH 6bI 'Pl +cp2 = 7r, TO 'P3 = 7r, 'ITO !IeB03MO)J{HO. I1TaK, 'Pl = 'P2· 

Ananorn'IHO ,ll,OK83bIBael\r, 'ITO cp1 = cp3, n no::iT0111y 

'Pl = 'P2 = 'P3 = 120°. 

l13BeCTHO (c111. [3], c. 144), 'ITO eCJIH Ka:lK,LJ;b!H yroJI TpeyrOJibHHKa MeHb

rne 120°, TO BHYTPH TpeyroJibHIIKa cyrn;ecTByeT e,n;nuCTBeHHaR TO'!Ka, H3 

KOTopoii. CTOpOHbl BII,ll;Hbl IIO,LJ; paBHbil\III yrJia11m. ::ha TO'!Ka Ha3bIBaeTC5I 

mo"txou Topu"te.ll.//,U TpeyroJibHHKa. CyM11ra paccTORHHii. OT nee ,n;o BeprnnH 

TpeyrOJibHHKa MHHHMaJibHa. 

l1TaK, ,n,oKa3aHo, 'ITO 6 uao2o'Haft'b'l-to.M mempa::iape mo"txu xaca'HU.R. enu
ca'H'HOil c<fiep'bl c 2pa'H.R..MU .R.6ft.R.Wmc.R. mo"t'X:a.Mu Topu"teMu ::imux 2pa'Heil. 

Cne,n;cTBHe. B uao2o'Haft'b'HO.M mempa::iape pa6'H'bt npouaeeae'HU.R. nfto
w,aaeu ftW6'btX aeyx mpey20ft'b'Huxoe c o6w,eu eepwu'Hoil e v,e'Hmpe J enucan
noil c<jjep'bl, aee apy2ue eepWU'H'b! 'X:OmOp'blX .R,6/1,.R.'/-Omc.R. coomeemcmee'H'H'bl.MU 
'X:O'HV,a.MU aeyx npomueonOftO;JfC'H'bl.X pe6ep mempaaapa. 

,Ueii.CTBHTeJibHO, II3 COOTHOIIIeHHR (6.25) H e111y aHaJIOrwrnoro IIOJiyqae111 

(6.26) 

(AD) 
TaK KaK, HanpHMep, SADB1 = s.JAD cos -2-, TO eCJIH o603Ha'!Hl\I s.JAB = 
= 512 , TO noqnennb1111 ,n;enenneM paBeHCTB (6.26) n (6.24) t1axo,n,H111: 

(6.27) 
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§ 45. Ilp.RMoy20.11/b'H/blU mempa30p 

EcJIH TPH pe6pa, BbIXO/l,HIIJ,He 113 o,n:uoli BepIIIHHbI TeTpa3,n;pa, rrorrapuo 

rrepneH,JJJIKyJrnpHbI, TO TpcxrpaHHbili yroJI, onpe,n:eJIHel\lhifr Jil\m, Ha3bIBaeT

CH np.Fl.M'bl.M, a TeTpa3,n:p --- np.Fl.MOY20Jl,'b'H'bl.M. 

Q-c.1eBJI/l,lIO, pe6pa rrpHl\JOrO TpJI3/l,pa HBJI51IOTCH Bb!COTal\JH npHl\JOyroJib

uoro TeTpa3,n;pa, JI Bee ero qeTbipe BbrcoTbI rrepeceKaIOTCH B Beprurme rrpH-

1\JOro Tpn3,n:pa. CJie/l,OBaTeJibHO, npm1oyroJibHhrli TeTpa3/l,p HBJIHeTcH opTo

ne1ITpH"'-1ecKIIl\1 JI TI03TOl\IY o6Jia,n:aeT BCel\IJI CBOikTBal\m, JI3JIQ)KeHUbIMII B § 6 
H3 [5] n B § 36 3Toli rnaBbr. Kp0l\1e Toro, 3TOl\IY BH/l,J opToIJ,e1ITpwi:ecKoro 

TeTpa3,n:pa npncyIIJ,H CBOH oco6bie CBOHCTBa. 

45.1. OcHOBHbie cooTH011rnH1u1. YcJiosm1cH B 060311a-c.remrnx. IlycTb 

TeTpa3,n:p ABC D Jil\reeT npHMOli TpII3,n:p c sepIIIHHoli D. KaK n paHee, no

JIO:tKHM: DA= a, DB= b, DC= c, BC= ai, CA= b1, AB= c1. ,LI,syrpaHHbie 

yrnhI npn pe6pax BC, CA, AB o6o3Ha"'-rnM o, {3, /, rrJIOIIJ,a,n:H Ssco = S1, 

SAcD = S2, SABD = S3, SABC = S, BbICOTY II3 BepIIIIIHbI D o6o3Haqmr h. 
TaK KaK 2pa'Hu-1wmem'bi c o6IIJ,eli BepIIIHHOli D nonapno nepnen,n:nKy

JIHpHbI, TO no TeopeMe KOCJIHYCOB /l,JIH TCTpa3,n:pa Hl\ICCl\l COOTHOllIC!Ilie: 

s2 =sf+ s~ + s~, (6.28) 

npe,n:cTasmnoIIJ,ee co6oU: cmepeo.Mempu"leC'l\,UU a'Ha.1w2 meope.M'bl IIurjja20pa. 

Ilo CBOHCTBY opToroHaJibnoro npoeKTHpOBamrn 

S1=Scosa:, S2=Scos{3, S3=Scos1. (6.29) 

lb TIOCJIC/l,HIIX ,n:syx COOTHOllICHHll CJie,n:yeT: 

cos2 o + cos2 f3 + cos2 / = 1, (6.30) 

OTKy,n:a 

sin2 o + sin2 f3 + sin2 / = 2. 

IlJioIIJ,a,n:n opToroHaJibHbIX npoeKu;nU: rpaHeli-KaTeTOB Ha rpanb-rJinOTeny3y 

COOTBCTCTBCHHO paBHbI: 

s~ = s1 cos o, s~ = S2 cos fJ, 
Ifa 3THX paseHCTB u H3 (6.28) rroJiyqaeM: 

sf= SS~, s~ =SS~, 

s~ = S3 cos1. 

S2 - SS' 3 - 3, (6.31) 

T. e. n.1ww,adu 2pa'Heil-'l\,amemos .fl6A.fl10mc.fl cped'Hu.Mu nponopu,uo'HM'b'H'bt.Mu 

BMU"lU'Ha.Mu .Me:>1edy nAow,ad'b10 2pa'Hu-2unome'Hy3u u coomsemcmsemw 

nAow,ad.fl.MU ux opmo20'HaA'b'H'blX npoe'l\,u,uil 'Ha zunome'Hy3y. 

,Ll,JIH o6'bel\Ja v npHl\JOyrOJibHOro TeTpa3,n:pa c oqeBH/l,IIOCTbIO Hl\IeeM /l,Ba 

Bbipa:tKeHHH: 

(6.32) 

npn-c.reM BTOpaH <t>opMyJia eCTb Henocpe,n:CTBCHHOe CJie/l,CTBHC nepBOH. 
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,Ii,eJiemreM (6.28) Ha 9V2 rroJiyqaeM: 

1 1 1 l 
h2 = a2 + b2 + c2. (6.33) 

Hail:):\e11 Bb1pa;.Kemie 06'be1ia rrp5IMoyroJibHOro TCTpa3):\pa qepe3 ):\JUIHbI pe-

6ep, o6p33yroll1IIX rpaHb-nmoTeny3y. TaK KaK 

a2 + b2 = ci' b2 + c2 = ai' c2 + a2 = bi' 

TO rrpII CJIQ)KCHIIII 3TIIX paBeHCTB IIOJ!yqael\J: 

ai +bi+ ci = 2(a2 + b2 + c2). 

Jfa 3Toro Il H3 rrpe):\bl):\JIIIIIX paBeHCTB BbITeKaeT: 

2a2 = bi + ci - ai, 2b2 = ci + ai - bi, 2c2 = ai + bi - ci. 

IIpmieH5Ia (6.32) naxo):\HM: 

288V2 =(bi+ ci - ai)(ci + ai - bi)(ai +bi - ci). (6.34) 

Ifa 3TOil: ¢opMyJibI MO;.KHO c,n;eJ.raTh CJICAfIOIIIHe BhIBO):\hI. Ilpmr3BC):\emre 

Tpex co:r.rno;.KHTeJieil: B rrpaBoil: qaCTll IIOJIO)KHTCJihHO. CJie):\OBaTeJihHO, m160 

Bee OHII IIOJIO)KIITCJibHbI, Jill60 0):\IIH IIOJIO)KllTCJICH, a ):\Ba OTpm1aTCJlbHbl. 

IIocJie):\HIIil: CJiyqail: HCB031\l0)KCH, IIOCKOJihKY B 3TOM CJiyqae TpeyrOJibHHK 

IIl\leJI 6bI ;J;Ba TYIIhIX yrJia. 3naqHT, KBa):\paT mo6oii CTOpOI!bI TpeyroJibHH

Ka MCHhllle cyMMbI KBa):\paTOB ):\BYX ;:\pyrHx CTOpOH H II03TOl\IY ace yut'bl 
mpey20.11,'b'H.u1w ABC ocmp'bte. 

EcJill 0 - u;eHTP c¢epbr, OIIHCaHHOil: OKOJIO IIp5Il\JOYrOJibHOro TeTpa3):\pa 

ABCD, TO 

- l -
D0= 2(a+b+c). (6.35) 

)J,eil:CTBllTCJibHO, rrapaJIJICJICIIIIIIC):\, IIOCTpOeIIHbIH Ha BCKTOpax a, b, C KaK 

Ha pe6pax, aBJiaeTC5I npa110yroJibHbll\r. C¢epa, nocTpoenHa5I Ha ):\Har0Ham1 

3TOro rrapanJieJieTIIITie):\a, CO):\Cp)KHT BCe ero BepIIIHHhI II IIOTOMY 5IBJI5IeTC5I 

onuca'li'H.OU 0./1,JI, oa'H.'H.020 mempa3opa. 0TCIO;J;a II CJICAfCT (6.35). B03BC):\CIIH

eM 3Toro paBeHCTBa B KBa.n;paT IIOJiyqaeM: 

4R2 = a2 + b2 + c2. (6.36) 

---1 - 1 - 1 -
,II,a.nee, GO= DO-DC= 2(a+b+c)- 4(a+b+c) = 4(a+b+c), oTKy.n;a 

(6.37) 

Hail:):\eM Bhipa;.KCHHC BCKTOpa h BhICOTbl TCTpa3):\pa qepe3 BCKTOpbI a, 
b, c. IloJIO)Klll\I h = >-1 a + >-2li + A3C, r):\e >-1 + >-2 + ,\3 = l. TaK KaK 

h(a - b) = h(a - c) = 0, TO ha= hb =he II II03TOMY >-1a2 = >-2b2 = ,\3c
2, 
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>11: ,\2 : ,\3 = (bc)2: (ca) 2 : (ab) 2 . C yqeTOM 3amrcm1ocn1 ,\1 + ,\2 + ,\3 = 1 
Haxo,n:nM: 

,\z = (ca)2 
k ' 

,\3 = (a~)
2

, r.n:e k = (ab)2 + (bc)2 + (ca)2. 

TaKHl\I 06pa3011, 

h = (bc) 2 a+ (ca) 2 b+ (ab) 2 c_ 
(ab) 2 + (bc) 2 + (ca) 2 (6.38) 

Ha ocHOBamrn o6rr~eif 3aBIICHJ\IOCTH ,rr,.mr TeTpa3.rr.pa rrpn h1 = a, hz = b, 
h3 = c HMeeM: 

II C yqeTO!\I (6.33) 

1 1 1 1 1 -=-+-+-+
T a b C h 

1 1 1 1 -=-+-+-+ 
T a b C 

(6.39) 

BTOpa51 cpopr.ryJia llhay.n:rn (CM. [5J, c. 100) ,n:.TI51 rrpm.10yroJihHOro TeT

pa3.rr.pa rrpIIHHMaeT BH,IJ.: 

abed= 12VR. r.n;e d2 = a2 + b2 + c2. (6.40) 

Ee 110:tKHO rrpoBepuTh Henocpe,rr:cTBemrn Ha ocnoBamrn cpopMyJI (6.32) 
H (6.36). IlpOII3Be,rr,enrre abed paBHO y,n:BOCHHOH IIJiorn;a,n:H BCIIO.!.IOraTCJih

uoro TpeyroJihHMKa c ,ll,JIHHal\IH CTOpOH aa1' bb1, CC1. 

45.2. On11caHHruI ccl>epa H neparui ccl>epa 9iiJiepa np~MoyroJib
ttoro TeTpa::>,IJ.pa. Ilp51.r.IOyrOJibHhlH TeTpa3,n:p, 5IBJ15151Ch OpTO~eHTpw1e

CKHM, HMeeT Tpn ccpephI 8iiJiepa (cM. § 36). Pa,n:uyc f2 IIepB011 ccpephr 

8:iiJiepa paBen noJioBnne forne,n:nanhr TeTpa3,rr,pa. Ha ocnoBannn cpopMyJihI 

,l],JIHHbl fome,n:IIaHhl (CM. [5], c. 94) 

16e2 = a 2 + ai = b2 +bi= c2 + ci = a2 + b2 + c2
. 

lfa 3TOI'O COOTHOIIIemrn M (6.36), (6.37) CJie,n:yeT: 

1 
GO= f2 = 2R, R- f2 =GO. 

(6.41) 

IfraK, paccTomrne Me:tK,n:y ~enTpa11m 0 u G orrncamrnii ccpephr n rrepBoii 

ccpepbr 8iiJrepa np5IMOYf'OJihHOI'O TeTpa3,n:pa paBHO pa3HOCTH pa,n:uycon 3TIIX 

ccpep. Cne,n:oBaTeJihIIO, 9mu cifjep'bi 'K:acawmc.R B1iympe1i1iU.Nl o6paao.M .. 

IlJioCKOCTh, co,n:ep:tKarn;a51 ~eIITp onncarrnoif ccpephr, o6na,n:aeT npIIJ\Ie

qaTeJihHhI CBOHCTB01!: paccmo.R'H.Ue om aepWU1i'bl D np.R.M020 mpu90pa ao 

.mo6ou n.1wc1wcm:u. npoxo<J.1tw,eu "{tpea 11,e'H.mp onuca'H.'H.OU cifjep'bi np.1t.MO

YW.!/,'b1io20 mempa9iJpa, pa61iO a.!/,2e6pau"i,ec1wu cyMMe paccmo.R'H.uu om mpex 

dpyzux aepwu'H. oo :Jrrw'U n.!/,oc·1wcmu. 
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,UeliCTBIITeJihHO, B Ilp5!11IOYrOJihHOll ,n;eKapTOBOII CHCTe111e KOOp.D;IIHaT 

c oc5111111 DA, DB, DC BepIIIHIIbI A, B, C TeTpa3,n;pa ABCD n111e10T 

Koop,n;:miaTbr: A(a, 0, O) B(O, b, 0), C(O, 0, c), a u,enTp 0 om1camrof1 ccpepbI 

Ha ocnoBamrn (6.37) - KOOp)J,1maTh1: (~, ~, ~)· Tor)J,a ypaBHerrne npon3-

BOJibHoli TIJIOCKOCTH, npoxO)J,5!lll,eli ciepe3 0, mreeT BII)J,: 

U1 ( X - ~) + U2 ( Y - ~) + U3 (z - g) = 0. 

OpIIeHTIIpoBaHHhie paccTOHHIIR d; OT Bepnnm TeTpa3.n;pa )J,O 3Toii: TIJIOCKO-

CTII paBHbI: 

1 
au1 - 2(au1 + bu2 + cu3) 

d1 = -~---=;====;:====;;;----~ 
Jui+ u~ + u5 

1 
bu2 - 2(au1 + bu2 + cu3) 

d2 = -----r====;;:-----
/uf + u~ + u~ 

l 
CU3 - 2(au1 + bu2 + CU3) 

d3 = ----=;=====;;:---
Jui+ u~ + u5 

l - 2 (au 1 + bu2 + cu3) 

OTKy.n;a JierKO BII)J,HO, 'ITO 

§ 46. Ilp.R.Mou mpu9dp u crfiepa 

46.1. I'eoMeTpl.P·IeCKOe MeCTO OpTOI'OHa.ITbHhIX npoeKll;Hii Bep

lllHHbl npgMoro TpH3.n,pa. IIycmb npa.Moil mpu3op 6pa~aemcJl, o'X:oJ!o 

C60eil 6epwutt'bl D u ao pe6pa nepece'ICa'IOm aauuy10 c<fiepy c v,eumpoM 6 

mo"t'X:e S paouyca R. To2oa .Mtto:>teecmeo ecex opmowuaJ!b'li'blX npoe'X:v,uil H 
mo"t'X:U D '/ia nJ!oc'X:ocmb, onpeoeJ1,Jl,eMY'/O J!106'biMu mpe.MJI, mo"t'X:aMu A, B, C 
U3 wecmu mo"te'X: nepece"te'liUJl,1 ecmb c<fiepa c v,e'limpoM 6 mo"t'X:e Q, J!e:>tea

~eil '/ia ompe3'X:e DS u OeJ!Jt~eil ew 6 om'lioWe'liUU 1 : 2. 
~ o Ka 3 a Te JI h c TB o. flp11Me111 TO'IKY D 3a naciaJio BeKTOpOB. 

I1MeeM: 

(A - S) 2 = (fJ - S) 2 = (C - S) 2 = R 2
. (6.42) 

PaccMOTpIIM BeKTOp Q = ~ S II naii:)J,eM ( H - Q )2, r)J,e H mreeT Bhrpa)Ke

HIIe (6.38) nm= (ab) 2 + (bc)2 + (ca)2: 

(H - Q)2 = ( ! ((bc)
2a + (ca)

2 b + (ab)
2 c) - ~s) 

2 

= 

= -\((bc)
4

a
2 + (ca) 4 b2 + (ab) 4c2

) -m 

- 3~ ((bc) 2 (aS) + (ca) 2 (bS) + (ab)
2(cS)) + ~52 , 
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TaK KaK iib = be= cii = 0. Yl\reHbIIIael\IOC B CK06Kax npaBOH "IaCTII paBIIO 

(abc) 2m. ITpe,Il,CTamrn npaByro "IaCTh B TaKol\r BII,Il,e: 

3~ (3(abc) 2 
- 2(bc)2 (ii5) - 2(ca)2 (bS) -

- 2(ca)2 (c5) + 52 ((ab) 2 + (bc) 2 + (ca) 2 ) - §52 = 

= 3~ ( (bc) 2 (ii - 5)2 + (bc) 2 (b - 5)2 + (ca) 2 (c - 5)2 
- §52

). 

ITpuBJieKa.H (6.42) II o6o3Ha"IIIB DS = l, rroJiy"IaeM: 

(H - Q)2 = ~R2 - ~z2. 
3 9 

(6.43) 

TipaBa.H "IaCTb 3Toro paBeHCTBa ITOCTO.HHHa. Kpol\Ie Toro, TIOCTO.HHHa TO'I

Ka Q, TI03TOMY J'vIHO)l(eCTBO Bcex KOHU:OB rrepel\reunoro BeKTopa H ecTh 

ccpepa c U:CHTPOl\I Q pa,IJ,Hyca {! TaKoro, "ITO 

l = §(3R2 
- 2l2

). (6.44) 

9Ta ccpepa cyrn;ecTByeT npII ycJIOBmr: 

3R2 
- 2l2 ~ 0, l :::;;; RJI. 

YpaBHeune (6.43) 3KBHBaJieHTHO cJie,rr,yrorn;eMy: 

2DH2 + HS2 = R 2
. 

,II:eii:CTBHTeJibHO, 

- - 2 ( - 1 -) 2 - 2 2 - - 1 -2 (H - Q) = H - 3s = H - ?,H · S + -gS . 

(6.45) 

(6.46) 

Ho 2H. 5 = DH2 + l2 - HS2
, H 2 = DH2

, 52 = l2 H ITOCJIC IIO,Il,CTaHOBKH 

B (6.43) noJiy"IaeM (6.46). Mo)l(HO BhIIIOJIHIITh o6paTHhiii: nepeXO,Il,. 

06paTtto, nycTh H - npOII3BOJibHa.H TO"IKa ccpephI ( Q, {!). TipoBe,Il,el\1 

"Iepe3 nee IIJIOCKOCTh, nepneH,IJ,HKYJI.Hpnyro np.HMofi DH. 9Ta IIJIOCKOCTh 

nepeceKaeT ccpepy (S, R) no neKoTopoii: oKpy)l(nOcTn, B KOTopyro BIIIIIIIeM 

KaKoii:-JIII6o TpeyroJihHHK ABC c ycJIOBIIeM, "IT06bI TO"-!Ka H 6buia ero 

opTou:enTpOM. Tenepb na,Il,o ,Il,OKa3aTh, "ITO np.HMhle DA, DB, DC nonapno 

nepneH,Il,IIKYJI.HpHbI. ,Il;oKa)l(eM, nanpnl\iep, "ITO AD· BD = 0. Haxo,Il,HM: 

AD· BD =(HD- HA)(HD-HB) = HD
2 
+HA· HB. 

Ho B CIIJIY (6.46) 2HD
2 = R2 

- HS2 , a HS2 - R2 ecTh cTeneHb TO"IKII H 
oTnocnTeJihHO ccpepb1 (S, R), no3TOMy 

H S2 
- R2 = HA · HZ, 
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r,n;e Z ---- BTOpaR ToqKa rrepeceqemrn rrp5Ii-roli HA c oKpy:tKHOCThIO ABC. 
Ec.irn H 1 --ToqKa rrepeceqemrn rrpR1'IhIX HA H BC, TO no CBOHCTBY opTo

u;e1ITpa Tpeyro.JihHHKa HZ = 2H H 1 . Cne,n:oBaTCJihHO, 

AD·BD = -HH1 · HA+-HA-HB = HA(HB-HH 1 ) =HA· H 1 B = 0. 

I-ITaK, cifiepa (6.43) .llBJl,Jlemc.ll 2eoJ.tempu'lec11:u"H J.tecrno.1vi rno"le'K: H 06-
.1iaiJaww,ux 3ada'Hili'blJ.t ceoilcmeo.1vt. 

BMecTe c Tei-1 ,n;oKa3ano, 'ITO reoMeTpw-1ccKHM l\ICCTOi\I TO'-IeK H rrpo
cTpancTBa, o6na,n;armu;ux cBolicTBOM (6.46), r,n;e D u S --- ~'l,amihie TO'IKH 

H R- ,n;anHoe '-IHCJio, eCTh ccpepa c IIe1-npm1 B TO'-rKe Q, ,n;eJIRlll,eii DS 
B OTHOIIIemm 1 : 2. D 

46.2. MttBapHaHThI Bparu;eHHR rrpRMoro Tpw::i.z:i;pa. Ec.1tu np.ll.1vwil 

mpu3dp epaw,aemc.ll 011:0.1to ceoeil eepwu'li'bl D u e20 2pa'liu nepece11:a-1om 

cifiepy (S,R), mo cy.1vt.1vta n.1tow,aiJeil rnpex 11:py20e nepece"le'/iu.R nocmo.R'li'lia. 
B caMoi-1 ,n;ene, ecnu 0603naqnM qepe3 A1 , B1 , C1 , H r 1 , r2, r3 u;eHTphI 

n pa,n;IIyChI 3THX KpyroB, TO cpIIrypa, o6pa3oBammR rrcpeceqenIIei-1 npRMhIX 

TpII3,n;poB D (ABC) u S (A 1B1C1 ), ecTh rrpRi-JOyroJihHhrfr rrapannencmmc,n,. 
0TCI0,1J;a 

2 R2 SA2 r22 = R2 - SB21 , 2 R2 SC2 Tl = - l l T3 = - 1 

II 

ri + r~ + r~ = 3R2 - (SAi + SBi + SCi) = 3R2 
- z2, r,n;e DS = l. 

Cne~oBaTeJihHO, 

7rri + 7rr~ + 7rr~ = 7r(3R2 
- l2

) = const. (6.47) 

,lt;anee, ecJIH o6o3Haqm11 A2, B2, C2 -Tpn ,n;pyrIIe TO'IKH rrepeceqemrn rrpR-

MhIX DA, DB, DC co ccpepoii (S, R), To 
D cy.1vt.1vta 11:eaiJpamoe ompe311:oe AA2, B B 2 , 

P11c. 57 

CC2 ma11:;Jtee nocmo.ll'li'lia. 

B cai-mM ,n;ene, rrycTh N 1 II N2 --oc

HOBamrn rreprreH,ll;HKYJI5IpOB, rrpoBe,ll;CH

HblX H3 C1 K xop,n;aM AA2 n B B2 

(pIIc. 57). Tor,n;a 

AA~+ BB~= 

= 4(r~ - C1Nl) + 4(r~ - c1N'i) = 
= 8r~ - 4DCi. 

Ananonrqno 
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AA~+ cc~= 8r~ - 4DBi, 

BB~+ cc~= Sri - 4DAi, 



OTKY,T\a 
2 2 2 2 2 2 2 2 2 AA2 + BB2 + CC2 = 4(r1 + r2 + r 3 ) - 2(DA 1 + DB1 + DC1 ). 

TaK KaK 

DAi = z2 
- SAi, DBi= z2 

- SBT, ocT = z2 
- SGT, 

TO 

AA~+ BB~+ cc?= 12R2 
- 8l2

. (6.48) 

3al\IeTIIl\l, qTo 3Ta cyl\IMa pamia uymo B TOM H TOJihKO B TOJ\l CJIY'Iae, 

Kor,n,a TOLIKII A n A2, B n B2, C 11 C2 cooTBCTCTBenuo coBrra,LI,aroT, T. e. 

TOr,LI,a H TOJihKO TOr,LI,a, KOr,LI,a pe6pa TpII3)Wa KacaIOTC.H c¢epbI. B 3TOJ\l 

II TOJlhKO B 3TOM CJiyqae B ycJIOBIIH (6.45) 6y,LI,eT Hl\!CTh l\!CCTO 3HaK paBeH

CTBa, H TOr,LI,a c¢epa (Q, 12) BbipO:tK,D,aCTC.H B TOqKy. 

§ 4 7. Opmo2o'HaJ1/b'l·ta.fl npoe'J);UiU.fl mempa3dpa 

,ll,n.H opToronanhnoro rrpoeKTnpoBarurn ne n11eeT 11ecTa Teopel\ia 

IlonhKe-IllBapu,a (1864 r.) o rrapanneJibHoil: (neopToronaJihnoil:) rrpoeKu,nn 

TCTpa3,LI,pa. OpToroHaJihHhre rrpoeKu,nn Beprmrn TeTpa3)Ipa 3amrcnMhr: O)IHa 

II3 HHX 3aBHCHT OT Tpex )Ipyrnx H OT )Iannoro TeTpa3)Ipa. B HaXO:tK)ICHIIII 

3Toil: 3asncnMOCT11 H cocTOHT cyIIJ,HOCTh 3a,LJ,aLrn I'aycca. Ona 6hrna pernena 

cal\IIIJ\l I'ayccoM JIHIIIh )IJI.H rrpocTeil:IIIero qacTnoro cnyqa.H -- )IJI.H TeTpa-

3,ZJ,pa, B KOTOpOM TPH pe6pa rrpn O)IHOH BepIIIHHe rrorrapno opTOrOHaJihHhI 
H Ka:tK)Ihlll H3 JIHX HMeeT e)IIIHJiqnyro )IJIHHy. I1Menuo, eCJl,U opmo20'J-W.Jl,'b'H,ll.fl, 

npoer.:u,uR eepwutt'bt npR.Mo20 mpex2patttto20 y2.J1,a mar.:020 mempa3opa 

nputt.flma 3a tty.J1,eey10 mo"lr.:y n.J1,ocr.:ocmu npoer.:u,uu, 63.flmou e 'IW"tecmee 

n.J1,ocr.:ocmu 1w.Mn.J1,er.:ctt'btx "tuce.J1,, mo cy.M.Ma r.:eaopamoe 1w.Mn.J1,er.:ctt'btX 

"tUCM, coomBemcmByiow,ux opmo20tta.J1,'b'H'bt.M npoer.:u,uR.M mpex ocma.J1,'b'H'btX 

eepwutt, paBtta tty.J1,10 (meope.Ma I'aycca). 

0)IHO H3 )IOKa3aTCJihCTB 3TOH Teopel\lbl faycca Hl\IeeTC.H B Knnre [8] ua 

c. 224. ,ll,Jrn TeTpa3)Ipa o6IIJ,ero Bn,LI,a 3a)Iaqa 06 OThICKannn ananorwmofi 

3aBncnMOCTH ocTaBa.11acb neperneunofi. Pernenne ee n3naraeTc.H nn:tKe. 

47.1. CmI3b MmK,z:r,y opToroHa.JibHbIMH npoeKIJ;H5IMH Bep

WHH npoH3BOJibHoro TeTpa3.n;pa. IIycTh rroJinbrfi qeThrpexyroJihHHK 

OA1B 1C1 cny:tKnT opToronanhnoil: rrpoeKu,neil: 3a)Ianuoro TeTpa3)Ipa 

OABC, BepIIIHHa 0 KOToporo rrpuna)IJIC:tKHT rrnocKOCTH rrpoeKu,nu 
(pnc. 58). Tor)Ia Hl\!ee'T MecTo BCKTOpua51. 3aBHCHl\IOCTh: 

(6.49) 

,ll,eil:CTBIITeJihHO, 

OA ·OB= (OA1 - AA1)(0B1 - BBi) = OA1 · OB1 + AA1 · BB1, 
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c 

Pnc. 58 

IIOCKOJihKY OA1 · OB1 = 0 rr OB1 · AA1 = 0 B crmy opTorottaJihIIOCTH 3THX 

BeKTOpOB. 

TaK KaK BeKTOpbI AA1 rr BB 1 KOJIJIImeapHhI, nx CKaJI.HpHoe IIpon3Be

,z:i;em1e MO:lKeT OTJIIPiaThC.H OT IIpon3Be,z:i;emrn Hx ,n;JI11n TOJihKO 3HaKor-r. Bo3-

Be,z:i;e11 o6e qaCTII TO:lK)l;eCTBa (6.49) B KBa,z:i;paT II BbIIIOJIHJI1l IIO)l;CTaHOBKH 

AAi = OA2 
- OAi, BBr = OB2 

- OBf: 
--------2 2 2 2 2 

(OA ·OB - OA1 · OB1) = (OA - OA1 )(0B - OBi). 

c paBHblM IIpaBOM IIMeeM ellle )l;Be attaJIOrII'IHbie 3aBlIC1IMOCTII: 

--------2 2 2 2 2 
(OB· OC - OB1 · OC1) =(OB - OB1 )(OC - OC1 ), (6.50) 
--------2 2 2 2 2 

(OC · OA- OC1 · OA1) = (OC - OC1)(0A - OAi). 

BBe,IJ;er--1 o6o3Ha"-lettnz1: OB· OC = w1 , OC · OA = w2 , OA ·OB = w3 

H \OA\ = a, \OB\ = b, \OC\ = c. 9TH rnecTh BeJin'IHH onpe,n;eJI.HIOT 

IIpOeKTIIpyeMhiii TeTpaa.z:i;p, II TI03T01IY 1Ihl C'IHTae11 HX H3BCCTHblMII. ITo 

CBOeii CYll1HOCTU IIOCJie)l;HHe TpH paBeHCTBa (6.50) II IIpe.n.cTaBJI.HIOT co6of1 

3aBHCHMOCTb Me:lK,z:i;y 3JieMe11Ta1m ,z:i;annoro TeTpa3,z:i;pa n opToronaJibHhnm 

IIpOeKI1H.HMH ero seprnnn. 

CJie.n;y.H fayccy, IIepeii,z:i;eM K KOMIIJieKCHhIM Koop.z:i;mrnTar-1, npmrnn IIJIOc

KOCTb npoeKI1HH B Ka'IeCTBe IIJIOCKOCTII K01ff!JICKCHblX 'IHCeJI c HyJieBOii TO'I

KOii 0. ITycTb IIpoeKI1HH A 1, B 1, C 1 HMCIOT KOMIIJieKCHhie Koop.z:i;rrnaThI a, 
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(3, 'Y coOTBeTCTBeHHo. Tor,n:a (cJ\1. [6], c. 12) Ul\1ee1v1: 

20A1 ·OB1 = alJ+a/3, 20B1 ·OC1 = ;ry+fJ"f, 20C1 ·OA1 = "fl'i+'?a, 

r,n:e O, 73, '? ··- LlllCJia, COIIpR:lKeHHbJe COOTBeTCTBeHIIO KOl\JIIJleKCHbll\l qnc

Jial\I a, (3, 'Y· TaK KaK OAi = aa, OBr = (Jfj, DC? = "f'Y, To paneH
CTBa (6.50) rrpHHIIMaIOT BH,n:: 

( 
l - ) 2 

2 2 -
w3 - 2(a(J + a(J) =(a - aa)(b - /1(3), 

( 
1 - )

2 
2 - 2 W1-2(fJ"Y+fJ'Y) =(b -(3(3)(c -"('?), (6.51) 

( 
1 )2 ' 

w2 - 2ba +'?a) = (c2 
- 'Y'Y)(a2 

- oa). 

B 3THX Tpex 3aBUCHl\fOCT51X u cocTOIIT ncKOl\Ibrf1 pe3yJibTaT. 

47.2. BbIBO.ll; COOTHOIIIelnrn raycca. 06paTUMC5! K 'IaCTHOMY cny

qaro, pacc1110TpeHHOMY fayccoM. IlycTb pe6pa OA, OB, OC rronapno opTo

roHaJibHbI u a = b = c = 1. Tor,n:a w1 = w2 = W3 = 0 u paBeHCTBa (6.51) 
yrrpom;aIOTCJI: 

(a(J + a(3) 2 = 4(1 - aa)(l - (3(3), 

((J"Y + lh) 2 = 4(1 - f37J)(l - 'Y'Y), 

('Ya+ ')7a) 2 = 4(1 - 'Y'Y)(l - on). 

I.fa HUX cne,n:yeT COOTHOIIleHIIe faycca: 

a2 + (32 + 'Y2 = O. 

B ca11101v1 .IJ.eJie, paBeHcTBa (6.52) 3KBIIBaJieHTHbI cJie,n:y10m;m.r: 

(a{J- a(3) 2 = 4(1 - oa - (Jfj), 

(f3"Y- (h)2 = 4(1 - (JfJ- 'Y'Y), 

('Ya - ')7a)2 = 4(1 - !''? - aa). 

(6.52) 

(6.53) 

Cno:iKn11r ux II rronyqeHHYIO .1reByIO qacTh 3aMeHH!\I cornacHo TO:lK,D:eCTBY 

Jlarpan:iKa 

(a(J - af'J) 2 + ((J"Y- 7h)2 +('Ya - ;ya)2 = 

= (a2+112 + 'Y2)(a2 + 7J2 + ;y2) - (aa + (Jfj + 'Y'Y)2. 

A cyl\rl\ra rrpaBhIX qacTeii: paBim 12 - 8(aa + (3(3 + 'Y"Y). 0Tcro,n:a rronyqael\1 

(a2 +(32 +'Y2)(a2+i3
2 
+12

) = (aa+f37J+'Y'Y)2-8(o:a+f37J+'Y'Y)+12. (6.54) 

IlycTb cp1, cp2, cp3 --yr.11hr, o6pa3oBaHHbre BeKTopal\m OA, OB, OC c Ha

npaB.11enneM rrpoeKTHpOBaUH5!. Tor,n:a aa = OAi = l·cos2 ( ~ -<p1) = sin2 'Pl 
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H ana.norwmo (J/J = sin2 r.p2, r::Y = sin2 r.p:3 . IIocKoJibKY cos2 
ip1 + cos2 c.p2 + 

+ cos2 i.p3 = 1, TO sin
2 

'Pl + sin
2 

l{J2 + sin2 
i.p3 = 2 H rro::nol\ry 

(6.55) 

Tor,n;a rrpasa.H ~iacTb paseucTBa (6.54) 6y,n;eT pasHa 22 - 8 · 2 + 12 = 0. 
CJie,n;osaTeJibHO, 

1Ip0113se,n;e1rne ,n;syx conpmKeHIIbIX KO.:\lflJICKCIIbIX 'HICCJI pamro nyJno Tor,n;a 

n TO.TibKO Tor,n;a, Kor,n;a Ka./K)J:Qe II3 unx pasno nymo. TmK,Ll,CCTBO (6.53) 
):l;OKa3aHO. 

CJiep;CTBHe 1. ,4.11,.R np.H.N1.oy20.11,'b'l-to20 m.empa3dpa, e x:ornopo.tvt dJ!"U'li'bt 

pe6ep, 06pa3y10w,ux np.R.Moil mpex2pann'btil y20.11,, pae'li'bt edunuv,e, coomi-w

wettu.R (6.53) u (6.55) 3x;eueaAenmn'bt. 

,Il;eil:cTBHTeJibHO, npn ycJIOBHH (6.55) H3 (6.54) CJie;:i;yeT (6.53). 06-

paTHO, rrpn ycJIOBUII (6.53) II3 KBa,n;paTHOI'O ypamrcmrn (6.54) IIOJIY'Iael\J 

Q'O + (3/J + r::Y = 2 HmI Q'Q + (3{j + ~(::y = 6. 0,n;IIaKO ITOCJie,n;nee paBCHCTBO 

npOTlIBOpe'!IIBO, ITOCKOJibKY Ka./K,n;oe CJiaraCMOe He 6oJiblliC e,n;nHHIJ,bI. 

CJiep;cTBHe 2. Ec.11,u e np.RJvt.0y20A'b'l-tOM mempa3dpe OABC dAU'l-t'bt 

pe6ep OA, OB, OC paett'bt coomeemcrneenno a, b, c, mo 

aa (3/3 1"'? 
-2 + -b2 + 2 = 2. a c 

(6.56) 

B caMoM ,n;eJie, Tor,n;a 

aa = a2 sin
2 

i.fJ1, (3/J = b2 
sin

2 
<.p2, 'Y"i = c

2 
sin

2 
l{J3 

lI COOTHOIUemre sin2 'PI + sin2 'P2 + sin2 <p3 = 2 paBIIOCHJibHO (6.56). 
Bhr,n;eJIHl\J elile ,n;sa 'laCTHbrx CJIY'Ia.H. 

,Il;JIZI opmov,enmpu"tecx;o20 mempa3dpa OABC HMeel\1 OA · BC 
= OB· CA = OC ·AB = 0, OTKy,n;a OA ·OB = OB· OC = OC · OA, 
T. e. W1 = W2 = W3. Tio3TOl\JY H3 CHCTeMbI (6.51) IIOJIY'Iae11: 

a/J + a/3 + 2j(a2 - aa)(b2 - (3/J) = 

= f3"i + /J-y + 2j (b2 - f37J)( c2 - -y;y) = 

= 1a +::Ya+ 2)(c2 - -n)(a2 - aa). (6.57) 

B cJiy'!ac, KOr,ll,a rrJIOCKOCTb ABC napaNtf'A'btta ITJIOCKOCTH rrpoeKunii, 

,n;JI..H mo6oro TeTpaa,ll,pa BbIIIOJIH.HeTC..H AA1 = BB1 = CC\, ~rTo 3KBima

JieHTHO 

a
2 

- aa = b2 
- !373 = c2 - 1'f. (6.58) 
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47.3. IlocTpoemrn opTorottaJihttoif: rrpoeKu;1nr BeprnHHhI TeTpa-

3,LI.pa no 3a,LI.aHHhIM rrpoeKLt;H5IM Tpex ,LI.pyrnx BeprnHH np51MoyroJih
ttoro H rrpaBHJibttoro TeTpa3,LI.poB. B l\IOHorpa¢mr [8] (c. 225-- 226) 
II3JIO:tKCH cnoco6 rIOCTpoeurrn OpTorouaJihHOH npOCKU,IUI Bep1II1Ulbl rrp51MO
yroJibHOro pamm6e,n:pe11uoro TeTpa3,n:pa no 3a.n:amrb1M npoeKU,H51M Tpex 
,n:pyrnx ero BeplUHH Ha OCIIOBamm COOTHOIIIeHH51 faycca. O,n:naKO OHO CJIO)K

HO, Hl\IeeT Jllllllb npHHU,IlIIHaJibHblH xapaKTep 11 II03TOl\IY HenpirrO,[\HO ,L\Jl51 
npaKTHKH. YKa:tKel\1 .n:pyrofi cnoco6, JierKo ocylll,eCTBHl\Ihifi ,L\Jrn npaKTII'-Ie

cKoro npMMeHeHH51. 

IIycTb ,n:auhr opTorouaJihHhre npoeKu,nu A1, B1, C1 BepIIIrrn A, B, C np5!-

1v1oyroJibIIoro TeTpa3.n:pa OABC c e.n:mmqHhIMH pe6parvrn OA, OB, OC. 
Tor.n:a npoeKu,uefi qeTBepTofi BepIIIIIHhI 0 CJIJ:tKIIT l!CHTp oKpy:tKHOCTH 

A1 B 1 C1. B ca1110111 ,n:eJie, no TeopeMe Jlei'r6unu,a 

OAi + OBi + OCi = GAi + GBi + GCi + 30G2
. 

lfaBeCTHO, qTO 

II 

GAi + GBi + GCi = .!.(a2 + b2 + c2
) 

3 

OG2 = R2 
- .!.(a2 + b2 + c2

) 9 . 

Tio3T0111y o:a + !373+1'7 = 3R2 u B cuJiy (6.55) 3R2 = 2, qeM orrpe.n:eJI51eTc51 
e,[\HHII'-IHhIH 0Tpe30K IlJIOCKOCTII npoeKU,IIH. 

IIycTh ,n:aHhI opTorouaJihHhre npoeKU,IIII BepIIIIIH 0, A, B pacc!llaTpu
naeMoro TeTpa3.n;pa. CooTuece!ll IIM Ko11mJieKCHhie qucJia 0, a, f3 cooTBeT

CTBeuuo. Tpe6yeTC51 nocTpOIITh Koop,n:nuaTy I npoeKu,nu C1 'IeTBepTofi Bep
lliHHhI C. By,n;e111 noJib30BaTbC51 cooTuoIIIeHneM faycca. IIp11Menn111 cnoco6 

IlOCTpoeHII51 npOII3Be,n;euII51,ll;BJX KOl\1IlJieKCHbIX qnCeJI (cM. [8], c. 10, pnc. 4). 
IIocTpoemrn BblllOJIH51eTc51 B cJie.n:y10lll,eM nop51,n;Ke (puc. 59). IIo ToqKaM 0, 

Prrc. 59 
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Pnc. 60 

1, Q: CTpOmJ TOqKy a:2 H aHaJiorHqHQ To~rKy (32 (no,IJ,06Hbie TpeyrOJibHIIKH), 

3aTeM a:2 + (32 = -12 (cyMMa KOl\JIIJieKCHbIX qHCeJI) H h'I = ~ 
( cpe,IJ,Hee nponopIJ,HOHaJibHOe). l1CKOl\Ja5I TOqKa 'Y Jie:arnT Ha 6HCC8KTpHCe 

yrJia l\Je)K,Il,y BeKTOpa11m TOqeK 1 H 72 . Cyru;eCTBYIOT ,!l,Be HCKOl\Jhie TOqKn "( 

H -{. 

IIepexo,IJ,HM K nocTpoeHHIO npoeKIJ,Hti Beprnmr npaeUJi'b1w20 mempa3iJpa 

ABCD. Cepe,IJ,IIHa 0 ero BhICOThI DH o6Jia,IJ,aeT Tel\1 cBoticTBOM, qTo oTpe3-
1 

KH OA, OB, oc IIOIIapHO nepneH,!l,HKYJIHpHbI H OA2 = OB2 = OC2 = 2a2 

(r,IJ,e a - ,!1,JIHHa pe6pa ,IJ,aHHoro TeTpa.3,!1,pa). CornacHo coonrorneHHIO (6.56) 
a:a + /]fl + 1"'1 = a 2 . EcJIH 0 - u,eHTp oKpy)KHOCTH, onHcanHoti oKoJio Tpe

yroJibHHKa A1B1C1 npoeKu,Hti BepurnH A, B, C, TO a:a = (3fl = 1"'1 = R2 . 

IImnoMy 3R2 = a2 
H R = ~. TaK KaK h = ~ (a + (3 + -y) - u,eHTpOH,!I, 

TpeyroJihHHKa AiB1C1 H 0-cepe,!1,HHa DH, TO ncK011mH npoeKIJ,HH <5 Bep

llIHHhI D CHMMeTpHqHa h OTHOCHTeJibHO TOqKH 0 (puc. 60). 

3ada'tlu 'X', 2Jlaee 6 

6.1. ,ll,oKa)KHTe, qTQ OpTOIJ,eHTpHqecKHH TeTpa.3,!1,p BCer,IJ,a H!lreeT 0,!1,

ny OCTpoyrOJibHYIO rpaHb, a TPH OCTaJibHhie 5IBJI5IIOTC5I TpeyrOJibHHKa!vrn 

0,!l,HOro H Toro )Ke BH,!l,a (B 3aBHCHMOCTH OT pacIIOJIO)Kemrn OpTOIJ,CHTpa 

OTHOCHTCJibHO ,IJ,aHHOrO TeTpaa,IJ,pa). 

6.2. ,ll,oKa)KIITe, qTo BTOpaH c¢epa 9tiJiepa opTou,enTpnqecKoro TeT

paa,IJ,pa rOMOTeTuqna ero OIIHCaHHOti c¢epe IIpH rOMOTCTHH c Il,CHTpOllI B 
l 

u,eHTpe G u Koa¢¢uu,HeHTOM - 3. 
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6.3. ,noKa)irnTe, 'ITO OpTOIJ;eHTp opTou;e1ITpw1eCKOro TeTpa3):.l:pa ):l:eJUIT 

Ka)K):l:J!O H3 ero BbICOT H 6HBbICOT Ha ):]:Ba 0Tpe3Ka, rrpOH3Be):l:eHH5! KOTOpbIX 

paBHhI Me)K):l:y co6oti. 

6.4. ,l],oKa)KHTe, 'ITO B opTOIJ;eHTpH'IeCKOM H TOJibKO B opTou;eHTpnqe

CKOl\I TeTpa::i,n;pe opTOOCH TpH3):.l:pOB rrepeceKaIOTC5! B 0):.l:HOH TO'IKe. 

6.5. 1.Jepe3 Ka)K):l:Oe H3 Tpex pe6ep O):l:noti rpam1 opTou;eHTpnqecKoro TeT

pa::i):l:pa rrpoBe):l:eHa IIJIOCKOCTh, COOTBeTCTBemro rreprreH):l:HKJJI5IpHa5! O):l:HOH 

H3 Tpex ocTaJihHhIX rpatteii:, rrpoxo):l:mu;eii: qepe3 TO )Ke pe6po. ,l],oKa)KHTe, 

'ITO opToroHaJihHbie rrpoeKIJ;HH TO'IKH rrepeceqemrn 3THX Tpex IIJIOCKOCTeti 

na rpaHH TeTpa::i):l:pa o6pa3JIOT qeTbipexyroJihHHK, Ka)K):l:a5! Bepnrnna KOTO

poro 5!BmieTC5! OpTOIJ;eHTpOM TpeyrOJibHHKa, o6pa30BaHHOro TpeM5! ):l:pyrn

MH BepIIIH!IaMH. 

6.6. B opTou;enTpnqecKoM TeTpa::i):l:pe rrpoH3Be):l:emrn ):l:JIIIH rrponrnorro

JIO)KHhIX pe6ep o6paTHO nporropu;IIOHaJihHbI ):l:JIIIHal\J COOTBeTCTBY!OIIIHX 6n

BbICOT. ,noKa)KHTe. 

6. 7. ,l],oKa)KHTe, 'ITO B opTou;e1ITpIIqecKol\l TeTpa::i,IJ,pe 6m.ie,IJ,nana panHa 

IIOJIOBHHe rIIrroTeHy3hl rrp5IMOyrOJibHOrO TpeyrOJibHIIKa, HMeIOm;ero CBOHMH 

KaTeTaMII o,n;ny H3 BhICOT TeTpa::i,IJ,pa n ,n;HaMeTp OKPY)KHOCTH, omrcannoii 

OKOJIO rpaHH, COOTBeTCTBeHHOH B35ITOH BhICOTe. 

6.8. ,noKa)KHTe, 'ITO Tpn pe6pa O,IJ,Horo Tpexrpattnoro yrna opTou;eH

TpnqecKoro TeTpa::i,II,pa rrponopu;HOHaJihHbI KOCHHycal\J rrpOTHBOITOJIO)KHbIX 

ITJIOCKIIX yrJIOB 3TOro TpexrpaHHOrO yrJia. 

6.9. ,noKa)KHTe, 'ITO Tpn pe6pa O,IJ,Horo Tpexrpa1rnoro yrna opTori;enTpH

qecKoro TeTpa3,IJ,pa H COOTBeTCTBYIOIIIHe IIM Tpll ,IJ,ByrpaHHhIX yrna Y,JJ;OBJie-

TBOp5IIOT COOTHOIIIeHII!O: 

a2 sin2 a 1 

b2 sin2 f3 1 =0. 
c2 sin21 1 

6.10. TipoBephTe IICTHHHOCTh ¢opMyJihl o6'beMa paBHOrpaHHOro TeTpa-

3):.l:pa: 

6.11. ,noKa)KIITe, 'ITO ,IJ,JI5! paBttorpannoro TeTpa::i,IJ,pa IIMeeT MeCTO ¢op

Myna: 

a TaK)Ke 3aBIICHMOCTb: 
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6.12. )J,oKa./KHTe, '-ITO yr.'Ibl l\Ie.IK;zy rrpOTHBOIIOJIO.IKHbll\!H pe6pal\m KBa-

3l!OIII1CaHHOro TeTpa3,JJ,pa y,n:oBJieTBOpmOT COOTHOIUemno: 

/31 /32 (33 
t<T - . tg - . tO' - = 1 0 2 2 °2 . 

6.13. )J,oKa.IKHTe, <JTO ,rt:.JUI KBa3HOITl!CaHHOro TeTpa;:i,n:pa Hl\IeeT l\ICCTO 

COOTHOIIIefrne: 

2 a b c 

9V2 = -
a 0 l1l2 l1 l3 

b l1l2 0 l2l3 

c lih l2h 0 

(B o603Ha'-!eHH5IX § 40). 
6.14. Ka.IK,JJ,hre Tp11rpamr1130,n,1rnal\rn'-IecKoro TeTpa;:i,n,pa nepeceKarOT Ka

caTCJibHYID ITJIOCKOCTb K OITHCaHHOH c¢epe B BCpIIIHHC, B KOTOpoil: CXOMJ'.TC5! 

3T1I TPH rpamr, no TPCl\1 IIp5!11IbIM, KOTOpb!C o6pa3JIDT npH 3TOii: BCpIIIIIHe 

IIICCTb yrJIOB no 60°. )J,oKa.IKHTC. 

6.15. TeTpa;:i,i:i;p 5!BJI5!CTC5! H30,JJ,Hna11rnqecKHl\I Tor,n,a 11 TOJibKO TOr,JJ,a, 

Kor,n;a ocHoBarrna ero BhICOT JIC.IKaT na npaMbIX Oi](i (,n;nal\ICTpax BpoKapa) 

COOTBCTCTBCHHbIX rpatte:ll:. )J,oKa./KlITC. 
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Diaea 7 

H a'tla.1ia .M1-l02o.Mep?-lou 2eo.Mempuu 

BBede'l-lue (ucmopu'l/,eC'l{;a.fl cnpaB'l{;a) 

feoMeTplrn l\IHOrOJ\1epHOrO npOCTpaHCTBa J:lKe ,n;aBHO CTaJia pa60T.Jlll\I 

annapaTOM B ¢II3IIKe, MexaHIIKe II B caMoii MaTe1IaTIIKe. B nocJie,n;Hee 
Bpel\rn OHa ycnerrrno npIIMemreTCR II B ,n;pyrIIX HayKax, HanpIIMep, B XIIMIIII. 

IloHRTIIe npocTpaHcTBa, IIMe10m;ero 6oJiee Tpex II3MepeHIIii, BnepBbie 
6hrno BBe,n;eHo ¢pattuy3CKIIM yT.JeHhIM )K. JiarpaH:lKeM (1736-1813). B CBO

IIX pa6oTax no TeopeTIIT.JeCKOM MexaHIIKe OH paCCl\IaTpIIBaJI T.JeTbipexMep

HOe npocTpaHCTBO, B KOTOpOM K TpeM npocTpaHCTBeHHbIM ,n;eKapTOBbIM 
KOOp,l.l;IIHaTaM ,n;o6aBJieHa T.JeTBepTaR nepe1JeHHaR - Bpeivrn, II Bee T.JeTbipe 

nepeMeHHbie pacnraTplIBaJIIICb KaK T.JeThipe ,n;eKapTOBblX KOOp,l.l;IIHaTbl T.Je
TbipexMepttoro rrpocTpaHCTBa. 

0,n;HaKO pa3BIITIIe noHRTIIR MHOrOMepttoro npocTpaHCTBa npOII30IIIJIO 
3HaT.JIITeJihHO no3:lKe- K cepe,n;IIHe XIX BeKa. B 40-x ro,n;ax OHO noRBII

JIOCh B pa6oTax O.KoIIIII (1789-1857, <I>pam1IIR), A.K3JIII (1821-1895, 
AttmIIR), IO.IlJIIOKKepa (1801-1868, fepMaHIIR) II pR,n;a ,n;pyrIIx yT.JeHhIX. 

IlepBoe CIICTeMaTIIT.JeCKOe nocTpoeHIIe reoMeTpIIII n-MepHoro npocTpaHCTBa 
nORBIIJIOCb B CO'IIIHeHIIII f. fpaCCMaHa (1809-1877, fepMaHIIR). 0,n;HaKO no 
npII'IIIHe a6cTpaKTHOCTII II3JIO:lKeHIIR OHO OCTaJIOCb MaJIO,l.l;OCTynHhIM. 

Ilpe,n;cTaBJieHIIR 0 MHOrOMepHOM npocTpaHCTBe Bee 60JibIIIe npOHIIKaJIII 

B ttayKy II npo,n;omKaJIII pa3BIIBaThCR B Tpy,n;ax B. PIIMaHa (1826-1866, 

fepMaHIIR) II BeJIIIKoro A. 9iiHIIITeiiHa. Pa6oTa PH.Matta «0 rIInoTe3ax, 

Jie:lKaIIJ;IIX B OCHOBaHIIRX reoMeTpIIII» 6bIJia 0,1.l;HOM II3 Tex, KOTOpbie c,n;eJiaJIII 

noHRTIIe MHOrOMepHoro rrpocTpaHCTBa «06IIJ;IIM ,l.l;OCTII)KeHIIeM CTpeMRm;e

roCR Bnepe,n; MOJIO,n;oro noKOJieHIIR MaTeMaTIIKOB II ¢II3IIKOB» (<I>. KJieiiH). 
IlocJie 3TOro noRBJIRIOTCR MHOrOT.JIICJieHHbie TPY,l.l;hl no MHOrOMepHOM reo

MeTpIIII, H3 KOTOpbIX ynOMRHeM KanHTaJibHblll Tpy,n; (648 CTp.) «0CHOBa
HIIR reoMeTplIH MHOrOMepttoro npocTpaHCTBa B 3JieMeHTapHOM H3JIO)KeHIIII» 
HTaJihRHCKoro MaTeMaTnKa ,IQK. BepoHe3e (1891), r,n;e 3Ta reoMeTpIIR CTpo

IITCR cyry6o OTBJieT.JeHHO. 
I-fa OTeT.JeCTBeHHblX MaTeMaTIIKOB B pa3pa60TKY MHOrOMepHOll reo

MeTpHH onpe,n;eJieHHhiii BKJia,n; BHeCJIII K. A. Att,n;peeB (1848-1921), 
A. K. BJiacoB (1868-1922), ,II,. A. fpaBe (1863-1939) n H. 11. fyJiaK. 
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§ 48. 0 noH.flmuu n-MepH020 npocmpaHcmea 

0TBeTUTb Ha sonpoc, <ITO TaKOe MHOI'OMeptIOe npocTpaHCTBO, He TaK 

npocTo. HeJih3.H orpam1<iHTbC.H o,n,nn11 onpe,n,eJiemie1\1: nenocB.Hr.o;etmoMy 

qeJIOBeKy OHO Hff'-!ero He CKa:lKeT. 3aii:Mel\IC.H Heo6xo,D,HMOH IlO,l:\I'OTOBKOH. 

Ha nepBbIH B3rJrn,n, MO)KeT noKa3aTbC.H, '-ITO pacc1iaTpuBae110e nonzTne 

BO Bee Jinnieno narJI.H,lJ;HOCTH. 0,n,HaKo '-IeTbipex11ep1-m.H ( soo6r.o;e, 1moro

l\1epua.H) reOl\ICTpII.H H IIOJiy<iuJia CBOC IllHpOKOC pacnpOCTpaneirne Hl\IeHHO 

6Jiaro,n,ap.H cBoeii: uarJIZ,lJ;HOCTH. Hy)KHO JIHlllb npIIBbIKHYTb K l\IbICJIH, <ITO 

TO<iKy He o6.H3aTeJibHO npe,n,cTaBJI.HTb ce6e KaK ncqe3a10r.o;e l\JaJiy10 <iacTm:ry, 

KaK OCTpHe IIrJibI HJIH TOHKO O<!HHCHHOro Kapatt,n;arua. Bee 3aBHCHT OT Toro, 

<ITO MbI 6y,n,el\I IIOHHl\JaTb no,n, TO<!KOii:, '-ITO H a 3 0 Be 1\1 TO<!KOii:. l.'vIO:lKHO, 

Hanpm.iep, II0,21, TO<!KOH IIOHifl\JaTb lllap c ,n,amrbil\l IICHTpOM H ,n,aunbil\I pa,n,n

ycOl\I. TaKne «Tff'-IKif» HH<ICl\I ue xy:lKc, '-ICM o6bI<IHbIC TO'-IKH TpcxMepaoro 

npOCTpaHCTBa. J'v!Ho:lKCCTBO TaKIIX «TO'!eK-ruapOB» 3aBHCllT OT <!CTbipcx 

ne3aBIIClll\lbIX l\Ie:lK,n,y co6oli BeJIII'-IHH - napal\ICTpOB: Tpcx KOOp,21,HHaT r:reH

Tpa H pa,n,IIyca. foBop.HT, <ITO 9TO M'HO;)!Cecmeo .RBft.Remc.R "lemupexMep'H'btM 

npocmpa'HcmBoM. 

Bo3hl\IeM ,n,pyroii: npIIMep: l\IHO:lKCCTBO scex np.Hl\IbIX o6hI<iHoro Tpcx

MCpuoro npocTpaucTBa. Ka:lK,D,ylO II3 uux l\IO:lKHO 3a,n;aTb KaK JIIIHHIO nc

pece'-!CHII.H ,ll;BYX HCIIapaJIJICJibHbIX IIJIOCKOCTCii:, a lll\JCHHO CllCTCl\IOH ,D,BYX 

ypaBHCHllii ncpBOii: CTeIICHII: 

x-xo 
a 

y-yo 
-b-

z - zo 
c 

B Hcc BX0,21,.HT IllCCTb rrapaMeTpoB: Tpu Koop,n,IIHaTbI x0 , y0 , zo TO<iKII, 

npIIHa,n,Jie:lKar.o;eli ,n,aHHOH np.HMOH, II TpOHKa <!IICCJI a, b, c - KOOp,21,IIHaTbl 

ee nanpaBJI.HIOIIIero BCKTopa. 9TII napa111eTpb1 CB.H3aHhI ,n,Byrvrn 3anncaHHbI

l\JH ypaBHCHHRl\IM, Il09TOMY He3aBIICIIMbil\IH ,LJ;pyr OT ,21,pyra 6y,n,yT TOJihKO 

<ieTh1pe II3 HIIX. 1-haK, M'HO;)!Cecmeo np.RM'btX mpexMep'Ho20 npocmpa'Hcmea 

3aBucum om "lemupex 'lie3aeucuM'btX napa.Mempoe -- O'HO "lemupexMep'Ho. 

l'vlHO:lKCCTBO Il a p TO<ieK Ha IlJIOCKOCTH RBJIReTC.H '-leTbipexMepHbIM: 

O,D,Ha TO<!Ka na IlJIOCKOCTll OIIpe,n,eJIZeTCR ;'l,BYM.H KOOp,D,nHaTaMH, a ,D,Be -

'-leThlpbM.H. l1 9TH '-leTblpC Koop,n,uuaTbl HC3aBHCHMhl. 

AHaJIOrff'-IHbie npuMepbI MoryT 6hITb npo,n,oJI:lKeHbI. Ilepsona'-laJibHO OHH 

ll IIpHBeJIH K IIOH.HTlllO n-MepHoro npOCTpaHCTBa. 

Jlu'Heil'H'btM npocmpa'licmBOM H8.3bIBaeTC.H l\IHO:lKeCTBO «TO'-leK», o6Jia

,n,amuee CBOHCTBOM: np.HMa.H, co,n,cp:lKar.o;a.H JI106bie ,D,Be «TO'-IKII» 3Toro MHO

)KeCTBa, npnna,n,ne:lKIIT 9TOl\IY l\JHO:lKeCTBY (T. e. eMy rrpnHa,n,Jie)KaT see ee 

TO'-IKH). 
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IlpHBhicIHbie na1w IIJIOCKOCTb ll rrpOCTpaHCTBO 5!BJI5IIOTC5! ,iJ:Bfl\Iepl!bil\! 

u TpexMepHbIM Jurnei1:Hb111m: rrpocTpaHCTBal\rn. CyurecTBflOT H Hem111 .. lrnb1e 

rrpocTpaHCTBa. 

Bcrrol\rnn111, 'ITO rrpII rrepexo,n;e OT rrJiamn1eTpHH K cTepem.reTprm B I.llKO

Jie l\lbl IIOJib30BaJIIICb aKCHOMOH, 'ITO cyurecTBflOT TO'IKH He rrp1rna,n,Jie)Ka-

1IIHe ;::i:amroi1: IIJIOCKOCTH. 9Ty aKCHOlllf rrnor,n;a Ha3hIBa!OT a'X;CUO.JvWi°"L pac
wupexu.H B To111 Cl\IbICJie, 'ITO Olla pacurnpHeT ;::i:ny111epHoe rrpocTpaBcTBO, 

rrp1rno;::i:nT ero K Tpex11iepB0111y. 

C,n;eJiael\I cJie,n;y10urni1: rnar: rrepei1:,n,e111 OT TpexMepBoro rrpocTparrcTBa 

K cJeTbipex111epHOlllf IIpHH5!B aKCHOl\lf: dJl,,R, J1,1060CO mpeX.Mep1i020 npocmpax

cmea cyzu,ecmeyem no 'X:pailxeu .Mepe od'Ha mo"tr.;a, e.MY xe npuxaJJ1,e:>1eaiu,a.H. 
Onpe,n;eJieHHe 1. CoBOKfIIIIOCTb IIRTH He Jie)Karu,Hx B O)J.HOl\1 TpexMep

Ho111 rrpocTpaHCTBe TO"!eK A, B, C, D, E Bl\lecTe c ;::i:ecRTb!O rrp5!lllbI11rn, coe;::i:n

HRIOlll,HllUI HX rrorrapHo, ;::i:eC5!Tb!O IIJIOCKOCT5!MH, rrpoXO)J.5!lll,Hl\IlI "!epe3 Ka)K

)J.bJe TpH H3 HHX, H II5!Tb!O Tpex111epHblllllI rrpocTpaHCTBa11m:, npOXO)J.5!1IIHllIH 

"!epe3 Ka:lK)J.bie "!eThrpe H3 HHX, Ha3brnaeTC5! "temupex.MepX'bt.M cu.MnJl,e'K:CO.M. 
To'IKII A, B, C, D, E Ha3hIBaIOTC5! ero eep-
Wu'Ha,111)1. rrpRMble AB, AC, ... -- pe6pa-
.Mu, w1ocKOCTII ABC, ABD, ... - dey-
.Mepx'bt.Mu ~pax.H.MU, rrpocTpaHCTBa ABCD, 
ABC E, ... - TpexMepHbIMH rpaH5!1\IH cn111-

IIJieKca ABCDE. TpexMepHaR rpaHh CHl\1-

mreKca rr He Jie:>KauraR B tter1 Bepurntta Ha3bI- A 
BaIOTCR npomueonoJ1,0:>fC1i'bl.MU ,n;pyr ,n;pyry. 

)1,ByMepHa5! rpaHb H He IIMeIOuree c Heil 06-

ureti: TO'IKII pe6po, TaK:>Ke Ha3bIBaIOTC5! npo
ffiU60nOJ1,0JIC1i'bl.MU ;::i:pyr ,n;pyry (pnc. 61). 

Onpe,n;eJiettHe 2. IlpR11mR, coe;::i:rrHRIO

uraR BepIIIIIHf CHMIIJieKCa C HeKOTOpOH TO"!-

c 

B 

Puc. 61 

KOH rrpOTIIBOIIOJIO:IKHOH 3TOH BepI.llHHe TpexMepHOH rpam1, H&'3hIBaeTCR 

mpaxceepCaJl,'b10 CU.MnJ!,e'X:ca. MHO)KeCTBO TO'IeK, rrpHHa)J,Jie:>KaurHX BCeM 

TpaHcBepcaJIRM CIIMIIJieKca, Ha3hIBaeTc5! "tem'blpex.MepX'bl.M npocmpaxcmeo.M. 
B o6ureM cJiy'Iae rrpn nocTpOeHHH n-Mepuoti: reo111eTpHH ( n - rrpon3-

BoJihnoe u,eJioe rroJIO)KHTeJihHOe 'IIICJIO, 60JihI.11ee 3) aKCHOMy pacurnpemrn 

neo6xo;:i:uMo c¢op111yJinpoBaTb TaK: 

Ka'X:oeo 6'bl xu 60tJ1,0 (n - 1)-.Mepxoe npocmpaxcmeo, cyw,ecmeyem no 
'X:pauxeiJ, .Mepe ooxa mO"t'IW, e.MY Xe npuxaoJ1,e:>1Catu,a.H. 

LITo6hr ;::i:aJiee pa3BIIBaTh n-MepHyIO reoMeTpIIIO, BBO)J.IITCR noHRTIIe 

n-Mepnoro Cllll!IIJieKca KaK COBOKfIIHOCTH n + 1 TO'ICK, He Jie)Kaurnx B O)J.

HOM ( n - 1 )-MepHOM rrpocTpaHCTBe, u Bcex co,n:ep:>Kaurnx nx rro,n:npo

CTpanCTB. 3aTeM onpe,n,em:reTC5! TpaHCBepcaJib CHll!IIJieKca, H n-1\Iepl!bll\l 
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npocTpaHCTBOM Ha3hmaeTC51 COBOKYIIHOCTh Bcex TO'IeK, IIpIIHa)l,Jie)Karu;nx 

TpaHCBepCaJI51M n-MepHoro ClIMIIJieKca. 

0,n;HaKo Mhl H36epeM ,n;pyroti: IIYTh 1I3JIO)KeHH51 Hal.J:aJI MHOroMepHOH 

reoMeTpHH. 

§ 49. A<firfiu'li1-we n-Mep'lioe npocmpa'licmBo An 
l:.JT06hJ IIOCTpOHTh JIOrH'IeCKH CTporo MHOroMepHyIO reoJ>.IeTpHIO, Heo6-

XO)l,HMO OCB060)l,lITbC51 OT HarJI51)l,HhIX npe,n;cTaBJieHHH o6'beKTOB n-MepHoro 

npocTpaHCTBa. 8TOH I!eJIH nporu;e Bcero )l,OCTHrHyTh, lICTIOJih3Y51 t-JeTO)l, KO

op)l,HHaT. 

49.1. BeKTOpHOe rrpocTpaHCTBO vn. Be1'mOpO.M 6y,n;eM Ha3hIBaTh 

ynop51)l,O'IeHHYIO COBOKYTIHOCTh ( KOHe'IHYIO TIOCJie)l,OBaTeJihHOCTh) n ,n;eti:

CTBHTeJihHhIX l.J:HCeJI: 

T= (x1,X2, ... ,Xn), n;;:, 2, 

a 3TH l.J:lICJia Xi Ha3hIBaTh 1'0opau'Hama.Mu 6e1'mopa r. Pa3JIHl.J:Hhie (HepaB

Hhie) BeKTOpbl )l,OJI)KHhI OTJIH'IaThC51 XOT51 6hI O)l,HOH H3 CBOHX COOTBeTCTBeH

HhIX KOOp)l,HHaT. 

IlpH npe)KHeM, reoMeTpH'leCKOM, UOHHMaHJrn BeKTOpa reoMeTpH'leCKH 

)Ke onpe,n;eJI51JIHCh cyMMa BeKTopoB n YMHO)KeHne BeKTopa na 'IHCJIO. Te

rreph, npH anre6pauqecKoM onpe,n;eJieHHH BeKTOpa, 3TH onepaIIHH cJie)l,y

eT onpe,n;eJIHTh 3aHoBo, TaK2Ke anre6pattl.J:ecKn. Cy.M.Moil BeKTopoB ii = 
= (x1, X2, ... , Xn) H b = (y1, Y2, ... , Yn) Ha3hIBaeTC51 BeKTOp 

ii+b=(x1+y1,x2+Y2, ... ,xn+Yn)· (7.1) 

flpOU36eJe'HUe.M BeKTOpa T = (XI, X2, ... , Xn) Ha )l,eHCTBHTeJihHOe l.J:HCJIO k 
Ha.3hIBaeTC51 BeKTOp 

kr = (kx1, kx2, ... , kxn)· (7.2) 

IlOJih3Y51Cb 3THMH orrpe,n;eJieHH51MH, He npe)l,CTaBJI51eT Tpy,n;a rrpoBepHTh, 

'ITO o6e onepaIIHH KOMMyTaTHBHhI, acCOI!HaTHBHhI H )l,HCTpn6yTHBHhI (OT

HOCHTeJihHO yMH02KeHH51 Ha 'IHCJIO). 

BBe,n;eM B ynoTpe6JieHne BeKTOph1: 

e1 = (1,o,o, ... ,o), 
€2 = (0, 1, 0, ... '0), 

(7.3) 

en= (0,0,0, ... ,l), 
Ka2K)l,hIH H3 KOTOphIX HMeeT n KOOp)l,HHaT. Tor,n;a )l,JI51 JII06oro BeKTOpa 

T = ( X1, X2, ... , Xn) O'IeBH)l,HO paBeHCTBO: 

r = x1e1 + x2e2 + ... + Xn€°n· (7.4) 
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fOBOp5IT1 'ITO BeKTOp r 5IBJrneTC5! (rrpe_ri:cTaBJieH) AU'HeU'HOU 'IW.M6U'HaV,Ueil 

BeKTOpOB ei. 
CIICTeMa BeKTOpOB F1 l F1 l ... ' r k Ha3bIBaeTC5! AU'HeU'HO 3a6UCU.MOU, eCJIH 

cyrn;eCTBYIOT TaKIIe _ri:eilcTBIITeJibHbie 'IIICJia a1, a2, ... ak, XOT}l 6bI OlJ:HO H3 

KOTOpbIX OTJIII'IHO OT HYJIR, 'ITO BbITIOJIH5IeTC5! paBeHCTBO: 

(7.5) 

EcJIII )Ke 3TO paBeHCTBO II111eeT MecTo T o JI b Ko rrpII ycJIOBIIII a 1 = a2 = 
= ... = Qk = 0, TO CIICTel\Ia BeKTOpOB T; (i = 1, 2, ... , k) IIa3bIBaeTC5! 

AU'HeU'HO 'He3a6UCU.MOU. 

B <J:aCTHOCTII, CIICTe11rn BeKTOpoB, co_ri:ep)Karn;aR HYJib-BeKTOp 0 
= (0, 0, ... '0) JIIIHeHHO 3aBIICHllia, TaK KaK 

1 . 5 + 0 . f1 + 0 . f2 + ... + 0 . fk = 5. 

Herrocpe_ri:cTBeHHbIMH CJie_ri:cTBIIHMII rrpe_ri:bill:Jrn:ero orrpe_ri:eJieHnH RBJIHIOTCH 

TPII YTBep)K,II,eHIIH: 

1) ecAu cucme.Ma Be'/Cmopoe AU'Heil'Ho 'He3aeucu.Ma, mo .mo6a.R ee "WCm'b 

( noacucme.Ma) ma'IC:J/Ce AU'HeU'HO 'He3a6UCU.Ma, 

2) eCAU 'He'/Comopa.R noacucme.Ma aamwil CUCme.M'bl 6e'/Cmopo6 AU'HeU'HO 

3aeucu.Ma, mo u ec.R cucme.Ma .l!U'Heii'Ho 3aeucu.Ma, 

3) CIICTel\Ia BeKTOPOB e 11 e2' ... ' en JIIIHeHHO He3aBIICIIMa. 

,Il,Ba JIIIHeHHO 3aBHCIIMbIX BeKTOpa ii H b Ha3bIBaIOTC5! 'IWMU'Heap'H'bl.MU: 

ii II b ¢? b = aii. HyJih-BeKTOp KOJIJIIIHeapen JII06oMy BeKTopy. 

TpII JIIIHeHHO 3aBIICIIMbIX BeKTOpa ii, b, c Ha3bIBaIOTC5! 'IW.MnAa'Hap'H'bt.Mu. 

EcJIII rrpII 3TOM BeKTOphI ii II b HeKOJIJimieapHbI, TO c = aii + {3b, r _ri:e ~rncJia a 
II f3 5IBJI5IIOTC5! e,i:i;IIHCTBeHHbI!llll ,ll;Jl5! ,i:i;aHHbIX BeKTOpOB ii, b, c. 

EcJIH BeKTOp f HMeeT rrpe_ri:cTaBJie1rne (7.4), TO 

CJie,[l;OBaTeJibHO, cucme.Ma ee-x;mopoe e1 l e2, e3, ... 'en, f AU'HeU'HO 3ll6UCU.Ma. 

Onpe.n,eJieHHe. MHo)KeCTBO BeKTOpoB, B KoTopoM BBe_ri:enbr orrepau,HH 

CJIO)KeHH5! BeKTOpOB II YMHO)KeHH5! BeKTOpOB Ha ,i:i;ell:CTBHTeJibHbie 'IlfCJia, 06-

Jia_ri:arorn;He yKa3aHHhIMH CBOHCTBaMH, Ha3brnaeTC5! ee-x;mop'H'bl.M npocmpau

cm6o.M vn. 
B BeKTOpHOM rrpocTpaHCTBe cyrn;ecTBy10T n Jimrnll:Ho ne3aBHCHMbIX BeK

TopoB, II JII06oil BeKTOp rrpe,i:i;cTaBJI5IeTCR llX JIHHeHHOH KOM6Hnau,IIeH. 

"t.JHcJio n Ha3brnaeTc5! pa3.Mep'Hocm'b10 npocmpa'Hcmea, a JIHHell:Ho He3a

BHCHMbre BeKTOpbl ei - ero 6a3UCOM. Ko3cpcpIIU,IIeHTbI pa3JIO)KeHHR BeKTopa 

IIO BeKTOpaM 6a3HCa Ha3bIBaeTC5! '/Coopau'Hama.MU 3TOro BeKTopa B ,i:i;aHHOM 

6a3HCe. 
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Paccl\!OTpm .. 1 IIO,Ll;l\UlO)KeCTBO BeKTOpOB IIpOCTpaHCTBa vn, Ill\ICIOrn:ux KO

op;:i;1maTbI (x1' X2, ... 'Xk, 0, 0, ... , 0), r,n:e IIOCJIC,Ll;IU!e n - k KOOp~i:nnaT .HB

JI.HIOTC.H HYJI.Hl\IH. ::ho IIO,Ll;MHO)KCCTBO 06pa3yeT k-1\lepnoe BCKTOpHoe npo

cTpaHCTBO c 6a3lIC0111 ( e1' ez' ... 'ek). Ono Ha3hIBaeTC.H noonpocmpa'licmBOJvt 
ow-mow ae-x;mop'li020 npocmpa'licmaa. 

49.2. Acpqm:ttttoe n-Mepttoe npocTpaHCTBO An. By;:i:el\r IIOJiaraTh 

no cor.narneHIJIO ( aKClIOMaTlJ'leCKH)' 'ITO B paCCl\IaTpirnaeMOl\l IIpOCTpaHCTBC 

HMeIOTC5! Heonpe,n:emieMbie o6beKThI --- TO'IKlI. Ka)K;:i:ofr ynop51;:i:o•1e1moii na

pe TO'leK A n B rrocTaBnM B cooTBeTcTmre neKTop AB. <I>nKcnpyel\l HeKo

Topy10 TO'IKY 0 lI ,ll,Jl5! rrpoH3BOJlbHOll TO'-IK}l A/ IIOCTaBIIJ\l B COOTBCTCTBHe 

BeKTOp 

(7.6) 

Koop;:i:1rnaThr x; BeKTopa Olvf na3h!BaIOTC.H -x;oopou'liama,;11,u mo"t'X:U 1\1 om
'liOcume.ii'b'liO cucme.M'bt -x;oopOu'/iarn, saOa'/i'liOil rno't'X:O'il 0 u ae-x;rnop'li'bt.M 
6asuco.M (e1, ez, ... , en)· 

IlyCTh OA = (a1, a2, ... , an) II OB = (b1, b2, ... , bn). Tor;:i:a 

AB= OB - OA = (b1 - ai,b2 - a2, ... ,bn - an)· (7.7) 

Onpe,n;eJieHHe. Mno)KeCTBO A11 ToqeK na3hIBaeTC.H n-,;11,ep'li'bt.M aif>if>uu
'li'bl.M npocrnpa'licrnao,,11,, ecmr Ka)K,n;Oit ynop.a,n;o'-reuuofi nape ToqeK cooTBeT

cTnyeT Onpe,n;eJieHHhlll BeKTOp BeKTOpHOI'O n-MepHOI'O rrpOCTpaHCTBa yn. 
IlonaraIOT, qTo BeKTOpbI npOCTpaHCTBa vn IIplIHa,[\Jie)KaT An ll II03TO!\IY 

npocTpaucTBO An qacTo aa3hlBaeT mo"te"t'/iO-Bex:rnop'l-t'btM. 
Kpol\re ToqeK n BeKTopoB Ba)KHeI1IIIHl\IH o6'heKTal\rn a¢cpmmoro npo

cTpaucTBa 5IBJI5IIOTC5! ero rro,n;npocTpancTBa ---- k-.Mep'l-t'bte n.iwc-x;ocrnu. 
Onpe,n;eJieHHe. IlycTb ,n:anbr TO'!Ka A E An n BeKTopuoe rro,n;rrpo

CTpancTBo yk (l :::::; k < n) c 6a3ncoM p; (i = 1, 2, ... , k). :rvhro)KecTBo 

Bcex TO'-IeK X acp¢mmoro npocTpancTBa An, ,n;m1 Ka)K,n;oil: !I3 KOTOpbIX 

AX E Vk, na3bIBaeTc.H k-Mepttoil nAoc-x;ocm'b'IO n-l\1epuoro a¢¢1muoro npo

cTpancTBa An. Jhrneil:HO He3aB!ICH!IJble BCKTOpbI Pi Ha3bIBaIOTC.H 'lianpaBJLJl
'IOW,UMU ae-x;rnopaMU 3TOI1 IIJIOCKOCTH, a BeKTOpHoe no,n;rrpOCTpaHCTBO yk --
ee 'lianpaB.!!Jt'IOW,UM noonpocrnpaucmao.M. ToqKa A na3brnaeTC5! '1-ta"taJt'b'l-tOil 
mO"t'X:OU 3TOH IIJIOCKOCTH. 

HeTpy,n:no ,ll,OKa3aTb, 'ITO nJIOCKOCTb ue 3aBIICIIT OT Bb16opa ee uaqaJib

noi'I TO'-IKlI. Ecmr cPIIKCHpyeJ11 TO'-IKY 0 E An, npHH.HB ee 3a Ha'-IaJio BCK

TOpoB, TO corJiacno 3T0111y orrpe,n;eJiemrro BCKTopnoe ypamremre k-11repnoil: 
IIJIOCKOCTU 6y,ueT IIMCTb Bn,n;: 

(7.8) 

r,n;e p; -- 3a,n;aHHhie JIIIHeil:uo ue3aBIICIIMhie BeKTOpb1, t; -- JII06bre ,n;eil:cTBII

TCJihHbIC qIIcJia (napaMeTpbI). 
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0 A x 

0 

Puc. 62 PHC. 63 

B qacTnocTn, npn k = 2 HMeeM 06hrqJ-Iy10 ,LJ,BYl\IePHYIO mrocKoCTb 1 
c ypasneJ-IneM X = A + tit5i + l2f52 (pnc. 62), a npu k = 1 -- npznry!O 

X = A+ tp (pnc. 63). ,lJ,;rn k = n - l nJIOCKOCTb mreeT oco6oe Ha3Ba1rne -

2unepn/loc1wcmb. Hanpmrep, B '-IeTbipexMepnoM cnMrnreKce (puc. 61) ero 

TpexMepHbre rpai-rn: - TeTpa3,a;phr HBJrmoTC7I ero nmeprpamnm. 

B ,a;anbHefiIUeM IIJIOCKOCTH 6y,a;eM Ha3bIBaTb cooTneTCTBeHHO nx pa31\rep

HOCTII: k-IIJIOCKOCTb, [-IIJIOCKOCTb. 

§ 50. B3au.A1/Hoe pacno/lo;JK;enue dayx n/lOC'K,OCmeu 

a arfirfiunnoM n-Mep'HOM npocmpa'Hcmae 

50.1. 06rn;He HanpaaneuHa, napaJIJieJibHOCTb. ITycTh B IIpocTpan

CTBe An 3a,n.aHbI k-IIJIOCKOCTb et n: l-IIJIOCKOCTb (3: 

X = A+ t1f51 + t2f52 + ... + tki5ki (a) 

Y = B + .A1if1 + >-2<h + ... + .A1if1, ((3) 

r,IJ,e BeKTOpbI Pi JIHHetino ne3aBIICHl\IbI n BeKTOpbr i}j mrnefino ne3aBIICIIl\Ibr. 

O,a;naKo cpe,n.n BeKTopon cncTeMbI 

(7.9) 

l\JOryT fihITb n mrnefiuo 3anncnMhie. TaKOBhre neo6xo,a;nMo mre!OTC.51 npn 

k + l > n. Tor,a;a cpe,a;n qncen ti II Aj cyn1ccTBYJOT ne paBHbie Hymo, npn 

KOTOpbIX IIl\IeCT l\IeCTO paBeHCTBO: 

(7.10) 

npn:qeM ne pannbr uymo no Kpaii.neii. Mepe o,a;no II3 ti n o,a;no H3 Aj. B caMOM 

,a;eJie, ecmr BCC ti = 0, TO OTJinq1-10e OT nyna IIl\ICJIOCb 6bI cpe,a;II Aj' qTo npo
nrnopeqnT ycnonnro mrnefi:no:ll He3anncnl\JOCT1I BeKTOpOB. PasencTBO (7.10) 
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paBHOCHJibHO TaKOMy: 

t1f51 + t2f52 + ... + tkPk = -(>.1ih + >.2ih + ... + >-1Cf1), 

KOTOpoe 03HaqaeT, qTo cyrn;eCTByeT XOT51 6bI 0,Ll,HH o6rn;Hii HenyJieBoii BeKTOp 

B HanpaBJI51IOIIl;HX BeKTOpHhIX IIO,Ll,IIpOCTpaHCTBax ,LJ,aHHhIX IIJIOCKOCTeii a 
H {3. 

HanpaBJieHIIe o6rn;ero BeKTopa nanpaBJI51IOIIl;HX IIO,LJ,IIpocTpancTB 3a,LJ,an

HhIX IIJIOCKOCTeii Ha3hrnaeTC51 o6w,u.M i-wnpa6.!1,€'H,Ue.M 3THX IIJIOCKOCTeii. 

51cHO, qTo qIJCJIO BCeX He3aBHCHMhIX o6rn;Hx nanpaBJieHHM ,Ll,Byx IIJIOCKO

CTeii paBHO qHcJiy JIHHeiiHO 3aBHCin.IhIX BeKTOpOB CHCTeMhI (7.9). 
Onpe,n;eJiett1u1. k-IIJIOCKOCTb H l-IIJIOCKOCTh npocTpanCTBa An Ha3hI

BaIOTC51 m-napaMM'b'l-l'bl.MU, eCJIH OHM He HMeIOT o6rn;nx TOqeK (He nepe

ceKaIOTC51) H mvreIOT m ne3aBHCHMhIX o6rn;Hx nanpaBJieHni'1. EcJin qJicJio 

o6rn;HX nanpaBJieHHH ,Ll,BYX HenepeceKaIOrn;IIXC51 IIJIOCKOCTeil: paBHO MeHhUieii 

H3 HX pa3MepnocTeil:, TO IIJIOCKOCTH na3hIBaIOTC51 CU.11,'b'H,0 ( Bno.11,ne) napa.n,
.!1,€./1,'b'li'bt.MU, B IIpOTHBHOM CJiyqae - CJ1,a60 napaMeA'b'li'bL.MU. ,Il,Be IIJIOCKOCTH, 

ne m.1e10rn;He o6rn;Hx ToqeK II o6rn;Hx nanpaBJiennii Ha3hIBaIOTC51 c1'pew,uBa
ww,u.MucR. 

50.2. Ilepece'leHHe H cyMMa ,n;Byx nJIOCKOCTeii. IIepece"l,ettue.M 
,LJ,Byx IIJIOCKOCTeii Ha3hIBaeTc51 l\IHO)KeCTBO Bcex nx o6rn;nx ToqeK. Ono MO

)KeT 6bITh IIJIOCKOCThIO, Ilp51MOii, O,Ll,HOM TOqKoii HJIH )Ke nycTO. 

Cy.M.Mou ,LJ,Byx IIJIOCKOCTeii Ha3hrnaeTc51 nJIOCKOCTh naHl\IeHhUieii pa3Mep

noe B KOTOpoii Jie)KaT 3TH IIJIOCKOCTH. 

BhrnCHHM Bonpoc o pa3MepnocTH nepeceqeHH51 H cyl\IMhI k-IIJIOCKOCTH 

H [-IIJIOCKOCTH. 

TeopeMa. jJ,.11,J1, mow, 'l/,mo6u n.11,oc1'ocmu a u {3 C1'pew,uBa.11,uc'b, ueo6-
xoiJu.Mo u iJocmamo"tno, "lmo6u cucme.Ma 6e1'mopo6 

(7.11) 

6'bt.!l,a .11,U'/-lCU'liO ne3a6UCU.MOU (puc. 64). 
H e o 6 x o ,LI, H M o c T b. IlycTh IIJIOCKOCTH cKpern;wBalOTC51. Tor,LJ,a no 

onpe,L1,eJieHn10 cncTeMa BeKTopoB (7.9) nnneiiHo He3aBncnMa. EcJIH 6b1 cn

CTeMa (7.11) 6bma JIHneiino 3aBIICHMOii, TO 

B - .A = a1f51 + a2f52 + ... a.kf5k + !31Cf1 + f32Cf2 + ... + f31Cf1, 

OTKy,LJ,a 

A+ a.1f51 + a.2f52 + ... a.kf5k = B - (f31Cf1 + f32Cf2 + ... + f31Cf1). 

CJie,LJ,oBaTeJihno, 3TH IIJIOCKOCTH HMeJin 6b1 06rn;y10 TO'!Ky. 

,II, 0 c Ta T 0 q H 0 c Th. IlycTh BeKTOphI (7.11) JIHHeiiHO He3aBHCHMhl. 

Tor,LJ,a no ,Ll,OKa3annoMy IIJIOCKOCTH He HMeIOT o6rn;wx TO'!eK H o6rn;Hx na

npaBJieHHii, T. e. CKpelllHBaIOTC51. 
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PHc. 64 

CJie.o;cTB:Ue 1. Cy.M.Moil cnpew,uGaww,uxc.11, k-nj/,ocnocmu u l-nj/,ocno

cmu R6J1,J1,emc.11, nJ1,ocnocm'b pa3.Mepttocmu 

s=k+l+l. (7.12) 

CJie.o;cTB:ue 2. JI,Jl,.11, mow, "'tmo6bt nJ1,oc1wcmu a u /3 nepecenaJ1,UC'b, 

tteo6xoau.MO U aocmamO"'t'H,O, "'tm06'bl CUCme.Ma 6e'ICmOp06 (7.11) 6'bl/l,a Jl,U

tteUttO 3a6UCU.MOU. 

CJie.o;cTB:ue 3. ECJl,u nJ1,0Cnocmu 'lte u.Mewm o6w,ux mo"le'IC, 'Ito u.Me

wm m tte3a6UCU.M'blX o6w,ux ttanpa6J1,ettuil, mo ux cy.M.Moil R6J1,.11,emc.11, nJl,OC

nocm'b pa3.Mepttocmu 

s = k + l + 1-m, (7.13) 

IIOCKOJihKY KaJK,Llpe o6rn;ee HarrpaBJieHIIe CHmKaeT pa3MepHOCTh cyMMhI Ha 

e,!I,llHHIIJ'. 

TeopeMa. ECJ1,u nJ1,ocnocmu nepece'!Ca10mc.11, u u.Mewm m 'lte3a6ucu.M'blX 

o6w,ux ttanpa6J1,ettuil, mo ux nepece"lettue.M R6J1,.11,emc.11, nJ1,ocnocm'b pa3.Mep

ttocmu m. 

,lJ,efi:cTBHTeJihHO, ITYCTh f"1, f"2, ... , rm - JIHHeHHO He3aBHCHMhie BeKTOphI 

o6II1HX ttanpaBJieHHH. Tor,n,a nepece'IeHHeM ,n,attHhIX IIJIOCKOCTeit 5.IBJI.si:eTca 

ITJIOCKOCTh 

r,n,e X 0 - o6II1aa TO'!Ka ,n,attHhIX ITJIOCKOCTeit. 
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CJie,D;CTBHe 4. Cy.M.Moil d6yx nepeceiw'IO~'UXCJ! n.1wcx:ocmei1 a u {3 
paa.MepHocmeil k u l .!!6.l!RemcR n.l!ocx:ocm'b pa3M,epHocmu 

s = k + l - m, (7.14) 

2iJe m - pa3.MepHocm'b nepece"leHUJ!. 
,ILa.rree, IIOCKOJibKY pa311CpHOCTb s CY1!1lbl IVIOCKOCTel! He 60Jibllie pa3-

1repHOCTII n Bcero rrpocTpaHCTBa, TO l(Jrn rrepeceKa!OI.IlJIXC51 IT.TIOCKOCTel! 

k + l - m ~ n, m ~ k + l - n 

( m - pa31repnocTb rrepececremrn), a ;1/rn nerrepeceKaIOll]IIXC5l rrJIOCKOCTel! 

k+l+l-m~n 

( m - 'IHCJIO He3aBIICHMblX o6ll]HX narrpaBJienm1). 

0Tcro,n:a, B cracTHOCTH, cJie,n:yeT, 'ITO iJBe 2unepn.l!ociwcmu .l!u6o nepece
x:a10mcR, .l!u6o cu.l!'bHO napa.J!.J!e.l!'bmt, TaK KaK ( n - 1) + ( n - 1) + 1 - m ~ n, 
OTKy,n:a CJie,nyeT m ~ n - l H II03TOMY m = n - 1 ( HepaBeHCTBO HeB03-
M0)KH0). 

,ILmi: rrpuMepa pacc1roTpn1r rro,n:po6nee cJiycrau B3a111rnoro pacrroJIO)Ke

nnB lIBYX ,n:By.r-.repHbIX llJIOCKOCTefr. ,lLJI5I IUIX k + l + 1 = 5, ll03TOMY 
nerrepeceKaIOll]necB ,n:By11epnb1e nJIOCKOCTH 11oryT Jie)KaTb ne Meuee creM 

B II5ITHMepno1r rrpOCTpaHCTBe. Ecmr OHH HMeIOT TOJibKO o,n:ny o6ll]yIO TO'IKY 

HJIH TOJibKO o,n:Ho o6ll]ee nanpaBJiemre ( cJia6o rrapaJIJieJibHbI), TO onn Jie)KaT 

B creTbipexMepnoM npocTpancTBe. 06panw, B 4-Mepnmr rrpocTpaHCTBe ,n:Be 

,n:By11epHbie nJIOCKOCTH naH6oJiee o6ll]ero pacrroJio)Kemrn Jin6o rrepeceKaIOT

CB B e,n:HHCTBeIIHOH TO'!Ke, JIH6o CJia6o rrapaJIJieJibHbl. 

EcJIH ,n:ne ,n:nyMepHbie rrJIOCKOCTn JIH6o HMeIOT ,n:ne o6ll]He TO'IKH, m160 

,n:Ba o6ll]nx HanpanJiemrn, TO oHn Jie)KaT n o,n:nmr TpexMepnmr rrpocTpaH
cTne H, CJie,n:onaTeJibHO, OHII HJIH rrepeceKaIOTC5I ITO IIp5!1IOH, IIJIII CIIJibHO 

rrapaJIJieJibHbl ( T. e. napa.rrJieJibHbl B o6bI'IHOM CTepeoMeTpncreCK01I CMbICJre). 

06paTHMC5I ell]e K cJiycraro npBMOH u TpexMepuoil: n.TIOCKOCTII. EcJin onn 

He IIMeIOT Hll o6ll]efl TO'IKII, HII o6ll]ero nanpaBJICHU5I, TO HX cy111rofl 5IBJI5I

eTC5I nBTHMepnoe npocTpaucTno. B 4-1repuoM rrpocTpaHcTne Jrn6o nMeeTC5l 

e,n:nncTnennaB TOcrKa rrepececrenn5l, Jrn6o 3Ta np5!1raB napaJIJieJibHa neKOTO

poMy narrpanJieHnro n rnnepnJIOCKOCTII, T. e. oun rrapa.rrJieJibIIbI. Bo31JO)KeH 

ell]e o,n:nn cJiy•rafl, Kor;~a np5!1Ia5I Jie)KHT n rnnepm1ocKOCTH. 

3 a ,n: a er a. B creTbipexMepnmr rrpocTpancTne :m,n:aubr ,n:ne ITJIOCKOCTII: 

a -Tpe.r-.rn TO'!Ka.r-.rn A(l, l, -1, 0), A 1 (2, -1, 0, 1), A2(0, -1, 1, 0) n {3---Tpe

.r-.rn TOcrKa1rn: B(l, 2, 1, 2), B 1 (1, 3, -1, 0), B2 (1, -1, 2, 1 ). Orrpe,n:eJIHTb HX 

B3an.r-.rnoe pacrroJio)Kenne, a TaK)Ke pacnoJIO)KCHHe rrpBMoil: BB1 oTnocn

TeJihHO ITJIOCKOCTH a. 
P e 111 e H n e. Hafl,n:eM HarrpanJIBIOll]ne neKTOpbr (6a3HC) rrJiocKOCTH a: 

P1 = AA1 = (1, -2, 1, 1), P2 = AA2 = (-1, -2, 2.0) 
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ll I-IanpaamnoII~IIe BeKTOpbl TIJIOCKOCTH (J: 

iii= BB1 = (0, 1, -2, -2), ii2 = BB2 = (0, -3, 1, -1) 

H 3arr:nrne11 napaMeTpWieCKHe ypasIIemrn 3THX IT.iIOCKOCTefI: 

X =A+ tifi1 + M52 = (1 +ti - t2, 1 -- 2t1 - 2t2, -1 +ti+ 2t2, ti). 

Y = B + >.iii1 + >.2ih = (1, 2 + >.i - 3>.2, 1 - 2>.1 + >.2, 2 - 2>.1 - ,\z). 

Hrr~e1r o6rr~ne ToqKH ITlIOCKOCTe:ll:. TipnpamnmaR cooTBeTCTBeIIHhJe Koop,'J;H

naThI BeKTOpoB X 11 Y, rroJiyc1ae11 c:ncTeMy: 

{ 

i1 - h = 0, 
-2ti - 2t2 = 1 + >.1 - 3>.2, 

ti+ 2t2 = 2 - 2>.1 + >.2, 

ti=2-2>.1->.2. 
HcKmoqnB 113 Hee, ttarrpIIMep, t2 II >.2, npIIXO,lJ,HM K ,n:ByM npoT:nBope~ra~nM 

,n:pyr ,1.1,pyry ypaatteHIHIM t 1 + ,\1 = 1 H t 1 + ,\1 = -1. CJie,n:onaTeJihHO, 

CHCTeMa HeCOBMeCTHa, II TIJIOCKOCTII o6ru;:nx TO"'-IeK He nMeIDT. CorJiacno 

c,n:eJiaIIHOMY BhIIIIe 3aKJIID'IeHlIID, OHH HMeIOT i-ranpaBJietrn.H napaJIJieJihHO

CTII. qT06b1 11x orrpe,n:eJIHTh, tta:ll:,II,e1r BeKTop r, nprrna,2:v1e)f(amun o6eHM 

IlJIOCKOCT.HM: 

r = tii51 + t2f52 = >..11J1 + >..21J2. 
H3 3TOro paBeHCTBa IlOJiyqaeM O,lJ,HOpo,n:Hyro mmefmyro CHCTe1ry, COOTBeT

CTByIOnzyIO rrpe,lJ,hl,1.J,YW:e:ll:: 

{ 

t1 - i2 = 0, 

- 2t1 - 2t2 = >..1 - 3,\2, 

t1 + 2t2 = -2,\1 + ,\z, 

tI = -2)q - >.2. 

011a nMeeT uenyJieaoe peIIIem1e t1 = t2 = ->..i = >.2, orrpe,n:eJI.HIOIII;ee BeKTop 

r= t1(i5i +i52) = ti(0,-4,3,1), KOTOphIH rrpn JI106011 ti=/= 0 orrpe,n:em1eT 
e,n:HHCTBeHHoe narrpaBJieHne rrapaJineJihHOCTH. 

Tipm.m.H BB1 mreeT narrpaBmuoru;m1 BeKTop ij1, He napannenhHhIH BeK

Topy r H II03TOMY ona cicpe~ueaemc.11, c IIlIOCKOCThIO Cl!. 

§ 51. EB'KAudoao Be1\,mOp1-we npocmpa'l-lcmeo 

51.1. CKaJI.apHoe npoH3Be,LJ.ettne BeKTopoB. YroJI Me~.n;y BeK

TopaMH. CicaA.11,p'li'bl.M npOU36eOe'liue.M ab BeKTOpOB a( al, a2' ... , an) 
n b( bi, b2, ... , bn) ua3hmaeTcR q:ucno 

ab= a1b1 + a2b2 + ... + anbn. (7.15) 
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Ilo 3TOll ¢opMyJJe JJerKO npoBepHTb, '-ITO CKaJI51pHoe npOH3Be,n;eHHe BeK

TOpOB KOl\IMyTaTHBHO, accou;HaTHBHO OTHOCHT8J1hHO Yl\IHQ)K8HH51 B8KTOpa 

Ha '-IHCJIO H ,D;HCTp:n6yTHBHO OTHOCllT8JihHO cyMMhI B8KTOpOB, IIOCKOJihKY 

3TllMll CBOllCTBaMll o6JJa,n;aIOT orrepau;llll na,n; ,n;eliCTBllT8J1bllhll\IF! '-lllCJial\rn. 

EcJill r = (x1' x2, ... 'Xn), TO 

-- -2 2 2 2 '0 rr = r = x 1 + x 2 + ... + xn:;:::; . 

MoiJyJte.M lrl 6enmopa r Ha3hIBaeTC51 'IF!CJIO 

lrl = # = J xi + x§ + ... + x~. 

(7.16) 

(7.17) 

BeKTOpnoe rrpOCTpaHCTBO vn Ha3hIBaeTC51 eB1'JtUiJ06'bl.M eenmop'li'bl.M npo

cmpattcm6o.M, ecJIJI B HeM 3a,n:aHa orrepau;FI5I cKaJI51pnoro YMHO)K8Hll51 BeK

TopoB. 

,ll;JI51 JII06bIX ,D;BYX BeKTOpOB 3TOro rrpocTpaHCTBa 6'btn0Jl'li.f!emcJt ttepa
eencmeo Komu-ByttJ1,r.-,oecno20: 

(iib) 2 ~ a2 b2. (7.18) 

,LI; o Ka 3 a Te J1 h c TB o. B CFIJIY (7.16) (ii - tb) 2 ~ 0 rrpFI JII06mr t, 
II JI II 

ii2 
- 2(iib)t + b2t ~ 0. 

KBa,n:paTHhlll TpexqJieH H80TpIIrraTeJieH Tor,n:a II TOJihKO TOr,n:a, KOr,n:a ero 

,Ll;IICKplIMJIHaHT H8IIOJ10)KIIT8JI8H: (iib) 2 - ii2b2 ~ 0, '-ITO COBIIa,n:aeT C (7.18). 
0'-leBII,Ll;HO, paBeHCTBO JIMeeT MeCTO JIJIIIIh B cJiyqae, Kor,n:a ii= tb, T. e. Kor,n;a 

B8KTOpbI ii H b KOJIJIJIHeapHhI. 

Ifa HepaBeHCTBa (7.18) cJie,n;yeT, '-ITO 

-1 ~ ab ~ 1 
"' lalJbl "' · 0 

YrJioM Me)K,n;y BeKTopaMn ii n b Ha3hIBaeTC51 '-IIICJIO <p E [O, ?T], TaKoe qTo 

ab 
cos cp = lal lb!" (7.19) 

51.2. OpTorottaJibHruI CHcTeMa BeKTopoB. ~Ba BeKTopa Ha3hrna-

IOTC51 opmozonaJt'b1i'bl.MU, eCJill IIX CKaJI5lpHoe npOH3Be,n;eHFie paBHO HYJIIO. 

Ha ocHoBamrn onpe,n:eJJeHn51 BeKTOphr e; (7.3) nonapHo opToroHaJihHhI 

II ie1 I = 1. BeKTOpHhlll 6a3IIC e; Ha3hIBaeTC51 opmottop.Mupo6a1i1i'bl.M 6a3UCO.M 
8BKJill,LJ;OBa IIpOCTpaHCTBa Vn. 

Cucme.Ma eenmopoe ii1, ii2, ... , iim Ha3hrnaeTC5l opmozottaJt'bttou, ecJJJI 

3Tll BeKTOphI neHyJieBhie II nonapno opToronaJibHhI. 

TeopeMa. Opmo20ttaJt'b'liaJt cucme.Ma eenmopoe Jtutteutto tte3aeucu.Ma. 
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B caMOM ,n;eJie, rryCTh A1 ai + .A2a2 + ... + Am am = 0 lI aiaj 
j =fa i. Y:rvIHO)KJIM 3TO paBeHCTBO CKamrpHO Ha BeKTOp ai: 

.A1(a1a;) + .A2(a2ai) + ... + >.iaT + ... + .Am(ama;) = 0, 

0 rrpn 

OTKy,n;a Aia; = 0. TaK KaK a; =fa 0, TO A; = 0 rrpll i = 1, 2, ... 'm. 
CJie,Lt;OBaTeJihHO, BeKTOpbl ai JIHHeil:HO He3aBHClIMhI. 

CJie)l;CTBHe. OpmozottaJt'btta.R cucme,,w,a 6e'/\:mopo6 npocmpattcmea vn 
coiJep;)f(;um tte 6oJtee n ee'K:mopoe. 

TeopeMa. j(Jt.R datttt020 Be'/\:mOpa r1 E vn cyw,ecmeywm ee'K:mOp'bl 

r2, r3, ... 'rn, o6paayww,ue c 6e'K:mopo.M r1 opmozottaJt'bttyw cucme.My. 

,IT, 0 K a 3 a T e JI h c T B o. lIMeeM 6a3HC (7.3) rrpOCTpaHCTBa vn. Hc

KOMhiil: BeKTOp mu;eM B rrpe,n;cTaBJieHHll ero JIHHeil:Hoil: KOM6Httaw1eil: r2 = 

= e2 + xr1. CorJiaCHO 3a,n;aHHOMY ycJIOBHIO r1r2 = r1e2 + xri = 0, OTKy,n;a 
r1e2 T _ _ f1e2 - 3 - - {3- - 6 x=-~· or,n;ar2=e2-~r1. aTeMHru:eMr3=ar1+ r2+e3,'ITO hI 

r1 r1 
r1 r3 = o H r2r3 = o, T. e. 'IT06h1 ari + r1 e3 = o H {Jr~ + r2e3 = o, oTKy,n;a 

r1ifa r2e2 _ r1e3 _ r2e2 _ _ 
a=-~ JI f3 = -~, rro3TOMY r3 = -~r1 - ~r2+e3. Ilpo,n;oJI)Ka5I 

r1 r2 r1 r2 
3TOT UpOl!eCC, IIOCTpOlIM lICKOMYIO ClICTeMy r1, f"2, ... , rn BeKTOpOB, r,n;e 

_ _ r1en _ r2en _ Tn-1en - D 
rn =en - ~r1 - ~r2 - ... - -:::2--rn-I· 

rl T2 T n-1 

OnJicaHHhiil: rrpol!ecc rrocTpoeHH5I opToroHaJihHOii CHCTeMhI BeKTOpoB 

Ha3hrnaeTc5I npov,ecco.M opmozottaJtuaav,uu. 
51.3. OpToroHaJihHbie no.n;npocTpaHCTBa. Ilo,n;npocTpattcTBa V1k 

lI V2 BeKTOpHOrO eBKJill,IJ;OBa UpOCTpaHCTBa vn Ha3hIBaIOTC5I 63aU.M'HO op

mozottaJt'b1i'bt.MU, eCJill Ka)K,IJ;blii BeKTOp 0,Lt;HOro ll3 HlIX OpToroHaJieH Ka)K,Lt;O

MY BeKTopy ,n;pyroro: 

Vi J_ V2 {=:::> ('Va E Vi lI 'Vb E V2 ab= 0). 

EcJIH npH 3TOM cyMMa 3TlIX no,n;npocTpaHCTB eCTh BCe npocTpaHCTBO vn' a 

nepece'!eHHeM 5IBJI5IeTc5I TOJihKO HyJieBoil: BeKTop, TO no,n;npocTpaHCTBa V1 
lI Vi Ha3bIBaIOTC5I opmo2ottaJt'b'HO aono.1ttt.R10W,U.MU ,n;pyr ,n;pyra. CyMMa HX 

pa3MepHOCTeii: paBHa n. 
TeopeMa. ECJtu Vi u V2 - eaau.Mtto iJonoJttt.R'IOW,Ue noiJnpocmpattcmea 

6e'K:moptto20 npocmpa?tcmea Vn U r - npOU360.!t'b1-t'blU ee-x;mop npocmpai-t

cmea vn' mo cyw,ecmeywm eouttcmeetttt'bte Be'/\:mOp'bl a E V1 u b E V2 

ma'K:ue, "tmo 

r= a+ b. 
)J, 0 K a 3 a T e JI h C T B 0. IJycTb ei - 6a3JIC IIpOCTpaHCTBa 

e1, e2, ... 'ek -6a3HC Vi, a ek+1, ... 'en - 6a3HC V2. Tor,n;a 

r = (x1e1 + x2e2 + ... + xkek) + (xk+lek+l + ... + xnen) =a+ b. 
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OcTa.i1ocb ,n;oKa3aTh, 'ITO 3TO pa3JIOMemie e,n;nHCTBeHHO. ITpe,n;rrOJIO:>Kll1L 

cITO r = a+b = 0:1 +b1 M ii~ 0:1, a, 0:1 E Vi, b, b1 E V2. Tor,n;a a:-a1 = b1 -b--
IICHYJICBOH BeKTOp, rrp1ma,n;Jie:>KailIIIH Vi H V2, T. e. Vi H V2 rre HBJ15!IOTC5l 

B3an1mo ,n;orroJIU5!IOIIIII1rn. E,n;nHCTBennocTb pa3JIOMeHH5! ,n;oKa3aJia. D 
Orrpe,n;eJieHn:e. Tlpe,n;cTaBJICHIIC r = 7i + b Ha3hIBaeTC5! pa3JIO)KCHHC1! 

BCKTopa r ITO II0,[1IIpOCTpancTBa11 V1 H V2, a BCKTOp ii Ha3bIBaeTC5! opmo20-

1ta.!l'b1tOU cocmaB.!lJl'IOW,eU Benmopa r B IIO,LIIIpOCTpaHCTBC Vi H 0603naqaeTC5l 

ii = C(r). Mo,n;yJih BeKTopa ii na3hrnacTc5! opmo201ta.!l'b1tOU npoenv,ueu 

BeKTOpa r Ha ,[lam-roe IIO,LIIIpOCTpaHCTBO. Om1 orrpe,[leJI5!IOTC5! 0,LIH03Jiacmo. 

§ 52. Ee'KAudoeo n-MepJ-we npocmpa'!-lcmeo En 

B a¢qnrnHOM npocTpancTBe An BBe,n;e11 11eTpnKy 3a,n;amie11 B ne11 cKa

JIRpnoro rrpoII3Be,neI-IH5! BeKTOpoB. Tor,na ono 6y,L1eT orrepau;11onno 6orac1e. 

TloJiyqennoe reol\IeTpII'ICCKOe npocTpaHCTBO ,[laBHO II3BeCTHO II3 ll!KOJibHOH 

reo11eTp1m. 0Ho na3hIBaeTc5! een.!luOoe'blM npocmpa1tcmeoM En. Ero TaK

)f<e 1IO)KH0 IIOJiy'IHTb II3 BeKTOpHoro eBKJIII,IJ;OBa rrpocTpancTBa BBe,[lenHel\I 

B nel\I TO'IeK. CTpyKTYPY Bcex paccllIOTpenHhIX Bbrrue rrpocTpaHCTB II 3am1-

cn110CTb 11CM):(y HHMII l\IO)KHO npe,D;CTaBHTb CJIC,LIYIOilICH cxer-rofi. 

CTpyKTypa reol\,reTpH11ecKHX npocTpaHCTB 

feoMeTpH'!CCKHe 
AJire6patt'!ecKHe orrepal\HH 

o6'heKTbl 

Ha3BaHHe 

rrpocTpaHCTBa CJIOMCHHC BCKTOpOB, 
cKam1pHoe 

TO'IKH BCKTOpbl YMHOMCHHe BeKTOpa 

Ha 'IHCJIO 
YMHOMCHHC 

BeKTOpHoe - + + -

rrpOCTpaHCTBO yn 

AcPcPHHHoe + + + -
npocTpaHCTBO An 

BeKTOpHoe - + + + 
CBKJIH,[\OBO 

rrpocTpaHCTBO if n 

EBKJIH,[\OBO + + + + 
rrpocTpaHCTBO En 
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52.1. ,l(mrna oTpe3Ka. YpaBHem1e (n - 1)-MepHoii ccl>epb1. Ec

JUI B eBKJUI,11,0BOl\1 ITpOcTpaHCTBe En 3a,n,aHa opTonopMupoBa1-rna51 cucTel\ra 

KOOp,Il,IUiaT, TO ITO ¢opMyJiaM (7. 7) lI (7 .17) cpa3y ITOJIY'Uil\l KOOp,Il,HHanryro 

¢op11yJiy ,Il,JIUHhI 0Tpe3Ka: 

(7.20) 

<l>nKcnpyel\I TO'lKY A, a TO'lKY B 6y,n,eM C'lHTaTb rrepel\reuHoii, o6o3ua

'lHB ee KOOp,Il,HHaTbI X1, X2, ... 'Xn, TOr,IJ,a ¢op11yJ1a (7.8) rrpIIBO,Il,IIT K ypaB

HeHIIJ-0 (n- l)-1repHof1 c¢epb1 eBKJIH,IJ,oBa rrpocTpaHCTBa En KaK l\IHO)K8CTBa 

Bcex ero TO'leK, YAaJieHHhIX OT ,IJ,aHHofr TO'lKH A Ha 3a,IJ,aHHoe paccTomrne R: 

(7.21) 

Otta 5!BJI5leTc5! noBepx"Hocm'b'IO Bmopoeo nop.Flo'l<:a. 
52.2. Koop.n;1rnaTHoe 3a,n;amrn k-MepHoii nJiocKOCTM. IlycTb 

B n-MepHOl\I eBKJIU,Il,OBOl\I rrpocTpaucTBe En 3a,n:atta ruITeprrnocKOCTh ITapa

MeTpwrecKHl\I ypaBHeHIIel\l (7.8) (k = n - 1) II B8KTOp ii= (u1, u2, ... ' Un) 
eii opToroHaJieH ( nop.MaJl,'b'li'blU Be11:mop 2unepnJ1,oc11:ocmu), T. e. ii p; = 0 
(i = 1, 2, ... , n - 1). Y11IHO)KIIB ypaBHemre (7.8) CKaJrnpao ua BeKTOp ii, 
IlOJIY'lHM: iiX = iiA, IIJIH B KOOp,IJ,HHaTJ-IOH ¢opl\le: 

(7 .22) 

r.n:e v = a1X1 + a2X2 + ... + anXn· 

I1TaK, 2unepn.1wc11:ocm'b npocmpa'HCm6a En 3aoaemcR oo'HU.M Jl,U'Jieu'li'bl.M 
ypaBnenue.M c n nepe.Me'li'li'bl.MU, 11:03<faj)uv,ue'Jima.Mu npu 11:omop'bix c.11.yateam 
x:oopounam'bt 'HOp.MaJl,'b'Ho20 eex:mopa :Jmou 2unepnJ1,ocx:ocmu. 

)],Be nmeprrJIOCKOCTH 3TOrO rrpOCTpaHCTBa rrepeceKaJ-OTC5! ITO ( n - 2 )-IIJIOC

KOCTH, TaK KaK (n - 1) + (n - 1) - n = n - 2. Tor,n:a k-rrJIOCKOCTh MO)KHO 

npe,n:cTaBHTh xax nepece'!enJie n - k nmeprrJIOCKOCTeii, T. e. 3a.n;aTb cucme
.Moil n - k Jl,U'Jieun'bix ypaB'lie'liuu c n nepe.Me'li'li'bl.M.U. 

52.3. YroJI Me)K.n;y np51Moii M k-nJIOCKOCThIO. 06cy,LI,n11r Bonpoc 06 

onpe,LI,eJieHHil yrJia l\;le)K,LI,Y np5.11\IOH H k-nJIOCKOCTb!-0. IlycTb iii -- HanpaBJI5!

IDIIIIIH BeKTop ,n;aHHOii np5IMOii m n k-rrJlocKocTh a u11eeT napal\reTpn'lecKoe 

ypaBneuue (7.8). IlycTh /3-- (n - k)-nJiocKoCTh, 5!BJI5!I-Olll,a5lrn ee opToro

HaJihHhil\l ,ll,OITOJIHeHUel\l B npocTpaHCTBe En. CorJiacrro Teopel\le II. 51.3 
BeKTOp iii MO:lKHO e,ll,UHCTBeHHbil\I o6pa30M pa3JIO)KHTh IIO naITpaBJUIIDIIJ;IIM 

BeKTOpHbll\l ITO,IJ,ITpOCTpaHCTBaM ,LI,aHHhIX ITJIOCKOCTefr Cl! H {3: 

iii= a+ b, a ca, b c /3, a= C(iii). 

IlycTh r -- narrpaBJI5!IOIIJ;UH BeKTOp ITPOII3BOJibHOll rrp5Il\!Oll ITJIOCKOCTH a. 

06o3Ha'IHM (rif,'a) = <p, (rif,f") = 1/J, (r,it) = "j, 0 < 'Y < ~· Ha ocnoBatIHH 

ITpe,ll,CTaBJieHH5! BeKTOpa iii HMeeM iii r = ii r + b r. TaK KaK ITO ITOCTpOeIUIJ-0 
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(3 J_ a: ll b c (3, TO br = 0 ll II03TOMY mr = ar. B CllJIY (7.19) llMeeM: 

lml cos'l/J = lal cos,,, oTKy,n;a 

!al 
cos'lf = lml cos,,. 

EcJill BeKTOp m He OpToroHaJieH nJIOCKOCTll a:, TO I13 npR!IIOJrOJibHOro 

TpeyrOJibHI1Ka l~I = COS<p ll cos'l/J = COS!.pCOS')'. IlocKOJlhKY 0 <COS')'< 1, 
m 

TO COS 'l/J < COS cp lI, 3Ha"IHT1 'l/J > cp. 
,I1,oKa3aHo, 'ITO ec.!lu np.RMaJi rn ne nepnenau-x;y.!l.fiptta n.!loc-x;ocmu a:, mo 

yw.1t cp .MeJtCJy 3moil npJiMOil u ee opmo2ona.!l'b'!Wil npoex:u,ueil na n.!loc

x:ocm'b a: ecm'b nau.MOt'bmuil U3 6cex 603.MOJIC'li'btX y2.1Lo6 'l/J, o6pa3o6a'litt'b£X 

3moil np.5i.Moil m c npJi.M'bt.MU n.!locx:ocmu a:. On no onpeJe.!lettu'IO npunuMa

emcJi 3a y20.1L MeJtCiJy npJi.MOil m u n.!locx:ocm'b'IO a:. B cnyqae. Kor,ri;a rn J_ a, 
7r , 

rronaraeM no orrpe,ri;eneHlIIO cp = 2. 
52.4. 06 yrJiax Me:a<,ny nnocKOCTHMH. PaccMoTplIM yrJihI Me)K

,n;y BeKTopaMu k-rrJIOCKOCT11 u l-rrnocKOCT11 eBKJilI,!l,OBa npocTpaHCTBa En. 
Ka)K,n;oe II3 MHO)KeCTB 3T11X BeKTOpoB 3aMKHYTO. Yron Me)K,n;y BeKTopaj),rn: 

3TIIX IIJIOCKOCTeii RBJIReTCR cpyHK1lIIeii ( CKaJIRpHbIM npOII3Be,ri;eHIIeM) 3TIIX 

BeKTOpOB, orrpe,n;eJieHHOH Ha 3aMKHYTOM MHO)KeCTBe, II no3TO!IIY npIIHIIMaeT, 

Ha 3TOM MHO)KeCTBe o6a CBOII 3KCTpeMaJibHbie 3Ha'IeHIIR - MllHIIMaJibHOe 

1l MaKCIIMaJihHOe. ll3JIO)Keirne BOnpoca 0 IIX naXO)K,!J;eHIIII B HaCTORllleii 

KHMre cyry6o 3JieMeHTapHoro xapaKTepa He npe,n;cTaBJIReTcR B03MO)KHbI!IL 

IIo3TOMY npIIXO,!J;IITCR orpaHII'IIIThCR pacc1110TpemreM 'IaCTnoro cny'IaR -

yrJIOB Me)K,IT,y ,!J;BJMR ,!J;ByMepHbIMII IIJIOCKOCTRMll B 'IeTbipexMepHOM npo

CTpaHCTBe. 3aMeTMM 0,!J;HaKO, 'ITO npII k > 2 KpOMe MaKCllMaJibHOro II 

MllHllMaJibHOro 3Ha'IeHMH yrJIOB cyllleCTBJIOT ellle k - 2 3Ha'IeHMH, Haxo

,!J;RlllllXCR Me)K,n;y HIIMM. Bee OHM na3hIBaIOTCR cmau,uonap'li'bl.MU y2.1ta.Mu 

Me)K,IT,y k-nJIOCKOCTRMII. 

IIycTb ,n;Be npoM3BOJihHbie ,ri;ByMepnhre nJIOCKOCTll a n /3 'IeThrpexMepno

ro npocTpaHCTBa nepeceKaIOTCR B e,n;MHCTBeHHOii TO'IKe 0, II OA- neKOTO

paR npRMaR nnocKocTn a:, OB - rreKoTopaR npRMaR rrnocKOCTM /3 (pMc. 65). 
OcTphIH yron AO B neo6xo,n;m.rn ,n;omKeH IIMeTb MMHMMMhHoe HenyneBoe 

3Ha'IeHMe(a6coJIIOTHbIH MIIHMMYM), IlOCKOJibKY nJIOCKOCTll, KpoMe TO'IKll 0, 
,n;pyr:ax 061I11IX TO'IeK He HlvleIOT. IlyCTb AoiJ = cp II ecTb 3TOT a6coJIIOTHblll 

MMHIIMJM. Tor,n;a no CBOHCTBY yrna Me)K,n;y nnocKOCTRMII B CMhICJie CTe

peoMeTpnII ( TpexMepnoil reoMeTp:a:a) nnocKOCTh AO B neprreH,n;MKJJIRpHa 

o6e:aM nnocKOCTRM a: II /]. Haii,n;eHHaR nJIOCKOCTh npnBo,n;IIT KO BTopo:ii 

IIJIOCKOCTII A10B1 c TaKIIM )Ke cBoiicTBOM. B caMoM ,n;ene, rrycTb OA1 -

rreprreH,n;MKYJIRp K rrp}!MO:ii OA, Jie)Kalllnii B rrnocKOCTJJ a. Tor,n;a rrpRMaR 

OA1 rreprreH,IJ,HKYJIRpHa K rrJiocKoCTM AOB n, 3Ha'IMT, K rrpRMOH OB. AHa

nor:a'IHO, ecnn BOB1 - npRMOH yron B IIJIOCKOCTH /3, TO OB1 J_ OA. TaKHM 
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Pttc. 65 

o6pa30M, KaJK,n;aH H3 ,n;Byx npHMhIX OA n OB rreprreH,n;HKJJI5.!pHa KIDK,n;oil: 

H3 rrpRMhIX OA1 II OB1 II II09TOMY K IIJIOCKOCTII A10B1, T. e. IIJIOCKOCTh 

A10B1 TaKJKe cTepeoMeTpil'IecKn nepneH,n;IIKYJIRpHa nnocKOCTRM a n (3. 
,ll;OKa3aHo, 'ITO ecnn yrJihI AOB = r.p H Ai OB1 = '¢ He paBHhI, TO 

,n;pyrnx IIJIOCKOCTe:fi, KpOMe ,D;BYX Ha:fi,n;eHHhIX, c aHaJIOrU'IHhIMII CBOHCTBa:MH 

He cym;ecTByeT. B cJiy'lae paBeHCTBa r.p = '¢ IIJIOCKOCTII a n /3 BorrpeKII npe,n;

rroJioJKettmo nepeceKaJIHCh 6hI no np5.!MOii, T. e. Jie)KaJIII 6h1 B TpexMepHOM 

npocTpaHCTBe. 

HTaK, 06e npoU360Jl,'b'H:bte oByMep'l-l'bte nj/,oc-x:ocmu 'tem'btpex.1vtep'1-lo20 npo
cmpa'HcmBa 06paay10m 6 mo'l/,'/Ce ux nepece"te'l-lUJt iJBa ocmp'btX y2J1,a, J1,e:>1ea-
1«UX 6 oByx nJ1,0C'X:OcmJ1,x, icomop'bie cmepeo.1vtempu"tecicu nepne'l-liJu-x:y.1t.R.p'l-l'bt 
iJpy2 iJpy2y. 

EcJin o6a 9TH yr.rra npHMhie, TO nJioCKOCTH a n f3 opToroHaJihHO ;:i;orroJI

H5.IIOT ;:i;pyr ,n;pyra (Ka:>K)l;aR IIpRMa5.1 O)l;HOH IlJIOCKOCTU nepneH)l;IIKYJIRpHa 

Ka)K,ll.O:fi npRMOfi ;:i;pyro:lt IlJIOCKOCTII). 

I1MeeTca ypaBHeHne ,IJ;Jl5J Bhl'IIICJiemrn naphl yrJIOB MeJK,n;y IlJIOCKOCTR

MH a II (3. EcJin 9TH nJiocKOCTn 3a,n;aHhI ypaBHeHn5.IMII: 

{ 

X1 = 0, 

X2 = Q 
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TO MCKOl\fbie yrJibI naxo,n;zrTC.H M3 ypaBfieHH.H: 

tg" <p - (a2 + b2 + c2 + d2
) tg2 <p +(ad - bc)2 = 0. (7.23) 

(Schoute P.H. Mehrdeminsionale Geometrie, I. Leipzig, Goschen, 1902. 
s. 175) 

52.5. PaccToattne OT TO'-IKH ,n.o nrnepnJIOCKOCTH. 'l\hnm111a,1bHhI111 

paCCTO.HHIIel\I OT TO'IKII ,ll,O k-TIJIOCKOCTH 5!BJrneTC.H pacCTO.HHHe OT ,n;a1rnoii 

TO'IKH ,Ll;O OCHOBamrn nepneuµHKYJI5!pa, ony~e1rnoro ll3 Hee Ha k-IIJIOCKOCTb. 

Ha:II,n;e111 paccTO.HHIIe OT TO'IKH Jvl(rn 1 , rn2, ... , rnn) µo rimepm1ocKOCTH --y, 
3a,LI;aHHOH ypaBHCHllel\I (7.22) B OpTOHOPllIHpOBaHHbIX KOop,n;mraTax. 

IlapaMeTpn'IecKHe ypam1emrn neprrenµHKYJI.Hpa, ony~ermoro H3 TO'I

KH Ai, ua rmiepnJIOCKOCTh --y, II11re10T BH,n;: 

x; = rn; + u;t, i = l, 2, ... , n. (7.24) 

Ocn0Ba1rne 3Toro rrepneH,IJ.IIKYJI.Hpa cooTBeTCTByeT 3Ha'Iemuo napa111eTpa t, 
,ll,JlZI KOTOporo HOpl\la.JibHbI:iI BCKTOp it = ( u 11 u2' ... ' Un) rIInepIIJIOCKOCTII 

y,ll,OBJieTEop.HeT ypaBnemno (7.22): 

u1 (m1 + u1t) + u2(m2 + u2t) + ... + Un(mn + Unt) = v, 

OTKyµa 

t- v-(u1m1 +u2mz+ ... +unmn) 
- u?+u~+ ... +u~ 

Ha ocnoBaHIIII ¢opMyJihI (7.18) HcK01110e paccTORHne h OT TO'IKH M :n,o 

rIInepTIJIOCKOCTII "( paEno: 

n 

h2 _ "'c· . ·)2 _ 2c 2 2 . 2) _ - £_, X, - m, - t U1 + U2 + ... + Un -
i=l (u1m1 + u2m2 + ... + Unmn - v) 2 

= 2 2 u 1 + u 2 + ... + u?, 
Ju1m1 + u2m2 + ... + Unmn -vJ 

Jui+ u~ + ... + u~ 
h= 

§ 53. Bapu'UieHmpu'l/,eC'K;Ue 1wopduHam'bl mo'l/,'K;U 

aifj<fJUHH020 npocmpaHcmBa omHocumeA'bHO 

n-.MepH020 cu.MnAe'Jf,ca 

(7.25) 

53.1. Onpe,n.eJieH1rn. 06paTIIl\ICR K BeKTopno-napa11ieTpw1ecK0111y 

ypaBnennm (7.8) k-Mepnoti TIJIOCKOCTII npocTpaIICTBa An. IlpII k = n ono 

Bbipa:a<aeT BeKTOp x npOII3BOJibHOll TO'IKH x 3TOro npocTpaHCTBa ~iepe3 
JIIIHetino ne3aEIIClIMbie BeKTOpbI j5; 11 BeKTOp A ¢nKc11poBannoiI TO'IKH A, 
T. e. npe,n;cTaBJI.HeT co6ofi ypae1-wnue 6Ce20 arfxfiw-mozo npocmpancm6a An. 
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3a,n;a,n;II111 B rrpocTpaHcTBe n-MepHbrt'r CIIl\IIIJieKc ( S) = A 1 Az ... An+ 1 

KaK COBOKYITHOCTb n + 1 TO'IeK Ai' He Jiem:amIIx B O,LJ;HOH rurrepIIJIOCKOCTII. 

BeKTOpbI An+ I Ai ero pe6ep mmefino ne3aBIICIIMbI. CorJiacHo (7.8) rrpn 

A = An+ 1 HJ\Iee11i: 

An+1X = A1An+1A1 + AzAn+iAz + ... + AnAn+1An. (7.26) 

ITpn mo60l\1 na'-raJie 0 BeKTopoB 3To paBeHCTBO 3KBIIBaJieHTUO TaKOl\ry: 

X -An+l = A1(.41 -An+1) + Az(Az -An+1) + ... + An(An -An+1), 

HJIH 

x = A1A1 + AzAz + ... + AnAn + (1 - AJ - Az - ... - An)An+l · 

IToJIOMIIM 1 - A1 - Az - ... - An = An+i · Tor,n;a ,n;mr mo6oii TO'IKH X 6yAYT 

BbIIIOJIHRTbC51 paBeHCTBa: 

{ 
x = A1A1 + AzAz + ... + AnAn + An+1An+1, 

A1 + Az + ... + An+1 = 1 
(7 .27) 

He3aBUCUMO OT Bhr6opa Ha'IaJia 0 BeKTOpOB. 

LlncJia Ai B cnJiy (7.26) onpe,n;eJIRIOTCR O,!l,H03Ha'-mo ,n;JIR ,n;annofi TO'l

KII x II ,n;anHoro CHMIIJICKCa (S). 
Onpe,n,eJiea:ue. EcJin HJ\leIOT MecTo coOTHOllleunR (7.27), TO 'IUCJia A; 

Ha3bIBaIOTCR 6apuv,enmpu"lec?Cu.Mu ?Coopaunama.Mu mo"l'ICU X omnocume.11ib
HO CU.Mn.//,e'ICCa (S). 

BcJie,n;cTBne (7.26) Bee A;, KpoMe An+ I, RBJIRIOTCR arfxfiuntt'bl.MU ?Coopau
nama.Mu TO'IKH x OTHOCHTCJibHO a¢qrnmrofi CHCTCl\IbI KOOp,n;uHaT c Ha'la

JIOJ\! An+I II 6a3IICHbIJ\1H B€KTOpa11m e; = An+1A;, i = 1, 2, ... 'n. 
B 'IacTnocTn, ,LJ;JlR BeplIIHHhl Ak Koop,n;unaThl >.k = 1 n >.; = 0 rrpn i i k. 

<l>opMyJla ( 1.39) paccTORHHR MCMAY TO'IKa11m coxpa1rneT CBOfi npem:nnfi 

BI:!,!l; n 

AB2 = - L (Yi - xi)(Y1 - x1)a?1 , i < j, (7.28) 
i,j=l 

r,n;e a;j = IA;Aj I· ,lJ,oKa3aTeJihCTBO auaJXorn'IHO. 

53.2. C:uMnJieKc KaK reoMeTp:uqecKoe TeJio. He rrpI:16eraR K cTpo

rn111 orrpe,n;eJleHnR11r, OTl\IeTIIM, qyo n-111epub1fi CH!IIIIJieKc A1A2 ... An+I KaK 

COBOKYIIHOCTb n + 1 TO'IeK, He JJem:amnx B O,Ll;HOii rmrepnJIOCKOCTII a¢¢nn-

Haro rrpocTpaHCTBa, ne u.Meem G'HympenHocmu, T. e. He RBJIReTCR reoMeTpn

'ICCKllJ\I TCJJOM. Ecmr )KC K paBeHCTBaM (7.27) ,n;orroJinnTeJihHO rroTpe6oBaTb, 

'IT06bl 3Ha'ICHHe BCCX Koop,n;nHaT >.; y,n;OBJICTBOpRJIO ycJJOBHIO 0 ::::; >.; ::::; l, 
TO TO'-IKH x 6yAYT BHYTPCHI!lll\llI HJIH )KC rpaH:H'IHbll\IH TO'!Kal\ln CHJ\IIIJICKCa 

A 1 A2 ... An+ I· 06paTno, ,n;JJR Ka:a<:,n;ofi BHyTpemrefi rum m:e rpamI'IHOfi 

TOqKH CHl\IIlJICKCa cymecTBYCT orrpe,n;eJJeHHblH Ha6op ee 6apHJICHTpnqecKHX 

KOOp,Ll;HHaT, TaKHX qTo Bee 0 :::; >.; :::; 1. 
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Muaqe roBOp51, cuMn.tie'X:c A 1A2 ... An+l .ll6,/l,.llemc.ll 2eoMempu"leC'X:UM 
mMoM mo2aa u mo,11,'b'X:O mo2aa, 'X:o2aa 6apuv,eHmpu"lec'X:ue 'X:oopau'l-lamu ,\i 

e20 ffiO"le'X: X 'HeOmpuv,amM'b'H'bl U 'He 60,11,'bWe eau'HU'U,'bl. 

§ 54. aenmpouiJ CU.Mn.11,enca U 'll;e'HmpoUd'bl e20 2pa'HeU 

54.1. ll;eHTpOl-1,D; CHCTeMbl TO'leK. fpaH51MH pa3JIHqHblX pa31\IepHO

CTefi k (r.n,e k < n) n-MepHoro cnMIIJieKca (S) = A1A2 ... An+l 51BJI51IOT

C51 k-MepHhie CHMIIJieKChl. IIpn 3TOM CJiyqan k = 0 H k = 1 He HCKJIJOqaIOTC51 

H3 paccMOTpeHn51: HYJihMepHhie cMMrrJieKChI - cyTh ToqKn A; - BepIIIHHhI 

.n,annoro CHMIIJieKca, o.n,HOMepHhie- OTpe3KH A;Aj (pe6pa). 

By,n;eM paccJVraTpHBaTh TOqKH A; E An BHe 3aBHCHMOCTH OT pa3MepHO

CTH npocTpaHCTBa HJIH k-DJIOCKOCTH. c n,eJibIO 06HJHOCTH .n,oKa3hIBaeMblX 

HH:>Ke YTBep:>K.n,emi:iI orrpe.n,eJIHM nomITne n,eHTpon.n,a COBOKYIIHOCTH ToqeK. 

Onpe.n;eJieHHe. I.{eHmpouaoM cucmeM'bt n rrpOH3BOJihHhIX ToqeK 

A1, A2, A3, ... , An Ha3hIBaeTc51 ToqKa G, orrpe.n,eJI51eMa51 BeKTopoM 

- 1 - - -
G = -(A1 + A2 + ... +An) (7.29) 

n 
rrpn npOH3BOJihHOM Bb16ope HaqaJia BeKTOpOB. 

KotteqHo, n,eHTpOH,l], ,n;aHHOM CHCTeMbl ToqeK He .n,omKeH 3aBHCeTb OT 

Bhl6opa HaqaJia BeKTOpOB. )J,oKa:>KeM, qTo 3TO ,n;eMCTBHTeJihHO TaK. Ilpe,n;no

JIO)KHM, qTo npn Bh16ope HaqaJia B ToqKe 0 BhipruKeHHe (7.29) onpe,n;eJI51eT 

neK0Topy10 TO'IKY G, a npn Bh16ope HaqaJia B TO'IKe 0 1 3TO Bhipa)KeHne 

orrpe,n;eJI51eT ,n;pyry10 ToqKy G1 . Tor.n;a rroJiy'IHM: 

n n 

- 1 "'"""- 1 "'""" - -OG =;;;LOA;=;;; L(001+01Ai) = 
i=l i=l n 

1 - IL- - -- -= - · n001 + - 01A; = 001+01G1 = OG1. 
n n 

i=l 

CJie,n;oBaTeJihHO, TO'IKH G n G1 c0Brra.n;a10T. 

54.2. 3aBHCHMOCTb u;eHTPOH,ll;OB IlO)l;CHCTeM c u;ettTpOH,ll;OM .n;aH

HOH CHCTeMbJ TO'leK Bhipa)KaeTC51 CJie.n;y10lll,eil TeopeMOM. 

TeopeMa. Ec,11,u aa'Ha cucme.Ma n npou360,!1,'b'H'btx mo"le'X:, mo Bee ompe3-

'X:u, 'X:a:J/Ca'btU U3 'X:OmOp'btX coeau'H.llem v,e'Hmpoua Gk C060'X:yn'Hocmu ,11,106'btX k 
u3 3mux mo"le'X: c v,eHmpouao.M Gn-k co6o'X:ynHocmu ocma,11,'b'H'btX mo"le'X:, ne
pece'X:awmc.ll 6 v,e'Hmpouae G aa'/-£'/-1,0U cucme.M'bl u ae,/l,JlffiC.ll U.M 6 om'HOWe'HUU 
,\ = ( n - k) : k ( npu ifm'X:cupo6a'H'HOM k.) 

)J,eil:cTBHTeJihHo, ecJin B351Th, ttanpnMep, TO'IKH A1, A2, ... Ak H TO'IKH 

Ak+1,Ak+2 1 ••• ,An, TO 

- 1 - - -
Gk = k(A1 + A2 + ... + Ak), 

- 1 - - -
Gn-k = --k (Ak+l + Ak+2 + ... +An)· n-
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n-k 
Pa3,!l,eJIHM oTpe30K GkGn-k B OTHOIIIeHHII ,\ = -k-: 

ck+ >..Gn-k 
l+A. 

= 

1 - - - n-k 1 - - -
k(A1 + A2 + ... +A,.,)+ -k- · ~(Ak+1 + Ak+2 + ... +An) 

n-k 
1+--

k 

= 

1- - - - - - -
= -(A1 + A2 + ... + Ak + Ak+1 + Ak+2 + ... +An)= G. n 

CJie,!l,oBaTeJibHO, ,!l,emr~aa TO'IKa coBna,!l,aeT c u;eHTpOH,LJ,0111 ,LJ,aHHoii CHCTe

llihI TO'leK. 0'leBH,ll,HO, 3TOT :lKe pe3yJibTaT IIOJIY'IIIM, B3£B mo6hie ,!J,pyrHe 

rpyIIIIbI H3 k II n - k ,!l,aHHbIX TO'leK. 

B qacTHOCTH, npH n = 3, k = 1 noJiyqae111 cBoilcTBO Me.n;naH Tpe

yroJihHIIKa, IIpll n = 4, k = 1 - CBOilCTBO Me,ll,llaH TeTpa3,LJ,pa, a rrpn 

n = 4, k = 2 - CBOilCTBO 6HMe,!l,IIaH TeTpa3,!J,pa. Ilpu k = 1 npHMemITeJihHO 

K n-MepHO!l!Y CIIMIIJieKCY Hll!eeM o6o6ru;eHHYIO TeopeMy 0 Mep;nattax: 
6Ce ompe31W, 1W:>teiktu U3 'ICOmOp'btX coeaU'/uiem 6CpWU'liY CU.MnAe11:ca C 11,C'l-t

mpouao.M npomU60J1,e:>1eaw,eu eiJ, 2unep2pattu, nepece'ICaWmCJ£ 6 V,e'l-tmpouae 
aa'l-t'l-t020 CUMnAe'ICca U aeJ1,.R,ffiCJ£ U.M 6 Offi'H.OWe'l-tUU ( n - 1) : 1, C"tUmaJ£ om 

6epWU'l-t'bL. IlpH cPllKCHpOBaHHOM 3Ha'IeHHH k ?: 2 aHaJlOrH'IHOe CBOilCTBO 

IIOJiyqaeM )];JI£ 0Tpe3KOB, Ka)K,!l,hiil II3 KOTOpbIX coe,n;HHHeT u;eHTpOH,LJ,bI ,LJ,BYX 

npOTHBOIIOJIO:lKHbIX rpaHeii CHMIIJieKca. 

54.3. l.I,eHTPOHll, CHCTeMbl n;eHTpOH,lJ;OB. I1MeeT MeCTO 6oJiee o6~aa 

Teope111a. 

TeopeMa. ECJ1,u aaua cucme.Ma n npouaBo.11,'btt'btX mo"le'IC, mo v,enmpoua 

CUCme.M'bt v,enmpouao6 'IC a :>IC a 'bt X m ffiO"tC'IC COBnaiJaem C V,CHmpouiJoM 
aannou cucme.M'bL. 

21, 0 K a 3 a T e JI b c T B o. 0'leBH,!l,HO, 'IHCJIO Bcex u;eHTPOH)J.OB paBHO 

C;;'. I1o3TOMY BeKTOp Gm HX CHCTeMhI HMeeT Bbipa:iKeHne: 

- 1 (1 - - - 1 - - ) Gm = c;;i :;;:(A1 + A2 + ... +Am)+ m (An-m+1 + ... +An) . 

TaK KaK B o6~eil cy111Me Ka:lK,LJ,biil BeKTOp Ai CO,LJ,ep)l{HTC5.I c:-11 
pa3, TO 

- cm-/ - - -
Gm = nc- (A1 + A2 + ... +An) = 

m :::' 
(n-l)!m!(n-m)! - - -

( _ l)' ( _ )' 1 (A1 + A2 + ... +An) = m . n m .n.m 
1 - - - -= -(A1 + A2 + ... +An) = G, 
n 

'!eM H 3aKaH'!HBaeTca ,!l,OKa3aTeJihCTBO. D 
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,ZJ,m1 cuJ\mJieKca (S) aTa TeopeMa 03na<meT, qTo t\e'iimpoud cucmeM'bL 

i~eHmpouooe ecex ew epaH,e?°l OOH,ot/. pa3.ktep1wcmu coenarJaem c v,enmpou

iJoM cuMnJ1,enca. 

§ 55. llapaMe.JLenuneo'bt 

55.1. IloJiynJioCKOCTH H rrapaJIJieJimrnrre,z:i;b1. Ecmi B ypam1c

mrn (7.8) k-1repttoi1 IIJIOCKOCTll 0 ,LI, I! 0 Illy 'I J rrapa11eTpOB tz IIpII,ll,aBaTb 

TOJlbKO HCOTpIIIJ;aTeJibHbie 3Haqemr.H tz ~ 0, a OCTaJlbllbIJ\I rrapa111eTpa111 t; 
(i =/. l) - IIpOII3BOJlb1-Ibie ,LJ,eikTBUTeJlbHhie 3uaqemrn, TO J\Ibl IIOJIY'IH11 k-rro

JIYIIJIOCKOCTb, orpaHII'IeHHYIO (k - 1 )-HJIOCKOCTbIO 

X ==A+ t1P1 + t2p2 + ... + tkPk, t; =/. t1. (7.30) 

Ecm1 B ypaBuettu11 (7.8) B c e M rrapaMeTpaM ti rrpn,ll,aBaTb TOJlbKO 

31raqemrn 0 !:( t; !:( 1, TO 3THM ypaBHeHHeM 6y,LJ,eT onpeiJeJl,Rm'bcR k-na

paMMenuneiJ, BepUIHHbl KOTOporo 3a,LJ,aIOTC5I BCKTOpa1rn: 

A, A1 =A+ P1, A2 =A+ P-2, .ib =A+ P1 + P2, 
A12 ... k =A+ P1 + P2 + ... + ih· 

B qacTHOCTH, 2-napMJJ:eJJ:emme,n,bI tta.>bma10Tc5I napaMeJ1,oepaMMaMu 

(pnc. 66). 

Ai 

A~A,, 

0 P2 A2 

PHC. 66 

YcJJ:OBHMCB o6o3Ha'laTb k-napaJIJ1eJ1ennne11; c yKa3amrb11111 Beprmrna-

1111 k-napMJ1CJien11ne,Ll,OM AA1 A2 ... Ar2 ... k· Ha pnc. 67 n306pa.1KeH 3-rra

paJJ:JJ:eJJ:errnne,LJ, AA1 A2A:3A12A13A23A123. 

A23 A123 

A,~:oA,, 
O A P1 A1 

PHc. 67 
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Pnc. 68 

55.2. rpaHH napaJIJieJiennne.n;a. ITpn,ll,aBa5l B ypaBHemm (7.8) 3Ha

-cremrn 0 ~ ti ~ 1 Bce11 rrapa11eTpa1v1 ti rrpn i =/. l, a rrapar-1eTpy ti 3Ha-crernrn 

t1 = 0 IIJIII ti = 1, MbI rroJ1y-crn1v1 (k - l)-rrapam1eJierrnrre,ll,hI, 5IBJI£IOIIJIIe

c£ 2pai-t.RMU k-rrapaJIJieJiemme,ll,a. fpaun 3TIIX (k - l)-napaJIJ1enennne,I1,0B 

na3hrnaioTrn (k - 2)-rpaH5IMH k-napaJIJieJiennne,ll,a. fpamr 3THX (k - 2)-na

paJIJieJiennne,IJ;oB Ha3hrnaroTc5l ( k - 3 )-rpa1rn1v1n k-napaJIJieJienmie,ll,a, II T. ,ll,. 

TaKHM o6pa301v1, k-rrnpannenemme,IJ; o6na,IJ;aCT m-rpamnrn, r,IJ;e m rrpo6e

raeT 3Ha-cremrn OT 0 ,ll,O k - 1; 0-rpaHn coBna,ll,aIOT c Bepnrnua1v1u, 1-rpanu 

Ha3hIBaroTC5l pe6paJo.rn (npu k = 2 -- cTopoHaJ.Vrn). Ha puc. 68 H3o6pa){(eHhI 

BeplllIIHbI u pe6pa 4-napannenenune.ua AA1 A2 ... A1234. KaK BH,ll,HO H3 

pnc. 68, ou u1v1eeT 16 BeplliHH, 32 pe6pa, 24 2-rpauu u 8 3-rpane:fi. 

ITo,ll,ct.rnTaeM t.rIICJIO N~ m-rpaHeli k-napaJIJieJienune,ll,a. LJucno N/J ero 

BepllllUI, ot.reBH,IJ;HO, paBHO 2k, a t.!lICJIO (k - 1)-rpaHeH paBHO 2k. ,IJ:oKa:>KeJ\J 

MCTO)J;OM IIOJIHOH MaTeJ\JaTHt.reCKOH HHAJKI1HH, t.!TO 'iUC.IW m-2panei1 k-na
paJ1.11,e.J1,enuneaa paei-to 

N~ = 2k--mcr. (7.31) 

B caMOJ\I .uene, ¢opMyJia (7.31) cnpaBe,ll,JIIIBa ,ll,JIR k = 2, TaK KaK 

N6 = 22
cg = 22

, Nf = 2Ci = 2 · 2. 

11pe,ll,IIOJIO:>KIIM, t.!TO oua crrpaB8,ll,JIIIBa ,ll,JIR ( k - 1 )-napaJIJI8JI8IIHIIe,ll,OB, T. e. 

HMCIOT MCCTO cPOPMYJibI: 

N k-1 = 2k-m-icm Nk-l _ 2k-mcm-l 
m k-l' m-1 - k-l · 

Tor,IJ;a Ha OCI-IOBaHMH II3BCCTHOH ¢opMyJihI ,IJ;JI5I co-creTaHMil 

Cm cm + cm-1 
k = k-l k-1 

Mb! lIOJiyt.rae1v1, t.!TO 

N k - 2 2k-m-l. cm + 2k-mcm-l - 2k-mcm 
m - ' k-l 'k-l - k · 
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55.3. Ilp»MoyroJibHhIH k-rrapaJIJieJiemrne,LJ. H k-Ky6. Ecm1 Bee 

BeKTOpbI p1, p2 , ... , Pk k-napa.rmenemme,IJ,a nonapHo opToroHaJibHhI, TO on 

H83hIBaeTC5l np.Ft.MoyzoJt'b'Hibl.M. Ecm-1 K ToMy :a<e ,D,JIHHhI 3THX BeKTopoB paB

HhI, To np5IMoyroJihHhrll: k-napanne.rrennne,IJ, Ha3brnaeTC5I k-x:y6o.M. 

§ 56. Opmo2o'HaJ1/b'HaJl npoer.;'4UJl mo'lf,r.;u 

u BeK,mopa 'Ha k-nJWCK,OCm'b 

Ilp5IMa5l H83hrnaeTC5l nepnexilux;yJl,.flp'liou k-nJtocx:ocmu, ecnn oHa nep

nen,IJ,nKy.rr5Ipna Ka:a<,IJ,OH Ilp5I!IIOH 3TOH TIJIOCKOCTH. ~Jl5l 3TOro neo6XO)J;lll\IO 

H )J;OCTaTO'IHO, 'IT06br nanpaBJI5IIOIIl,HH BeKTOp ,n;aHHOH Ilp5I!IIOH 6bIJI opToro

HaJieH k JIHHell:HO He3aBHCHMblM BeKTOpaM 3TOM IlJIOCKOCTH. 

Ec.rrn TO'IKa P He npIIHa,n;ne:a<nT 3a,n;anHoll: k-n.rrocKOCTH /, TO B n.rrocKo

CTH / cylll,eCTByeT e,n;nncTBeHHa5I TO'IKa H TaKa5I, 'ITO np5IMa5l PH nepneu

,n;nKy.rmpHa rr.rrocKOCTH /. To'IKa H Ha3brnaeTc5I opmozoxa.t1,'b'liOU npoex:u,ueu 
TO'IKH P Ha rr.rrocKOCTh I· Ec.rrn TO'IKa P npnua,n;.rre:a<nT /, TO oua no 

orrpe)J;e.rreHnIO C'IHTaeTC5l CBoeil. opTorOHaJihHOii npoeKu;nell: Ha /. 

~OKa:a<eM cyru;ecTBOBaHHe H e,n;HHCTBeHHOCTb paccMaTpIIBae.MOH TO'I

KH H. IlycTh k-rrJIOCKOCTh / 3a)J;aHa TO'IKOH A H .rrnnell:Ho He3aBHCHMbIMH 

BeKTopaMn P1,:P2, ... ,Pk· Tor)J;a 

AH= r = tifh + t2f52 + ... + tkPk· 

TaK KaK PH .l 1, TO PH· Pi= 0, HJIH (AH - AP)· Pi= 0. Ec.rrn AP= p, 
TO H.MeeM CHCTeMy: 

! 
t1Pi + t2i51P2 + ... + tkP1Pk = i5 P1, 

t1p2f51 + t2f5~ + ... + tkf52f5k = f5f52, 

t1PkP1 + t2Pki52 + ... + tkfiZ = fifik, 

(7,32) 

B KOTopoll: 'Inc.rro ypaBHeHHH pasno qnc.rry nen3BeCTHhIX ti. Ee orrpe)J;eJIHTeJib 

Pf :P1P2 PIPk 

PkPI 

-2 
P2 

H83hIBaeTC5I onpeileJtumeJte.M I'pa.Ma BeKTopoB p1 , p2, ... , Pk. ~R JJHHell:Ho He-

3aBHCHMbIX BeKTOpOB on OTJIH'IeH OT ny.rr5l. C.rre,n;osaTeJibHO, CHCTeMa (7.32) 
H.MeeT e)J;HHCTBeHHOe pemenne, KOTOpoe H )J;aeT K03cPcPHl(HeHTbl ti HCKOMOro 

BeKTOpa AH H, 3Ha'IHT KOOp)J;HHaThr HCKOMOH npoeKu,nn H TO'IKH P. 
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B qacTHOCTH, ecJIH BeKTOpbI j5; rrorrapHo opToroua.rrhHhI, TO 

t f5f5; AH f5f51 - + f5f52 - + f5f5k _ 
i = --=2' = --=2Pl --=2P2 · · · + --=2Pk· 

P; P1 P2 Pk 

OpTOrOHa.TibHasI rrpoeKu;mr BeKTOpa j5 Ha BeKTOp r Ha3brnaeTC5! opmow
'H,Q,.f/,'b'/-tOU (cKaJI5!pHoil) npoe,,,,v,ueil 3mo20 ee,,,,mopa tta n.;wc,,,,ocm'b T 

IloJiy-creHHOe peillemie rro3BOJI5!eT Hafrn1 paccT05!HHe IP HI OT ToqKH P 
)1,0 k-IIJIOCKOCTH '°'f. 

IlpHMep 1. Hailmu a./l,u'/-ty u OC'l-t06a'l-tue nepnettau'K,yAJtpa, onyw,e'l-l'l-t020 
ua mo"t'K,U l'v1(5, 1, 0, 8) tta n.11,ociwcm'b, npoxoaJtw,yio "tepea mpu mO"t'K,U: 
A(l, 2, 3, 4), B(2, 3, 4, 5), C(2, 2, 3, 7). Koopauttam'bt opmottop.Mupoeattttue. 

P e ill e H H e. ,Il,JI5! peilleHH5! 3a,11,aqn nJIOCKOCTb ABC rrpoeKll.Hll 6y,11,el\1 

cqnTaTb 3a,11,auuoii TOqKoil A H HarrpaBJI5!IOlll.HMH BeKTOpaMH 

f51=AB=(l,l,l,l) H f52=AC=(l,0,0,3). 

Tor,11,a cll.cTeMa (7.32) HMeeT Bl.I)],: 

{ 
4t1 + 4t2 = 4, 

4t1 + l0t2 = 16, j5 =AM= (4, -1, -3, 4), 

OTKy,n;a t1 = -1, t2 = 2. fI03TOMy 

AH= -f51 +2f52 = (1,-1,-1,5) 

H H(2,1,2,9), IMHI =JM. 
IlpHMep 2. B'bt"tUC.11,Um'b ,,,,oopauttamu opmo2ottaA'bttoil npoe,,,,v,uu mo"t

,,,,u JVJ(2, - I, 3, l) ttan.11,oc,,,,ocm'b 

{ 
X1 + X2 + X3 - X4 + 1 = 0, 

2x1 + x2 - 2x3 + X4 + 2 = 0. 

P e ill e H II e. 3a,n;aqa auaJiorn:qHa rrpe.n;b!,eyru;eii, HO cylll.eCTBeHHO OT

JIHqaeTC5! 3a,n;aHHeM IIJIOCKOCTH rrpoeKll.Hii rrepeceqeHHeM ,11,Byx rnrreprmoc

KOCTeii qeTbipexMepuoro eBKJIH,11,0Ba npocTpaHcTBa n: qacTHbIM CJiyqaeM n:x 

B3aHMHOro pacrroJIO)KeHH5!: OHH opTOI'OHaJibHbI, TaK KaK OpTOI'OHaJibHbl ux 

HopMaJihHhie BeKTOpbr, rrpu 3TOM ,11,aHuaR ToqKa M rrpBua.n;Jie)KHT BTopoii 

rll.rrepnJIOCKOCTH. 9TH ,n;Be oco6eHHOCTH cylll.eCTBeHHO yrrpolll.aIOT peilleHBe: 

HCKOMaa: rrpoeKll.M5! 5!BJI5!eTca: ocH0Bmrne11r rreprreH,n;HKyJia:pa, orrylll.eHuoro 

H3 ToqKu M Ha rrepByro rBrrepnJIOCKOCTb. 9TOT rreprieH,n;uKyJia:p HMeeT 

rrapaMeTpnqecKue ypaBHeHn5!: 

XI = 2 + t, X2 = -1 + t, X3 = 3 + t, X4 = 1 - t. 

Peillaa: ux coBMeCTHO c ypaBHeHneM rrepBoil rnrreprrJiocKoCTH, Haxo

.D:IIM t = -1. CJie,n;oBaTeJibHO, ucKoMaa: rrpoeKll.Ha: HMeeT Koop,11,nHaThI 
(1, -2, 2, 2). 
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3ada'l/,U 'If, 2Jiaee 7 
(B OCHOBHOl\I 3aHMCTBOBaHbl 113 «C6opm!Ka 3a)l,a'I TIO remieTplIH» I flo)l, 

pe)l,aKU,Heti B. T. Ba3bIJieBa. M.: flpocBeI11,emre, 1980. Pa3)l.. 2. rn. 4.) 
7 .1. Onpe,n:ennTe pa3l\IepnocTH cne,n:y10I11,nx l\IHO:tKeCTB: 

1) MHO:tKeCTBa Bcex TpeyrOJ1hHIIKOB Ha IIJ10CKOCTII, Bcex TpeyrOJ1bHIIKOB 

B IIpOCTpaHCTBe, 

2) MHO:tKeCTBa Bcex TeTpa3,n:poB, 

3) MHO:tKeCTBa Bcex OKpy:tKnocTef1 rrpocTpancTBa, 

4) l\IHO:tKeCTBa Bcex 0Tpe3KOB ,!l;J1HHbl 1 na UJ10CKOCT1I. 

7.2. ,Il,aHhl TO'IKII A(l, 3, -1, 2) 11 B(-1, -2, 1, 3). Hafr,n:IITe Koop,n:mm

ThI TO'!eK nepece'!emrn np51MOti AB c Koop,n:m1aTIIhil\IH rnnepnJIOCKOCT51MII 

npocTpaHCTBa A 4 . 

7.3. ,Il,aHhI 'IeTbipe BeKTOpa 

a1 = (1, 2, 3, 4), a2 = (4, 3, 2, 1), a3 = (-1, 1, 3, 5), a4 = (O, 1, 2, 3). 

IloKa:tKHTe, 'ITO OHH mmeitHO 3aBIICIIl\lbI II Hati,LJ;HTe l\JaKCHl\JaJ1bHYIO ITO,LJ;CH

CTel\JY J1IIHeiino He3aBIICIIMbIX ll3 HIIX. Bbipa3HTe OCTaJ1bHbie BeKTOpbI '!epe3 

BeKTOpbI ::noil IIO,Ll;CIICTel\IbI. 

7.4. ,Il,oKa:)frnTe, 'ITO TO'IKH A(2, 1, -3, 4), B(O, 1, -2, 17), C(3, -2, -1, 0), 
D(2, -5, 2, 9) npnna,n:ne:)f<:aT o,n;Hoti nnocKOCTH. 

7.5. B a¢¢nmIOM npocTpaHcTBe A5 .n;ana IlJ10CKOCTb I= (A, a, b). Hail

,LJ;HTe napa111eTpH'IeCKHe H 06I11,ne ypaBHeHrrn 3TOti IIJ10CKOCTII OTHOCIITeJ1bHO 

a¢¢IIHHOil: CIICTel\lbI KOOp,LJ;HHaT (0, ei), ecmr II3BeCTHO, 'ITO 

A(2,o,1,o,-1), a=e1+e2+2e3+e4+es, 
b = e1 + 2e2 + e3 - 2e4 + 3es. 

7.6. ,Il,aHhI TPII neKOJIJIIIHeapHbie TO'IKH 

A(l,-1,4,-2), B(0,3,-4,3), C(2,1,0,-1) 

II eI11,e TPII HeKOJ1J1IIHeapHbie TO'IKII 

Ai (0, 1, -1, 3), B(-6 -1 -2 -3) 
' ' ' l 

Ci(-4,0, -1,0). 

Hati,n;IITe Koop,n;IIHaThI TO'IKII uepece'Iemrn nnocKOCTeti ABC u A1B 1 C1. 

7. 7. ,Il,aHbI .n;ne np51Mhie AB II CD. BbrnCHHTe nx n::mnl\moe pacuosmm:e

HHe, eC.ilII 

A(4,0,-1,2), B(0,3,2,1), C(L-1,-1,0), D(2,-1,-4,-5). 

7.8. ,Il,anbI Tprr rrmepnnocKOCTH rrpocTpancTBa A4 : 

2X1 + :fr2 - X3 + X4 - 1 = 0, 
X1 - 2x2 + X3 - X4 + 3 = 0, 

x1 + 12x2 - 5x3 + 5x4 - 8 = 0. 

,Il,oKa:)KHTe, 'ITO IlX nepece'!eHIIeM flBJ1flCTC51 IlJIOCKOCTb. 
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7.9. Orrpe,n;emITe B3am.moe pacrroJio;.Kemre nJIOCKOCTefI a u /3 B npo

cTpaHCTBe A 5 : 

(a) 

:r1 = 1 + 2t1 - 3t2, 
X2 = 1 + t1 - t2, 
X3=2-t1+2t2, 
X4 = l + ti + 2t2, 
X5 = 3fi - tz 

X1 = 2 - )q + A2, 
X2 = 4 + 2A1 - A2, 
X3 = 3>-1 + A2, 
X4 = 2 -t A1 + 2A2, 
X5 = 1 + >-1 + A2. 

7.10. Orrpe,n;emITe B3aHJ1rnoe pacrroJIO;.Kemie IIJIOCKOCTeii ABC u A1 B1 C1, 
ecmr A(4, 5, 3, 2), B(5, 7, 5, 4), C(6, 3, 4, 4): A 1(1, -2, 1, -3), Br(3, -2, 3, -2), 
C1(2, -4, 1, -4). 

7 .11. BhPrncm1Te Koop;:i;uttaThi opToronaJibnoii npoeKIIHH TO'fKII 

.M(O, -1, 2, 1) Ha nmeprrJIOCKOCTb 2xi + X2 + X4 - 3 = 0. 
7.12. BhI'fHCJinTe paccToHnne OT TO'fKH A(2, 3, -1, 1) ,n;o IIJIOCKOCTn: 

X1 + X2 - X3 + X4 = 0, 

-Xi + 2Xz + X3 - 1 = 0. 
7.13. B opTOHOpllrnpoBaHHOii cncTeJ11e KOop,n;m1aT rrpocTpancTBa E 4 ,n;a

HhI ypaanem:rn ITJIOCKOCTH: 

{ 
2x1 + X2 + X3 - X4 + 5 = 0, 

xi + x2 - 2x3 + 2x4 - 1 = 0. 

Ha:nn1 ypaattemrn rrJIOCKOcTn, anomie opTorouaJihno:n K ,n;anuoii ITJIOCKOCTII 

n co,n;ep;.Ka11Ie:ii TO'fKY P(l, -3, 2, 5). 
7.14. ,ILan cnMrrJieKc A 1A2 A3A4A5 B rrpocTpancTBe E 4

• BhI'fHCJIIITe 

paccTOHnne OT cepe,n;nnhI pe6pa AiA2 ,n;o 1Ief1Tpon,rr,a rpann A3A4A5, ecJin 
H3BeCTHhI ,LI,JIIIHhI acex ero pe6ep. 

7.15. BhI'fHCJinTe paccTOHHne 11reX<,n;y u;eHTpon,n;a11rn rpatteii AiA2A3 
n A1A4A5 cnllmJieKca A 1A2 A3A4A5, ecmr H3BeCTHhr ,LI,JIHHhI acex ero pe6ep. 

7.16. IlpHMaH rrepeceKaeT rnrreprrJIOCKOCTH rpaneii cnllnIJieKca 

A1A2A3A4A5 B TO'fKax Bi, Bz, B3, B4, Bs. ,lLoKaJKHTe, 'ITO cepe,n;nnhr OTpe3-
KOB AiB1 , A2B2, A3B3, A4B4 , A5Bs npnna,n;JieX<aT o,n;noit rnneprrJIOCKOCTH. 

7.17. Haii,n;IITe opToroHaJihBYIO rrpoeKIIHIO aeKTopa (7, -4, -1, 2) na 

ITJIOCKOCTb 

{ 
2x1 + x2 + X3 + 3x4 = 0, 

3x1 + 2x2 + 2x3 + X4 = 0. 

7.18. Haii,n;HTe ,n;Jinny ,n;naronam1 n-J11epnoro Ky6a c pe6poJ11 a. 
7.19. Ha:ii,ri;nTe OTHOillemre opToronaJihHOii rrpoeKu;nn pe6pa n-Mepnoro 

Ky6a na ero ,n;naronaJib K ,n;naronaJin Ky6a. 
7.20. Hat'i,n;nTe yroJI Me;.K,n;y ,D,narorra.JihIO 'fCTbrpexMepnoro Ky6a n ero 

o,n;HoMepuo:ii, ,n;ayMepuo:ii n TpexMepnoii rpam1Mn. 
7.21. Ha:ii,n;nTe yroJI MeX<,n;y ,n;naronaJihIO n-J11epmwo Ky6a n ero k-Mep-

HOH rpanhIO. 
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7.22. ,D,oKa)KHTe, 'ITO rHnepIIJIOCKOCTh, npoBe,11,eHHaR qepe3 KOHD;hI n 
pe6ep n-MepHoro Ky6a, BhIXO,ll,arn:nx II3 0,11,HOii: ero BepUIHHhI, nepneH,11,H

KYJIBpHa )l,HaroHaJIH Ky6a, Bhixo,n;arn:eii: H3 TOH *e BepUIHHbI. Haii.n;IITe 

paccTomrne OT sepUIHHbI Ky6a ,ll,O 3TOfI rmrepIIJIOCKOCTII, eCJIII )l,JlIIHa pe6pa 

Ky6a paBHa a. 

Omeemu 
7.1. 1) UieCTIIMepHO, )l,eBaTHMepHO, 2) ,1l,BeHa.n;11,aTH1IepHO, 3) UieCTIIMep

HO, 4) Tpex:MepHO. 

1.2. (o, ~,o, ~), (-~,o, ~, ~), (5, 13,-5,0). 

7.3. BeKTOpbI a1 H a2 JIHHeii:HO He3aBHCHMbI, 

- 1 (7- 3- ) - 1 (4- - ) a3 = 5 a1 - az , a4 = 5 a1 - a2 . 

7.5. X1 = 2 + t1 + t2, X2 = t1 + 2t2, X3 = 1 + 2ti + t2, X4 = t1 - 2tz, 
X5=-l+t1+3t2; 

7.6. (-2, 1, 0, 3). 
7. 7. CKpern:nBaIOTCB. 

{ 

3x1 - X2 - X3 - 5 = 0, 

4x1 - 3x2 - X4 - 8 = 0, 

X1 - 2x2 + X5 - 1 = 0. 

7.9. 11JlOCKOCTH a H /] CKpeIIJ,HBaIOTCR. 

7.10. IlJlOCKOCTil He HMeIOT o6IIJ,HX TO'IeK, HMeIOT O,D;HO o6rn:ee HarrpaB

JieHHe AB= C1B 1 = (1, 2, 2, 2). 

1.11. ( 1, -~, 2, D· 
7.12. ~-

{ 
3x1 - 5x2 - X3 - 16 = 0, 

7.13. 
X3 + X4 - 7 = 0. 

7.17. (5,-5,-2,-1). 
7.18. ayn. 

l 
7.19. -. 

n 
7r 7r 7r 

7.20. 3' 4' fi· 

7.21. cos 'P = 1¥· 
a 

7.22. h = ,;n· 
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Ilped.MemH/btu y'tCaaameJl/b 

ABTonoJrnpHhrti TeTpa::i,D,p 99 
auaJior Teope111b1 IIacKam1 103 
aHaJior TeopeMhr illJie11mJihxa 

118 
aHTI,mapaJIJie.rrhHhre ce~reHirn 

TeTpaa,IJ,pa 105 

Bapmi;eHTpwrecK1re Koop,n;1rnaTbI 

BeKTOpa 14 
-- HanpaBmnoni;ero BeKTopa 

np.HllIOH 17 
- HOp!IIaJibHOrO BeKTOpa np.H!IIOII 

19 
- OpTOIJ;eHTpa TpeyroJJhHIIKa 20 
- TQqKII OTHOCIITeJJhHO 

Cll!IITIJICKCa 178 
- - OTHOCHTeJibHO TeTpa3,D,pa 22 
- - OTHOCHTeJJbHO 

TpeyroJihHHKa 11 
- ri;eHTpa onucauuoiI ccpephI 29 
6apHri;eHTpHqecKoe ypaBue1rne 

onucaHHOH OKpy)KHOCTII 28 
- onucauuoti ccpepw 29 
- TIJJOCKOCTR 24 
- np.HMOti 16 

BeKTOp n-MepHoro 

npocTpaHCTBa 164 
BeKTOpbl JJHHeHHO He3aBRCIIMhie 

( 3aBHCHMhie) 165 
BblpO)K,IJ,eHHbIH 

OpTOIJ;eHTpHqecKHH TeTpaa;:i;p 

126 
- TpeyroJihHHK 49 

rapll!OHIIqecKa.H TIOJI.Hpa TO"'IKH 

OTHOCHTeJibHO TpeyrOJJbHIIKa 

39 
runep6oJiuqecKa.H qeTBepKa 
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